1 ALGEBRA ESSENTIALS

Students who struggle with calculus often aren’t fluent in fundamental algebra skills.

Relevant Terminology

In the expression x™, the quantity n can be referred to either as the power or as the
exponent of the quantity x, while the quantity x is called the base.

Essential Concepts

The following rules from algebra are used frequently in calculus.
e  When multiplying two different powers of the same base, add the powers:
XMy = ymtn

¢ When dividing two different powers of the same base, subtract the powers:

¢ Anegative power means to find the reciprocal (or multiplicative inverse).
o W e
= ; ——
* Anegative power in the denominator moves the quantity to the numerator.
1 1

- = M
x-1 X o x-m

e A power of one is implied when no power is shown.
Xi=x
* Anything (except zero) raised to the power of zero equals one.
X0 =1 (x #0)
e When an expression in parentheses is raised to a power, everything inside the
parentheses is affected.

(ax)™ = a@™x™ , (x™)"=x™" , (aMx")P = a™Px"P

m m n m P mp
Wl 0 T DR, I BT
x e xm xm = xmn - ’ xn e x"P =

¢ An exponent of one-half makes a squareroot.
1 1 1

12 - [y Y Tl (ax)/? = Vax = yavx -2 _

x X ¥ X , (ax ax avx , (ax
x? T \x (ex) Vax
e Fractional exponents involve roots.
= Vxm = (V)"

¢ Asquareroot has multiple solutions. Don’t disregard negative roots in physics.

\/x_=ix
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Chapter 1 - Algebra Essentials

When a squareroot multiplies itself, the squareroot is effectively removed:
Vavx =x
This is because Vxyx = x1/2x1/2 = x1/241/2 = 1 = x,
To add or subtract fractions, first find a common denominator.
151 1 1x X +x
y lx_y x _y+x

Xy Xy yx xy xy xy

Following is an example:
1 1 13 12 3 2 3+2 5
2*3°25%32°6%6= % "¢

To find the reciprocal of a fraction, swap the numerator and the denominator.

Q-

Following are a few examples of finding the reciprocal (or inverse) of a fraction:

(3"_4 1)"_5_5 6'1—1
4) — 3 @ (5 T G

To reduce a fraction, divide both the numerator and denominator by the greatest
common factor. In the following example, the greatest common factor is 4 (meaning
that 4 is the largest integer that evenly divides into both the numerator and the
denominator):

16 _16+4 4
20 20+4 S5
To multiply fractions, simply multiply their numerators and their denominators.
a ¢ ac
b d " bd

Following is an example:
2 6 2x6 12 12+3 4

37 ax7 21 21%3 7T
The fraction 5 was reduced by dividing the numerator and denominator both by 3.
To divide fractions, multiply by the reciprocal.

3.1 3 2 3x2 6. 6+2 3

472 471 4x1 4 4+2 2
The fraction ; was reduced by dividing the numerator and denominator both by 2.
In order to express your answer in standard form, rationalize the denominator. In
the example below, multiply both the numerator and denominator by vx and use
the rule Vxvx = x.
1 1vx _x

Vi Vxvx x
8



Example: Simplify the expression x*x.
Apply the rule x™x™ = x™*" withm = 4 and n = 1 (since x* = x).
441

xtx = xtxt = x¥1 =55

s 10-10102¢
Example: Evaluate the expression ~a

without using a calculator.
Apply the rule x™x™ = x™*", the rule i—:l- = x™"" and the rule (x™)" = x™".
10-101024 10—10+24 1014

oy = 1oea =qom = 10 =10°=10x10=100

Example: Simplify the expression %
There is more than one way to solve this problem. One way is to recognize that x = x*! and
xm =
Vx = x'/2 and apply the rule /- = x™".
x _ xt
Vi x?
A simpler way is to note that vxvx = x and therefore x + x = Vx. (Note that \i,_ is the

x

=x17U2 = 412 = |3

same as x + Vx).

Example: Express (3x)~%/2 in standard form.
Apply the rule (ax)~'/2 = V,L_

ax

1
-2 -
— V3x

To put this in standard form, we must rationalize the denominator. Multiply the numerator
and denominator both by v3x and note that v3xv3x = 3x.

1 v3x 3x
5 T o OO
(3x) NerNEr AT

: i jons: L +2
Example: Add the following fractions: 7 +o

To add fractions, first find a common denominator.

1 1 1vx 1 x 1 Vx+1

—4-= $-=—4-=
Ve x Jxdx x x x x

Example: What is the reciprocal of vx?

Apply the rule x*/? = \/x. Negate the power to find the reciprocal. The reciprocal of vx is
x~Y2, which equals \/—1; Rationalize the denominator: x~%/? = é = %% = ‘,7; The

reciprocal of Vx is g



Chapter 1 - Algebra Essentials

1. Simplify the following expression.

X2x3xt =

2. Simplify the following expression.

x*x®

x6

3. Simplify the following expression.

4. Simplify the following expression.

5. Simplify the following expression.

xx =

Want help? Check the hints section at the back of the book.
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Answer: x°

Answer: x?

Answer: x

Answer: x~°

Answer: x3/2



6. Simplify the following expression.

x3/2

Vx

-1/2

7. Express (4x) in standard form.

8. Subtract the following fractions:

2 3
¥ B

X X

9. Add the following fractions:

1
7_;4'\/;:

Want help? Check the hints section at the back of the book.
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Answer: x

Vx
Answer: —
2x

2x-3
3

Answer: ——
X

Answer:

VX +X
x



Chapter 1 - Algebra Essentials

Distributive Property and Factoring

Recall the distributive property from algebra:
x(y+2z)=xy+xz
Following are a few examples of the distributive property.
2(x+1)=2x+(2)(1) = 2x + 2
—(x+1)=-—x-1
x(x +3)=x%+3x
-2-x)=-2-(—x)=-2+x
5x(2x? + 4) = 5x(2x?) + 5x(4) = 10x* + 20x
A particularly useful application of the distributive property is the foil method:
wW+x)(y+z)=wy+wz+xy+xz
Following is an example of the foil method.
(x+2)(x-3)=x2-3x+2x—-6=x2—-x—6
The opposite (or inverse) of the distributive property is called factoring. It's often helpful
to look for common factors in an expression and factor them out, as in these examples:
x% +2x = x(x +2)
3x3 — 6x% =3x%(x - 2)
1. 1 171 171 % 1/1+x 14+x x+1
7+:=:G+)=:G+) =) ===
With squareroots, we factor out perfect squares in order to express an answer in standard
form. Following is an example.
VIZ = (B0 = Vi3 = 23
Example: Apply the distributive property to 2x(3x* — 8).
2x(3x* — 8) = 2x(3x*) + 2x(—8) = 6x5 — 16x

Example: Apply the foil method to (2x — 3)(4x + 5).
(2x — 3)(4x +5) = 2x(4x) + 2x(5) — 3(4x) — 3(5) = 8x? + 10x — 12x — 15
(2x —3)(4x +5) =8x? —2x — 15

Example: Factor the expression 10x® + 15x*.
The greatest common factor to both terms is 5x*:

10x® + 15x* = 5x*(2x* + 3)
As a check, 5x*(2x?) = 10x® and 5x*(3) = 15x*.

Example: Express V50 in standard form.
Factor out any perfect squares. We can factor 50 as (25)(2), where 25 is a perfect square
because 52 = 25.

V50 = /(25)(2) = V25v2 = 5v2

12



10. Apply the distributive property to 6x(x + 9).

Answer: 6x% + 54x
11. Apply the distributive property to —3x%(5x® — 2x*).

Answer: —15x% + 6x©
12. Apply the distributive property to vx(x + vx).

Answer: x3/2 4 x
13. Apply the foil method to (3x + 2)(x + 5).

Answer: 3x? + 17x + 10
14. Apply the foil method to (6x — 4)%.

Want help? Check the hints section at the back of the book.
Answer: 36x? — 48x + 16

13



Chapter 1 - Algebra Essentials

15.

16.

17.

18.

Factor the expression x* — 4x.

Answer: x(x? — 4)
Factor the expression 8x° + 12x°.

Answer: 4x°(2x3 + 3)
Factor the expression 45x7 — 18x° + 27x>.

Answer: 9x3(5x* — 2x?% + 3)
Express 18 in standard form.

Answer: 3v2
19. Express +/108 in standard form.
Want help? Check the hints section at the back of the book.

Answer: 6v3
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Quadratic Equation Strategy

A quadratic equation consists of a term with the variable squared (x?), a term with the
variable not raised to a power (x), and a constant term. The equation below shows one
example of a quadratic equation.
3x2+2x-5=0
The equation below offers another example. The like terms (6x and 2x) can be combined
together and the terms can be reordered so that it has the same form as the above example.
6x+1=8x"+2x
To solve a quadratic equation, follow these steps:
1. Ifthere are more than three terms, first combine like terms together.
2. Bring all three terms to the same side of the equation. Write the squared term first,
then the linear term, followed by the constant term: ax? + bx + ¢ = 0.
3. By comparison, identify the coefficients a, b, and c of these three terms.
4. Plug the values of a, b, and ¢ into the quadratic formula:

_ —b+ Vb2 —4ac
- 2a

Example: Solve the equation below.
5x% + 4x = 3x% + 6x + 12
Combine like terms: 5x% — 3x2 reduces to 2x2, while 4x — 6x reduces to —2x.
Bring every term to the same side of the equation, in the order ax? + bx + ¢ = 0.
2x*-2x-12=0
Identify the constants a, b, and ¢ by comparing 2x? — 2x — 12 = 0 with ax? + bx + ¢ = 0.
a=2 , ==2 , ¢c=-12
Plug the values of @, b, and c into the quadratic formula:

- Vb2 —4ac  —(-2) +/(-2)2 - 4(2)(-12)

2a 2(2)
_24V3+96 24100 2410
= =T 1 T &
= 2B 105 A2 o e ) SN
o v g e SR GESTEET RS
x=3o0rx=-=2

Note: There are generally two solutions to the quadratic equation.

15



Chapter 1 - Algebra Essentials

20. Use the quadratic formula to solve for x.

2x2—-2x—-40=0

Answers: -4,5
21. Use the quadratic formula to solve for y.

3y—27+2y=0

Want help? Check the hints section at the back of the book.
Answers: —3, 3

16



22. Use the quadratic formula to solve for t.

6t = 8 — 2t?

Answers: -4, 1
23. Use the quadratic formula to solve for x.

1+ 25x —5x%> =8x—3x%+9

Want help? Check the hints section at the back of the book.

1
Answers: 3 8

17



Chapter 1 - Algebra Essentials

Method of Substitution Strategy

To solve a system of equations with the method of substitution, follow these steps:
1. Ifthere are two equations in two unknowns (like x and y):
* Isolate y in one equation. That is, solve for y in terms of x.
¢ Substitute this expression in parentheses for y in the unused equation.
¢ Distribute the coefficient in order to remove the parentheses. Solve for x.
¢ Plug the value of x into the equation from the first step where y was isolated.
2. Ifthere are three equations in three unknowns (like x, y, and z):
¢ Solve for z in terms of x and y in one equation. Substitute this expression in
parenthesis for z in both of the unused equations.
¢ Now you will have two equations in two unknowns (x and y). Solve this
system using the method from Step 1.

Example: Solve the system of equations below.
5x+2y =16
8x—-3y=7
Isolate y in the first equation. Bring 5x to the right and then divide both sides by 2:
2y =16 — 5x
_ 5x
y=8- 2
Substitute this expression in for y in the unused equation:

5x
8x -3 (8 = 7) =7
Distribute the —3. Remember that two minuses make a plus: (—3)(-5) = +15.
15
8x— 24 + Tx =7

Combine like terms to isolate x. Firstadd 24 to both sides to bring the constants together.

15x
8x + - = 31
Now make a common denominator to add 8x to % Write 8x as 1:;".
16x 15x
e i
31x
e 31
x=2
Plug this value for x into the previous equation where y had been isolated:
y=8—5—x=8—@=8—5=3
2 2

The solutionisx = 2andy = 3.

18



24. Use the method of substitution to solve this system of equations for each unknown.

3x+2y=18
8x -5y =17

Answers: 4,3
25. Use the method of substitution to solve this system of equations for each unknown.

4y +3z=10
Sy — 2z = =22

Want help? Check the hints section at the back of the book.
Answers: -2,6

19



Chapter 1 - Algebra Essentials

26. Use the method of substitution to solve this system of equations for each unknown.

3x—4y+2z=44
5y + 6z =29
2x+z=13

Want help? Check the hints section at the back of the book.
Answers: 2,-5,9
20



2 CALCULUS ESSENTIALS

Essential Concepts

A polynomial expression consists of terms of the form ax? where a and b are constants.
The constant a is called a coefficient while the constant b is a power of x. The following
expression is an example of a polynomial: 2x* + 5x3 — 4x? — 8.

The notatlon 2 is used to represent a derivative of the function y with respect to x.

Following is the formula to find the derivative of a polynomial term of the form ax?.

d
e by = b=1
e (ax®) = bax

The exponent b comes down to multiply the coefficient a and the exponent is reduced by 1
(from b to b — 1). This technique is illustrated in the examples that follow.

Strategy for Finding the First Derivative of a Polynomial Expression

To find the first derivative of a polynomial expression, follow these steps:
1. The derivative of an expression of the form ax” (where a and b are constants) is:

d
— (ax?) = bax??!
dx

Note the following special cases:

o Ifavariable is inside of a squareroot, use the substitution yx = x/?

e If a variable and constant appear together inside of a squareroot, use the

substitution Vcx = (cx)'/? = ¢/2x1/2,
e Ifavariable appears in a denominator, use the substitution xin =x"

2. If there are two or more terms, find the derivative of each term and then add the
results together
dy,  dy, dyy

(}’1+)’2+ B /) el b s

The notation --- means “and so on” and the symbol N represents the total number of
terms. Following is an example of what this means when there are N = 3 terms:

d 3 2 _ d 3 d 2 d
dx(6x 3x 12x) = T (6x7) +dx( 3x )+dx( 12x)
In this example, y; = 6x%,y, = —3x%,and y3 = —12x.

21



Chapter 2 - Calculus Essentials

Example: Evaluate the following derivative with respect to x.
d
— (3x*
= )
Compare 3x* with ax” to see that a = 3 and b = 4. Plug these values into the formula

d o by = b-1.
l7lx(ax) baxb~1:

i(33{‘) = (4)3)x*1t =12x3
dx

Example: Evaluate the following derivative with respect to t.
d 3
i)
Since this derivative is with respect to t (instead of the usual x), the variable t is playing the

role of x. Therefore, we will rewrite the formula %(ax”) = bax""* as %(at") = bat®!

(where we simply changed x to t). Compare t* with at? to see that a =1 and b = 3.
(Recall from algebra that a coefficient of 1 is implied when you don’t see a coefficient.)

Plug these values into the formula % (at?) = bat?"*:

d -1 —
) =@ =32

Example: Evaluate the following derivative with respect to x.
- (4x7%)
— (4x
dx
Compare 4x~2 with ax? to see that @ = 4 and b = —2. Plug these values into the formula

d -
;(ax") = bax?™1:

d
() = ()Wt = —8x?

Example: Evaluate the following derivative with respect to t.
(2
dt\t
Since this derivative is with respect to t (instead of x), the variable t is playing the role of x.

Therefore, we will rewrite the formula %(ax") = bax?"! as i(at”) = bat?!. Since t

appears in the denominator of tl, we use the rule %" =t™" to write % as t”'. Comparet™*
with at? to see that a =1 and b = —1. (Recall from algebra that a coefficient of 1 is

implied when you don’t see a coefficient.) Plug these values into the formula i(atb) =

bat?~', In the last step of the line below, we again apply the rule t ™ = %"

1

d 1 d
(@) =g =Dt ==

22



Example: Evaluate the following derivative with respect to x.

d

— (2

dx( x)
Recall from algebra that yx = x'/2. The trick to this problem is to write v2x as 21/2x1/2,
Compare 2/2x/2 with ax? to see that a =22 and b = % Plug these values into the

formula i(ax”) = bax?-1:
dx
21/2
(./ x) __(21/2xl/2) ( )(21/2)x1/2 1 _( 5 )1-1/2
/
Recall the rule from algebra that’;—“ = x™"™", We can use this to replace —z; : with 21/2-1,

di(‘/ﬂ) - 21/2—1x—1/2 - 2—1/2X-1/2
x

1

Recalling from algebra the rule thatx™* = which is the

12,-1/2 ;o1
we can write 27/ “x as Tz

;‘
same as L
V2x'

1
(“ x) = 21/2x1/z = E
Rationalize the denominator by multiplying both the numerator and denominator by v2x
(because v2xv2x = 2x). If you're struggling with the algebra here, review Chapter 1.

R e

Example: Evaluate the following derivative with respect to x.

d [(4x'/?
E( 5 )
%
Compare “T‘Z with ax? to see that a = % and b = % Plug these values into the formula
d
—(ax?) = bax?"':
dx
1/2
i ﬂ P (l) (i)xl/z—l = ix—I/Z = EX-I/Z = Zl
dx\ 5 2/\5 10 5 5%

Note that%o reduces to % if you divide both the numerator and denominator by 2. In the last

1

step, we combined the rules from algebra that x™* = i and x*/? = \x to write x" /% = L

VX
In a math course, we would rationalize the denominator by multiplying both the numerator
and denominator by vx (applying the rule vxvx = x). If you're struggling to follow the
algebra in these examples, you should review Chapter 1.

d (4x‘/2) 21+Vx zf

dx 5VRVE

23



Chapter 2 - Calculus Essentials

Example: Evaluate the following derivative with respect to u.
i(2u3 —5u® +6)
du

Since this derivative is with respect to u (instead of x), the variable u is playing the role of

. : d 2 d =
x. Therefore, we will rewrite the formula ;(ax") = bax®"? as E(au") = bau®.

According to the strategy, we should first find the derivative of each term:
o The first term is 2u®. Compare 2u® with au® to see thata = 2and b = 3.

d
E(Zlﬁ) =(3)@)u*! = 6u?
e The second term is —5u®. Compare —5u? with au? to see thata = —5and b = 2.
d
a(—Suz) = (2)(-5u*! = -10u' = -10u
Recall the rule from algebra that x* = x (or in this case u* = u).

e The third term is 6. Compare 6 with au” to see that a = 6 and b = 0. (Recall the
rule from algebra that x° = 1, or in this case u® = 1.) Alternatively, you could just

remember that the derivative of a constant equals zero. For example, %c =0.

d
—(6) = (0)(6e)u’"* =0
du
Add these three derivatives together:
2 (2u° - 5u? + 6) = = (20%) + = (~5u2) + = (6)
du U U “du u du u du

d

H(Zu3 —5u? +6) = 6u? —10u + 0 = 6u? — 10u
27. Evaluate the following derivative with respect to x.
d
sy
o (6x”)

Answer: 30x*

28. Evaluate the following derivative with respect to t.
e ()
ac=
Want help? Check the hints section at the back of the book.

Answer: 1
24



29. Evaluate the following derivative with respect to x.

d -3y _
dx(zx =

30. Evaluate the following derivative with respect to t.

()=
de\ts) —

31. Evaluate the following derivative with respect to x.

d
E(sxB —6x°+9x* —4) =

32. Evaluate the following derivative with respect to w.

)

Want help? Check the hints section at the back of the book.

25

-4

Answer: —6x

Answer: —18t~7

Answer: 24x” — 30x* + 18x

Vi
Answer: ——
2u?



Chapter 2 - Calculus Essentials

Essential Concepts

The following notation is used to represent an integral of the function y over x:

fydx

What the above integral means is this: What function could you take the derivative of with
respect to x and obtain y as a result? The answer is called the anti-derivative. A way to
perform an integral is to find the anti-derivative of the function in the integrand (in the
above example, y, which is a function of x, is the integrand). Here is an example:

o [3x*dx means, the derivate of what function would result in 3x? as the answer?

o The anti-derivative of 3x? equals x*. Why? Because :—x (x®) = 3x%
o Therefore one answer to [ 3x? dx is x*. However, that's not the on/yanswer.
o Anotheranswer to [ 3x% dx is x* + 9. Why? Because :—x (x*+9) =3x%

e The general answer to [ 3x%dx is x* + ¢, where ¢ is a constant. If you take a
derivative of a constant, you get zero. Therefore, a constant ¢ shows up in a// anti-
derivatives.

The general formula for an anti-derivative of an expression of the form ax? can be obtained
by inverting the formula to find a derivative. In the derivative, the exponent comes down
to multiply the coefficient and the exponent is reduced by 1. The inversion of this is as
follows: The exponent is raised by 1 and we divide the coefficient by the new exponent
(the old exponent plus 1). We also obtain a constant of integration as discussed previously.
axb+t
jax"dx:m-fc b#-1)
For those who are curious, when b = —1 you get a natural logarithm instead. In this book,
we will focus on polynomial expressions for which b # —1.

jx"dx:f%:ln(x)+c

In physics, we generally perform definite integrals rather than work with a constant of
integration. In a definite integral, the anti-derivative is evaluated at the upper and lower
limits of the integral and the two results are subtracted as follows:

xr

axb+1 axtt'  gxbtt
f ax?dx = =L __ =
b+1)__ b+1 b+1

x=x;
In a definite integral, the constant (c) cancels out during the subtraction. The technique of
performing a definite integral is illustrated in the examples that follow.

26



Strategy for Integrating Over a Polynomial Expression

To perform a definite integral over a polynomial expression, follow these steps:
1. First find the anti-derivative of the polynomial expression in the integrand. The
anti-derivative of an expression of the form ax? (where a and b are constants, and
where b # —1) is:

faxbdx—axmw (b #-1)
T bh+1

We will ignore the constant ¢ because it will cancel out in a definite integral. Note
the following special cases:
« Ifavariable is inside of a squareroot, use the substitution Vx = x1/2,
e If a variable and constant appear together inside a squareroot, use the
substitution Vcx = (cx)1/2 = ¢1/2x1/2,
e Ifavariable appears in a denominator, use the substitution :—“ =g
2. If there are two or more terms, find the anti-derivative of each term and then add
the results together:

f@1+y2+~»~+yN)dx=fy1dx+fy2dx+-'-+fy,vdx

The notation --- means “and so on” and the symbol N represents the total number of
terms. Following is an example where there are N = 3 terms:

f(4x5 —2x3 +8x)dx = J.4x5 dx + f(—2x3) dx + f 8x dx

3. Evaluate the anti-derivative at the upper limit and at the lower limit and subtract
the two results. For example, for the case where there is just one polynomial term
in the integrand, the definite integral will look like this:

X
r
faxb i axbnrf ax,b” axf’”
Tla+1) b+l b1
x=x =X

Example: Perform the following definite integral: f:=1 6x% dx.

b+1
Compare 6x? with ax? to see that a = 6 and b = 2. The anti-derivative is 1:”

2
241 6. 3
f6x2 dx = l2x+ 1] [ al ] = [2x%)3.,

x=1
The notation [2x*]2_; means to evaluate the function 2x* when x = 2, then evaluate the
function 2x3 when x = 1, and finally to subtract the two results: 2(2)* — 2(1)3.

féxzdx— [2x3)22; = 2(2)3 —2(1)* = 2(8) —2(1) = 16 — 2 = 14

x=1

27



Chapter 2 - Calculus Essentials

Example: Perform the following definite integral: f:ﬂ udu.

b+1
Compare u with au® to see thata = 1 and b = 1 since 1u! = u. The anti-derivative is ":”

f ui+1]? u?]?
vanliz] - 2]
1+1 u=2 2 u=2

u=2

294 2
The notation ["?] means to evaluate the function “7 when u = 4, then evaluate the
u=2

- 2 W _er
function = when u = 2, and finally to subtract the two results: - o
4

u?)* 492 (22 16 4
fudu_[] _G4P @ 16 4

u=2

Example: Perform the following definite integral: f [, 12x72dx.

Compare 12x~2 with ax? to see thata = 12and b =

“ i .
1223 [12x'2“] . [12x"] : [=12%~1]c [ 121

x %dx = [—— = = X i3=|-—

x2-3 el s =1 it i X lx=-3

-1
In the last step, we used the rule that x ™! = i The notation [— :—2] 5 means to evaluate
x=—

the function — 1—2 when x = —1, then evaluate the function — B when x = =3, and finally to

subtract the two results: — —21 - (— —) Be careful with the signs: There is one minus sign

between the terms from the subtraction, each term has its own minus sign from ——, and
X
both endpoints are negative (x; = —3 and x; = —1). The result is that the first term has

two minus signs — -_1-% and it is followed by three minus signs — (— -

121 12 12
f 12x'zdx—[—— =———(——)

X ly=-3 -1 -3
x==3
Treat these minus signs carefully. Two minus signs make a plus sign: —=— = +12. Three
minus signs make a minus sign — (——) =—(4) = -4

f 12x-2dx = [——]n_3 —(+12)-(+4)=12-4=8

x==3
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Example: Perform the following definite integral: f::l 16; 3

. . . 16 1 - .16 =
Since t appears in the denominator of = we use the rule mt ™ to write = as 16t &

Compare 16t~ with at? to see thata = 16 and b =

2
ey 16t-3+1)? 16t-21? — 812
_f cs 3+1 =1 e ::1__t Ll_[_tztzl

2
3 : 8
In the last step, we used the rule thatt 2 = ,lz The notation [— E] . means to evaluate the
t=

: 8 g 8
function — = when t = 2, then evaluate the function — = when t = 1, and finally to subtract

8 8
the two results: — i (— ;)

16dt_[ 81" 8 ( 8

= )— 8+3— 2+8=6
t3 2l — 22 127 4 1 -

Le—u

Example: Perform the following definite integral: f::‘)\/}dx.
The trick to this problem is to recall the rule from algebra that yx = x'/2. Compare x'/2

with ax? to see thata = 1 and b = = ; (since a coefficient of 1 is implied when you don’t see

peaat

a coefficient). The anti-derivative is =

36
36 x1/2+1
xM2dx =
i E+ i x=9
Add + 1 by making a common denominator: = + 1= L +E = 1;—2 = %
36 26
x3/2
12 dx =
f x x=|3 7 2]
x=9
To divide by ;, multiply by its reciprocal (5)
36 36
3/2
xM?dx = [Zx ]
x=9

x=9

e . u’ﬂ
The notation [XT] means to evaluate the function =—— when x = 36, then evaluate the
x=9

. 2662 20902
3 3

2(36)%%  2(9)%? 2«/36) 2(\v9 206 2(3)3

(3) - (; = (3 - (‘? —%—%:144 18 = 126

[ﬁdx:

x=9
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Chapter 2 - Calculus Essentials

8 4:'/3

Example: Perform the following definite integral: j dt.

b+1
Compare T with at? to see thata = ;and b= ;. The anti-derivative is “;T.

8 8
4t1/3 4 tl/3+l
f g (5)1

t=1 §+ 1 ey
1 3 143 4
Add + 1 by making a common denominator: - + 1= sEa T

i (4) ¢4/3)°
f 3 73|,
t=1

To divide by 2, multiply by its reciprocal (;)

8
4¢3 3 /4 ¢ 8
dt=[—(—) t‘/3] = [t4/3
2q)") =Rl

8
The notation [¢*/%],_ ‘means to evaluate the function t** when ¢ = 8, then evaluate the

function t*/3 when t = 1, and finally to subtract the two results: 8%/3 — 1%/3,

/3
4tTdt =[] =81 = (VB) - (VD) =24 -1*=16-1=15

t=1

Example: Perform the following definite integral: J;;O(ISX4 — 6x% + 3) dx.
According to the strategy, we should first find the anti-derivative of each term:
e The first termis 15x*. Compare 15x* with ax” to see thata = 15and b = 4.
15x***  15x°

e The second term is —6x?. Compare —6x? with ax® to see thata = —6and b = 2.

J- P zd _6x2+l 6X3 ) 5
- =— - — = =2x
e T 3

o The third term is 3. Compare 3 with ax” to see that @ = 3 and b = 0. (Recall the
rule from algebra that x° = 1.)

Add these three anti-derivatives together and evaluate the definite integral over the limits:

f (15x* — 6x% +3) dx = [3x5 — 2x* + 3x]}s0
x=0
= [3(1)° - 2(1)° +3(D)] - [3(0)° - 2(0)* + 3(0))]
=3-2+3-0+0-0=4
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33. Perform the following definite integral.

2
8x3dx =

x=0

Answer: 32
34. Perform the following definite integral.

5
t*dt =
t==5

Answer: 1250
35. Perform the following definite integral.

s
f 900 x~3dx =
x=3

Want help? Check the hints section at the back of the book.
Answer: 32
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Chapter 2 - Calculus Essentials

36. Perform the following definite integral.

3

81 du
[+
u=1

37. Perform the following definite integral.

Want help? Check the hints section at the back of the book.

Answer: 26

Answer: 6



38. Perform the following definite integral.

16
143 dt =

t=1

"

Answer: 1016
39. Perform the following definite integral.

4
](12x3 —-9x¥)dx =

x=2

Want help? Check the hints section at the back of the book.
Answer: 552
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Chapter 2 - Calculus Essentials

40. Perform the following definite integral.

2
f (12x5 + 24x3 — 48x) dx =

x==1

Want help? Check the hints section at the back of the book.

34
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3 ONE-DIMENSIONAL UNIFORM ACCELERATION

Relevant Terminology

Velocity - a combination of speed and direction.

Acceleration - the instantaneous rate at which velocity is changing.

Uniform acceleration - the acceleration is constant; velocity changes at a constant rate.
Net displacement - a straight line from the initial position to the final position.

Important Distinctions

Velocity tells you both how fast an object is moving and which way the object is headed.
Speed only tells you how fast an object is moving, with no information about the direction
it is headed.

An object must be changing velocity in order to have acceleration.

Net displacement does not depend on how the object reaches the final position. Unlike the
total distance traveled, the net displacement only depends on where the object starts and
where the object finishes.

Equations of Uniform Acceleration

1 .,
Ax = vyt + Ea"‘t

Uy = Uy + Ayt
vZ = v3, + 2a,Ax

Symbols and Sl Units
Symbol Name Sl Units
Ax net displacement m
Vyo initial velocity m/s
Uy final velocity m/s
a, acceleration m/s?
t time s
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Chapter 3 - One-dimensional Uniform Acceleration

One-dimensional Uniform Acceleration Strategy

An object experiences uniform acceleration if its acceleration remains constant. To solve a
problem with uniform acceleration in one dimension, follow these steps:

1. Draw a diagram of the path. Label the initial position (i), final position (f), and the
positive x-direction.

2. ldentify the unknown symbol and three known symbols. You must know three of
the following symbols: Ax, v, vy, a.,andt. See the table of symbols on the
previous page. The units can help: For example, only a, can be expressed in m/s?.

3. Use the following equations to solve for the unknown. Think about which symbol
you're solving for and which symbols you know to help you choose the right
equation.

1
Ax = vyt + Ea,l.l.*2
Uy = Uy + ayt

vZ = vZ, + 2a,Ax

Example: A monkey drives a bananamobile with uniform acceleration. If the bananamobile
travels 200 m in a time of 4.0 s with an acceleration of 6.0 m/s?, what was the initial
velocity of the bananamobile?

Begin with a labeled diagram.

i > f
+x

The unknown we are looking for is v,q. List the three knowns.
veo=? , Ax=200m , t=40s , a,=6.0m/s?
Based on this, it would be simplest to use the first equation of uniform acceleration:
1
Ax = vt + Ea,l.t2
Plug the knowns into this equation. To avoid clutter, suppress the units until the end.
1
200 = vy (4) + 5(6)(4)2

This simplifies to:
200 = 4v,, + 48
Subtract 48 from both sides to isolate the unknown term:
152 = 4vy,
Divide both sides by 4 to solve for the unknown:
Vy = 38m/s

More examples: You can find more examples of uniform acceleration on pages 42-43.
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41. A monkey drives a bananamobile with uniform acceleration. Starting from rest, the
bananamobile travels 90 m in a time of 6.0 s.

Draw/label a diagram with the path, initial (i), final (f), and an arrow showing +x.

Based on the question below, list the three symbols that you know (based on your labeled
diagram) along with their values and SI units. Tip: Consult the chart on page 35.

What is the acceleration of the bananamobile?

Write the relevant equation. Choose from the three equations of uniform acceleration.

Rewrite the equation with numbers plugged in.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: 5.0 m/s?
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Chapter 3 - One-dimensional Uniform Acceleration

42. A mechanical monkey toy has an initial speed of 15 m/s, has uniform acceleration of
—4.0 m/s?, and travels for 6.0 seconds.

Draw/label a diagram with the path, initial (i), final (f), and an arrow showing +x.

Based on the question below, list the three symbols that you know (based on your labeled
diagram) along with their values and SI units. Tip: Consult the chart on page 35.

What is the final velocity of the mechanical monkey?

Write the relevant equation. Choose from the three equations of uniform acceleration.

Rewrite the equation with numbers plugged in.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: -9.0 m/s
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43. A monkey drives a bananamobile with uniform acceleration, beginning with a speed of
10 m/s and ending with a speed of 30 m/s. The acceleration is 8.0 m/s?.

Draw/label a diagram with the path, initial (i), final (f), and an arrow showing +x.

Based on the question below, list the three symbols that you know (based on your labeled
diagram) along with their values and SI units. Tip: Consult the chart on page 35.

How far does the monkey travel during this time?

Write the relevant equation. Choose from the three equations of uniform acceleration.

Rewrite the equation with numbers plugged in.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: 50 m
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Chapter 3 - One-dimensional Uniform Acceleration

Relevant Terminology

Free fall - the motion of an object (whether falling or rising) when the only force acting on
it is the force of gravity.

Gravitational acceleration - the acceleration of an object in free fall.

Vacuum - a region of space that does not contain any matter of any kind (not even air).

Common Assumptions

In most physics courses and textbooks, the following assumptions are implied in all
problems except when a problem explicitly states otherwise:
* Neglect any effects of air resistance. Assume that all objects fall in vacuum.
« Assume that all objects are near the surface of the earth.
* Assume that the change in altitude is small enough that gravitational acceleration is
approximately uniform throughout the motion.

Important Values

Memorize the values of gravitational acceleration near the surface of the earth and moon:
o Near the surface of the earth, use a, = —9.81 m/s? for free fall problems.
¢ Near the surface of the moon, use a, = —1.62 m/s? for free fall problems.

Rounding note: In this workbook, we will round these values of gravitational acceleration
so that every exercise may be solved without the need of a calculator:
e Wewillusea, = —10 m/s? near the surface of the earth.

. 8
¢ Wewillusea, = =3 m/s? near the surface of the moon.

Essential Concepts

An object that is freely falling experiences approximately uniform acceleration:
e Near the surface of the earth, a freely falling object loses approximately 10 m/s of
speed each second when it is rising upward.
e Near the surface of the earth, a freely falling object gains approximately 10 m/s of
speed each second when it is falling downward.

Freely falling objects experience the same acceleration regardless of how much they weigh.
The motion of a freely falling object does not depend on how heavy or light the object is.
Test this out: Drop an eraser and book from rest from the same height. You should observe
that both objects reach the floor at approximately the same time.
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Free Fall Strategy

To solve a problem with an object in free fall, follow these steps:

1. Draw a diagram of the path. Label the initial position (i), final position (f), and the
positive y-direction. Choose +y to be upward regardless of the motion of the object.

2. The acceleration will equal a, = =10 m/s? unless the problem specifically states
that it is not falling near earth’s surface. Near the moon, use a,, = —g m/s? instead.

3. Identify the unknown symbol and three known symbols. You must know three of
the following symbols: Ay, vy, vy, ay,and t. See the previous note regarding a,.
See the table of symbols below. The units can help: For example, only t can be
expressed in seconds (s).

4. Use the following equations to solve for the unknown. Think about which symbol
you're solving for and which symbols you know to help you choose the right

equation.
L. .2
Ay = vyt + Ea),t
vy = Vyo +ayt
v = vl + 2a,Ay
Symbols and Sl Units
Symbol Name Sl Units
Ay net displacement m
Vyo initial velocity m/s
vy final velocity m/s
ay acceleration m/s?
t time s

Getting the Signs Right

Use the following sign conventions:
* a, is negative for all free fall problems. (Draw +y upward.)
e Ay is negative if the final position (f) is below the initial position (i).
* v, is negative if the object is moving downward in the initial position.

e vy is negative if the object is moving downward in the final position.
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Chapter 3 - One-dimensional Uniform Acceleration

Important Notes
In free fall, we use y instead of x. That's because y is vertical whereas x is horizontal.

If an object makes an impact in the final position, the final velocity means just before
impact (not after it lands). In this case, the final velocity will not be zero. (Final velocity
only equals zero if the final position is at the very top of the trajectory.)

Similarly, if the initial position is where an object is launched or thrown, the initial velocity
means just after it is released (not before it is launched). In this case, the initial velocity
will not be zero. (Initial velocity only equals zero if the object is dropped from rest.)

Example: A monkey leans over the edge of a building and drops a banana from rest. The
banana strikes the ground 3.0 s later. Approximately, how tall is the building?

Begin with a labeled diagram. Choose the +y-direction to be upward even though the
banana falls downward. This choice makes it easier to reason out the signs correctly:

e Ay is negative because the final position (f) is below the initial position (i).

* v, is negative because the banana is moving downward in the final position (f).

* a, is negative because the force of gravity is downward. For all free fall problems,
regardless of the motion of the object, a, is negative (if you choose the +y-direction
to be upward).

il +y
A

f
The unknown we are looking for is Ay. List the three knowns.
Ay=? , t=30s , v,=0 , a,=-981m/s’~~-10m/s?
We rounded 9.81 m/s? to 10 m/s? so that we can solve the problem without a calculator.
Based on this, it would be simplest to use the first equation of uniform acceleration:
1

Ay = vyt + antz

Plug the knowns into this equation. To avoid clutter, suppress the units until the end.
1 1
Ay =0(3) + 5(—9.81)(3)2 ~ E(—lO)(3)2
The approximately equal sign (=) reflects that 9.81 = 10. The above equation simplifies to:
Ay =~ —45m

If we neglect the height of the monkey, the building is approximately 45 m tall. The minus
sign indicates that the final position (f) is below the initial position (7).
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Example: A monkey leans over the edge of a cliff and throws a banana straight upward
with a speed of 30 m/s. The banana lands on the ground, 35 m below its starting position.
How fast is the banana moving just before impact?

Begin with a labeled diagram.

+y
H
i
f
The unknown we are looking for is vy List the three knowns.
v=? , v,=30m/s , Ay=-35m , a,=-981m/s’~—-10m/s?

We rounded 9.81 m/s? to 10 m/s? so that we can solve the problem without a calculator.
The reason that Ay is negative is because the final position (f) is below the initial position
(i). Based on the list above, it would be simplest to use the third equation of uniform
acceleration:
v = vj) + 2a,Ay
Plug the knowns into this equation. To avoid clutter, suppress the units until the end.
v = (30)% + 2(—9.81)(—35) = (30)* + 2(—10)(—35)
This simplifies to:
v = 900 + 700 = 1600
Squareroot both side to solve for the unknown:
vy, = V1600
Note that there are two answers to V1600 since (—40)? and 402 both equal 1600. Thus, we
must consider both —40 and 40 as possible solutions to ¥1600. In this example, the
negative root (—40) is correct because vy, is negative. The reason for this is that the banana
is moving downward in the final position.
v, = —40m/s
Therefore, just before impact, the banana is moving approximately 40 m/s. (The final
velocity is negative because the banana is moving downward, but the final speed is positive
because speed does not include direction.)

Note: It was not necessary to split the trip up into two parts (one for the trip up and
another for the trip back down). You can work with the complete trip and solve the
problem correctly in one step rather than two. (Try solving this example with two separate
trips to convince yourself that you can get the same answer either way.)
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Chapter 3 - One-dimensional Uniform Acceleration

44. On Planet Fyzx, a chimpanzee astronaut drops a 500-g banana from rest from a height
of 36 m above the ground and the banana strikes the ground 4.0 s later.

Draw/label a diagram with the path, initial (i), final (f), and an arrow showing +y.

Based on the question below, list the three symbols that you know (based on your labeled
diagram) along with their values and SI units. Hint: One of these numbers is negative.

What is the acceleration of the banana?

Write the relevant equation. Choose from the three equations of uniform acceleration.
Rewrite the equation with numbers plugged in.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: — 3 m/s?
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45. A monkey leans over the edge of a cliff and throws a banana straight upward with a
speed of 20 m/s. The banana lands on the ground, 60 m below its starting position.

Draw/label a diagram with the path, initial (i), final (f), and an arrow showing +y

Based on the question below, list the three symbols that you know (based on your labeled
diagram) along with their values and SI units. Hint: Two of these numbers are negative.

For how much time is the banana in the air?

Write the relevant equation. Choose from the three equations of uniform acceleration.

Rewrite the equation with numbers plugged in.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: 6.0s
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Chapter 3 - One-dimensional Uniform Acceleration

46. Monk Jordan leaps straight upward. He spends exactly 1.0 second in the air.

Draw/label a diagram with the path, initial (i), final (f), and an arrow showing +y. Tip:
Read the question below before you decide where to draw initial (i) and final (f).

Based on the question below, list the three symbols that you know (based on your labeled
diagram) along with their values and SI units. Hints: One number is negative. The time is
not 1.0 second.

With what initial speed does Monk Jordan jump?

Write the relevant equation. Choose from the three equations of uniform acceleration.

Rewrite the equation with numbers plugged in.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: 5.0 m/s
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4 ONE-DIMENSIONAL MOTION WITH CALCULUS

Calculus-based Motion Equations

Velocity (v,) is a first-derivative of position (x) with respect to time (t).
_dx
T
Acceleration (a,) is a first-derivative of velocity (v,) with respect to time (t). Acceleration
(a,) is also a second-derivative of position (x) with respect to time (t).
dv, d*x
=g T aer
Net displacement (Ax) is the definite integral of velocity (v,) over time (t). Recall that net
displacement is a straight line from the initial position to the final position (see Chapter 3).
t
Ax = f v, dt

t=tg

Ux

The change in velocity (v, — vy,) is the definite integral of acceleration (a,) over time (t).
Therefore, final velocity (v,) equals initial velocity (v,,) plus the definite integral of

acceleration (a,) over time (t).
t

Vy = Vgo + J.a_,dt

t=ty
Symbols and Sl Units
Symbol Name Sl Units

X position coordinate m
Ax net displacement m
Vxo initial velocity m/s
Vy velocity m/s
a, acceleration m/s?
to initial time s

t time s
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Chapter 4 - One-dimensional Motion with Calculus

One-dimensional Calculus-based Motion Strategy

If a one-dimensional motion problem gives you position (x), velocity (v,), or acceleration
(ay) as a function of time, follow this strategy. How you solve the problem depends on
what you're given and what you're looking for, as described below.

If you're given position (x) as a function of time (t):
1. To find net displacement, simply plug the final time into the position function to find
x(t), plug the initial time into the position function to find x(t;), and subtract the
two results. Notation: x(t) means “x evaluated at t.” Itis not x times t.
Ax = x(t) — x(to)
2. To find velocity, first take a derivative of the position function with respect to time
and then plug the desired time into the velocity function.
_dx
Tdt
3. To find acceleration, take two successive derivatives of the position function with
respect to time and then plug the desired time into the acceleration function.
d*x
de?z
If you're given velocity (v,) as a function of time (t):
4. To find net displacement, find the definite integral of the velocity function over the
desired time interval.

Vx

ax =

t
Ax = f v, dt
taty
5. To find velocity, simply plug the specified time into the velocity function.
6. To find acceleration, first take a derivative of the velocity function with respect to
time and then plug the desired time into the acceleration function.
dv,
de
If you're given acceleration (a,) as a function of time (t):
7. To find net displacement, first do Step 8 below and then do Step 4 above. Be sure to
use the velocity function in Step 4 (and not a numerical value for velocity).
8. To find velocity, first find the definite integral of the acceleration function over the

desired time interval and then add this result to the initial velocity.
t

a, =

Vy = Vg + ] a,dt
t=ty
9. To find acceleration, simply plug the specified time into the acceleration function.
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Example: The position of a monkey is given according to the following equation, where SI
units have been suppressed: x = 3t*. Determine the velocity of the monkey att = 3.0 s.

Velocity is the first derivative of position with respect to time.

- dx — d 4\ — 4=1 — 3

Vy _E_E(St )=M@)(3)t 1 =12t
Evaluate the velocity functionatt = 3.0 s:
ve(att =3s) = 12(3)% = 12(27) = 324 m/s

Example: The velocity of a gorilla is given according to the following equation, where SI
units have been suppressed: v, = 9t? — 16t. (A) Determine the net displacement of the
gorilla fromt = 1.0 suntil t = 4.0 s. (B) Find the acceleration of the gorillaatt = 4.0 s.
(A) Net displacement is the definite integral ofvelocity over time.

Ax = [ v, dt = f(9t2 — 16t) dt
t=t, t=
Find the anti-derivative of each term and then evaluate the definite integral over the limits
following the strategy from Chapter 2. If you don't feel fluent with your integration, you
should review the integration section of Chapter 2.
[9:2“ 16::“1]" [9t3 16t2]"

i’ ] e 2 e s < D 214
241 1+1 = [3¢° - 8¢°)i.

=[3(4)? — 8(4)%] — [3(1)® — 8(1)%] = (192 — 128) (3—-8)=64—-(-5)=69m
(B) Acceleration is the first derivative of velocity with respect to time.
dv,

ay=—== i(9t2 —16t) = (2)(9)t2~* — (1)(16)t = 18t — 16
*odt  dt

Evaluate the acceleration function at ¢t = 4.0 s:

ac(att=4s)=18(4) — 16 = 72 — 16 = 56 m/s*
Example: The acceleration of a lemur is given according to the following equation, where SI
units have been suppressed: a, = 12t. The initial velocity of the lemuris 18 m/s att = 0.
Determine the velocity of the lemuratt = 3.0s.

Velocity equals initial velocity plus the definite integral of acceleration over time.
t 3

Uy = Uy + f a,dt =18 + letdt
t=t, t=0
Find the anti-derivative and then evaluate the definite integral over the limits following the
strategy from Chapter 2.

12¢1+17? 12¢2)?
vx=18+[ ] =18+[ l =18 + [6t%]3.,
t=0

1+1], 2
v, =18 +6(3)> - 6(0)> = 18 + 54 = 72 m/s
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Chapter 4 - One-dimensional Motion with Calculus

47. The position of a bananamobile is given according to the following equation, where SI
units have been suppressed.

x = 4t% — 8t% + 64

Write an equation in symbols to determine the velocity of the bananamobile.

Determine the velocity of the bananamobile att = 5.0 s.

Write an equation in symbols to determine the acceleration of the bananamobile.

Determine the acceleration of the bananamobile att = 7.0 s.

Want help? Check the hints section at the back of the book.
Answers: 220 m/s, 152 m/s?
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48. As you begin your physics exam, a monkey grabs your pencil and runs according to the
following equation, where SI units have been suppressed.

v, = V2t

Write an equation in symbols to determine the net displacement of the monkey.

Determine the net displacement of the monkey from ¢t = 2.0 s until t = 8.0 s.

Write an equation in symbols to determine the acceleration of the monkey.

Determine the acceleration of the monkey att = 8.0 s.

Want help? Check the hints section at the back of the book.
Answers: ?m,i m/s?
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Chapter 4 - One-dimensional Motion with Calculus

49. The acceleration of a chimpanzee is given according to the following equation, where SI
units have been suppressed. The initial velocity of the chimpanzee is 18 m/s att = 0.

a, = 24t*

Write an equation in symbols to determine the velocity of the chimpanzee.

Determine the velocity of the chimpanzee att = 3.0 s.

Write an equation in symbols to determine the net displacement of the chimpanzee.

Determine the net displacement of the chimpanzee from ¢t = O until t = 3.0 s.

Want help? Check the hints section at the back of the book.
Answers: 234m/s, 216 m
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5 GEOMETRY ESSENTIALS

Handy Formulas
Shape (o ITET11114Y Formula
Square
L Area A=1L?
L
Rectnge Perimeter P =2L+2W
w
L Area A=LW
Triangle
Area A= 1bI

Right triangle

c I_'Ea Pythagorean theorem a?+ b* =c?
B
Diameter D =2R
Circle
@ Area A = mR?
Circumference i
C =2nR
Circular Arc s = RO
1@5 Arc length Note: # must be
R in radians.
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Chapter 5 - Geometry Essentials

Relevant Terminology

Perimeter - the total distance around the edges of a polygon.

Hypotenuse - the longest side of a right triangle. See side c in the diagram below.

Legs - the two shortest sides of a right triangle. See sides a and b in the diagram below.
Pythagorean theorem - the sum of the squares of the legs of any right triangle equals the
square of the hypotenuse.

a? + b? = c?
Circumference - the total distance around the edge of a circle.
Arc length - the distance partway around the edge of a circle.

Symbols and Sl Units

Symbol Name Sl Units

P perimeter m

A area m?

L length m

w width m

b, h base and height of a triangle m

a,b legs of a right triangle m

c hypotenuse m

c circumference m

D diameter m

R radius m

s arc length m
7] angle radians

Note: The symbol for angle (@) is the lowercase Greek letter theta.
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Geometric Formula Strategy
To solve a problem involving a geometric formula, follow these steps:

1. Find the relevant geometric formula from the table on page 53.
2. Plugin the known values and solve for the unknown.

Example: Find the perimeter and area of the rectangle illustrated below.

3m

9m
Identify the width and length from the figure:
L=9m , W=3m
Plug these values into the formula for perimeter:
P=2L+2W =2(9)+2(3)=18+6=24m
Now plug the length and width into the formula for area:
A=LW =(9)(3) =27 m?

Example: Find the area of the triangle illustrated below.

/o

12 m

Identify the base and height from the figure:
b=12m , h=9m
Plug these values into the formula for area:

—lbh—112 9) = 54m?
=3bh=5(12)(9) =54m

Example: Determine the hypotenuse of the right triangle illustrated below.

Use the Pythagorean theorem:

a’+b?=c?
62 +82 =¢?
36 + 64 =100 = ¢?
Squareroot both sides to solve for the unknown:

c=+100=10m
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Chapter 5 - Geometry Essentials

Example: Determine the unknown side of the right triangle illustrated below.

Use the Pythagorean theorem:
a®+b?=c?
a®+1% = (mz
2 2
Recall from algebra that (\/J?) = Vxvx = x. Therefore, (\/f) =2
a+1=2
Subtract 1 from both sides to isolate the unknown term:
a?=2-1=1
Squareroot both sides to solve for the unknown:
a=vi=1m

Example: Find the diameter, circumference, and area of the circle illustrated below.

The indicated radius is
R=8m
Plug the radius into the formula for diameter:
D=2R=2(8)=16m

Next plug the radius into the formula for circumference:

C =2nR =2n(8) = 16mm
Finally, plug the radius into the formula for area:

A=nR*=n(8)? = 64n m?
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50. Find the perimeter and area of the rectangle illustrated below.

Answers: 20 m, 24 m?

51. Find the perimeter and area of the right triangle illustrated below.

Want help? Check the hints section at the back of the book.
Answers: 12m, 6 m?
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Chapter 5 - Geometry Essentials

52. Ifthe area of a square is 36 m?, what is its perimeter?

Answer: 24 m

53. Determine the hypotenuse of the right triangle illustrated below.

Want help? Check the hints section at the back of the book.
Answer: 13 m
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4. Determine the unknown side of the right triangle illustrated below.

Answer: 1n

5. Determine the length of the diagonal of the rectangle illustrated below.

Vant help? Check the hints section at the back of the book.
Answer: 10n
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Chapter 5 - Geometry Essentials

56. Find the radius, circumference, and area of the circle illustrated below.

Answers: 3 m, 6 m, 97 m?

57. If the area of a circle is 16m m?, what is its circumference?

Want help? Check the hints section at the back of the book.
Answer: 8m m
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6 MOTION GRAPHS

elevant Terminology

lope - the rise over run of a graph. For a curve, the slope refers to the tangent line.
rea - the region between the curve and the horizontal axis.

inding Slope

se this method to find the slope of a graph:
1. If the graph is a curve, draw a tangent line that matches the slope of the curve at th
desired point. See the left figure above.
2. Choose two points on the line (not the curve) which are far apart (this reduce
relative interpolation error). See the right figure above.
3. Read the coordinates of each point, (xy,y,) and (x3, y2).
4. Plug these coordinates into the slope equation:

slope = -
X3 — Xy
inding Area
¥, & 4
X X

se this method to find the area between a curve and the horizontal axis:
1. Divide the region between the curve and the horizontal axis into triangles an
rectangles as best you can. See the example above.
2. Find the area of each rectangle and triangle.
3. Add these areas together.
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Chapter 6 - Motion Graphs

Motion Graph Strategy

To solve a problem with a motion graph, first check to see whether position (x), velocity
(vy), or acceleration (a,) is plotted on the vertical axis.

For a graph of position (x) as a function of time (t):

x

1. Just read the graph directly to find net displacement or total distance traveled. For
the total distance traveled, add up each distance traveled forward or backward in
absolute values (as in the first example that follows). For net displacement, use the
formula ND = x; — x;, where x; is the final position and x; is the initial position.

2. Find the slope of the tangent line to find velocity.

For a graph of velocity (v,) as a function of time (t):

Uy

3. Find the area between the curve and the horizontal axis to determine the net
displacement or the total distance traveled. For net displacement, any area below
the horizontal axis is negative. For total distance traveled, all areas are positive.

4. Justread the graph directly to find velocity.

5. Find the slope of the tangent line to find acceleration.

For a graph of acceleration (a,) as a function of time (t):

Ay

6. Find the area between the curve and the horizontal axis to determine the change in
velocity. Any area below the horizontal axis is negative. Then use this equation:
Uy = Uy + area
7. Justread the graph directly to find acceleration.
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Example: The graph below shows the position of a bananamobile as a function of time.

x(m) 40 x

(A) Determine the net displacement.
To find net displacement from a position graph, read the initial and final values of position:
xi=20m
Xy =—40m
Use the formula for net displacement:
ND =xf —x; = —40 — 20 = =60 m

(B) Determine the total distance traveled.
To find total distance traveled from a position graph, read the position values to determine
how far the object moves forward or backward in each segment of the trip, and then add
these increments in absolute values:

o For the first 20 s, the object moves forward 20 m (from x = 20 m to x = 40 m).

e Forthe next 10 s, the object moves backward 100 m (fromx = 40 mto x = —60 m).

o For the last 20 s, the object moves forward 20 m (from x = —60 m to x = —40 m).
Add these increments up in absolute values:

TDT = |d,| + |d;| + |d3| = |20] + |=100]| + |20| = 20 + 100 + 20 = 140 m
(C) Determine the velocityatt = 25 s.
To find velocity from a position graph, find the slope. We want the slope of the line where
t = 25 s. Let's use the endpoints of this line. Read off the coordinates of the endpoints:
(t1,x1) = (205,40 m)
(t2,%3) = (30's,—60 m)

Plug these values into the equation for slope:

X;—x, —60—40 —100
Uy = =———F—=——=-10m/s
*Tt—-t, 30-20 10

The velocity is negative because the slope is negative: The object is moving backward.

Note that time (t) is on the horizontal axis, while position (x) is on the vertical axis.
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Chapter 6 - Motion Graphs

Example: The graph below shows the velocity of a bananamobile as a function of time.

ve(m/s) 40

(A) Determine the net displacement.

To find net displacement from a velocity graph, divide the region between the curve (in this
case the “curve” is made up of straight lines) and the horizontal axis into triangles and
rectangles. See the three triangles and rectangle in the diagram above. Find these areas:

1 1
Ay = 5byhy = 5(10)(40) = 200m

1 1
Az = 5 byhy = 5 (10)(~40) = ~200m

As = LyW; = (20)(—40) = —800 m

Ay = %b,,h4 = %(10)(—40) =-200m
Note: The last three areas are negative because they lie below the t-axis. (However, if we
had been finding total distance traveled, we would instead make all of the areas positive.)
Add these four areas together:
ND =A; + A, + A3 + Ay = 200 — 200 — 800 — 200 = —1000 m
(B) Determine the speedatt = 30 s.
To find velocity from a velocity graph, simply read the graph. At t = 30 s, the velocity is
-40 m/s. This means that the object is moving 40 m/s backward. The speed is 40 m/s.
(C) Determine the accelerationatt = 45 s.
To find acceleration from a velocity graph, find the slope. We want the slope of the line
where t = 45 s. Read off the coordinates of the endpoints:
(ty,v1,) = (405, —40 m/s)
(t2,v22) = (50s,0)
Plug these values into the equation for slope:

Note that time (t) is on the horizontal axis, while velocity (v,) is on the vertical axis.
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Example: The graph below shows the acceleration of a bananaplane as a function of time.
The initial velocity of the bananaplane is 50 m/s.

ay(m/s?) 40

20

0

20

(A) Determine the final velocity of the bananaplane.

To find velocity from an acceleration graph, divide the region between the curve (in this
case the “curve” is made up of straight lines) and the horizontal axis into triangles and
rectangles. See the two triangles and rectangle in the diagram above. Find these areas:

1 1
Ay = 5byhy =5 (10)(-20) = ~100m

A= %bzhz = %(20)(40) =400 m
Az = L3W; = (20)(40) = 800 m
Note: The first area is negative because it lies below the t-axis.
Add these three areas together to determine the total area:
area = A; + A, + A; = =100 + 400 + 800 = 1100 m
Plug this area into the equation for final velocity:
Vy = Uy + area = 50 + 1100 = 1150 m/s

(B) Determine the acceleration att = 20 s.
To find acceleration from an acceleration graph, simply read the graph. Att = 20s, the
acceleration is 20 m/s?.

WHY FIND SLOPE AND AREA?

The answer has to do with calculus:

e Velocity is a derivative of position with respect to time, and acceleration is a
derivative of velocity with respect to time. In calculus, a derivative represents the
slope of the tangent line.

e Net displacement is the integral of velocity, and change in velocity is the integral of
acceleration. In calculus, a definite integral represents the area under the curve.
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Chapter 6 - Motion Graphs

58. A monkey drives a jeep. The position as a function of time is illustrated below.

x(m) 40

20

0 t(s)

-20

-40

(A) Find the total distance traveled and net displacement for the trip.
First circle the appropriate word:

read slope area
Now show your work:

(B) Find the velocity of the jeep at t=10s.
First circle the appropriate word:
read slope area

Now show your work:

Want help? Check the hints section at the back of the book.
Answers: 140 m,-60 m,-4.0 m/s

66



59. A monkey rides a bicycle. The velocity as a function of time is illustrated below.

vx(m/s) 40

20

0

-20

-40

(A) What is the bicycle’s acceleration at t = 25 seconds?
First circle the appropriate word:
read slope area

Now show your work:

(B) What is the bicycle’s net displacement for the whole trip?
First circle the appropriate word:
read slope area

Now show your work:

Want help? Check the hints section at the back of the book.

t(s)

Answers: -6.0 m/s2, -1.3 km
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Chapter 6 - Motion Graphs

60. A monkey flies a bananaplane. The acceleration as a function of time is illustrated
below. The initial velocity of the bananaplane is 150 m/s.

ay(m/s?) 40 ¢

= t(s)

0 10 20 30 40 50

(A) What is the final velocity of the bananaplane?
First circle the appropriate word:

read slope area
Now show your work:

(B) When is the acceleration of the bananaplane equal to zero?
First circle the appropriate word:

read slope area
Now show your work:

Want help? Check the hints section at the back of the book.
Answers: approximately -545 m/s, 26.7 s and 50.0 s
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7 TWO OBJECTS IN MOTION

Two Objects in Motion Strategy

For a motion problem where one object is chasing another, or where two objects head
toward one another, follow these steps:

1. Draw a diagram showing the two paths. Label the initial positions (i, and i,), final
positions (f; and f,), and the coordinate (x or y, as appropriate).

2. Identify the unknown symbol and three known symbols. Use subscripts for any
quantities that may be different between objects 1 and 2. For example, if the objects
have different net displacements, distinguish between Ax; and Ax,, but if they both
start and finish in the same positions, call them both Ax. Similarly, if one object has
a headstart, distinguish between t; and t,, but if they both start and finish at the
same time, call both times t.

3. Write an equation for the net displacement of each object using subscripts as
appropriate (see the previous note).

1,
Ax; = vyt +§altl

L
Axy = vyoty + 2“2‘2

For a vertical problem, use y in place of x. Special case: If either object travels with
constant velocity, its acceleration will equal zero (since acceleration is the instan-
taneous rate at which velocity changes).

4. Write an equation of constraint. If the problem gives you information relating to
distance, your equation of constraint may look something like

Ax; +Ax, =d or Ax;—Ax,=d
However, if the problem gives you information relating to time (like a headstart),
your equation of constraint may look more like
ti=t+At or t, =t +At

The examples that follow will show you how to reason out two common types of
constraints.

5. Use the method of substitution (described Chapter 1), as illustrated in the following
examples.
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Chapter 7 - Two Objects in Motion

Example: Two monkeys, initially 600 m apart, begin running directly toward one another

at the same time. One monkey uniformly accelerates from rest at % m/s?, while the other

monkey uniformly accelerates from rest atf m/s%. Where do the two monkeys meet?

Begin with a labeled diagram. They begin in different positions, but meet up at the end.

f

iy i

List the knowns, using subscripts where appropriate. The acceleration of the second
monkey is negative because he is heading in the opposite direction.
1 1
d=600m , v,=0 , ‘11=Em/52 , Vyp=0 , az=—zm/s2

Note that neither Ax; nor Ax, equals 600 m, as discussed below. Write an equation for the
net displacement of each monkey, using subscripts for any quantities that may be different.
Since they spend the same amount of time running, use t for time instead of ¢; and t,.

1
Axy = vyt + Ea‘tz

1 5
Axy = vyt + Eazt

Plug the knowns into this equation. To avoid clutter, suppress the units until the end.

Ax —0+1(1)t2—1t2
A ) )
1/ 1 1

g2 ] [ B% SRl
Ax, 0+2( 4)t St

Write an equation of constraint. Together, the two monkeys travel a total distance equal to
600 m. Since the second monkey’s net displacement is negative, we must include a minus
sign to make them “add” up to 600 m (since two minuses make a plus):
Ax; —Ax, =d
Ax, — Ax, = 600
Substitute the net displacement equations into the equation of constraint:

1 1
e (1Y =600
i ( Bt) b
1 11 2 1
S dage T TN o f6 23, _
242t (4+8)t (B+8)r =£2 = 600
8 480
t= |2 (600) = = V600 = 40s

Plug the time into either equation for net displacement:
Ay = 2¢2 = 2 (40)% = 21600 = 400
15 g g s S
Therefore, they meet 400 m from where the first monkey started.

70



Example: A gorilla and chimpanzee are initially parked side by side on a street. The
chimpanzee uniformly accelerates from rest at 4.0 m/s%. After waiting 6.0 s, the gorilla
uniformly accelerates from rest at 16.0 m/s?. When does the gorilla catch the chimpanzee?

Begin with a labeled diagram. They both begin and finish in the same positions.

i f
+x

List the knowns, using subscripts where appropriate.

At=60s , vie=0 , ay=40m/s® , vy=0 , ay=16.0m/s?
Note that 6.0 s is the difference between the two times (see below). Write an equation for
the net displacement of each object, using subscripts for any quantities that may be
different. Since one has a headstart, use t, and t,, but since they both start and finish in the
same position, use Ax instead of Ax; and Ax,.

1
Ax = vty + Ealt,

1
Ax = vyt; + Eﬂztz

Plug the knowns into this equation. To avoid clutter, suppress the units until the end.
1
Ax =0+E4tf =2t}

1
Ax = 0+516t§ = 8t3
Write an equation of constraint. Since the chimpanzee starts 6.0 s sooner than the gorilla,
the chimpanzee spends more time running. Therefore, the chimpanzee’s time (t;) spent
driving must be 6.0 s greater than the gorilla’s time (t2) spent driving:
t, =t + At
ty=t,+6
Substitute this time constraint into the first net displacement equation:
Ax = 2t = 2(t, + 6)% = 2(t3 + 12t, + 36) = 2t3 + 24t, + 72
Now set the two net displacement equations equal to each other (since both equal Ax):
2t2 + 24t, + 72 = 8t3
Combine like terms and reorder terms to put this quadratic equation in standard form:
—6t3 +24t, +72=0
Use the quadratic formula (see Chapter 1):
_—b+Vb?—4ac -24+ /247 —4(=6)(72) -24+2304 -24+48
2 2a - 2(—6) - -12 12
t,=—20so0r6.0s
They meet after the gorilla has driven for 6.0 s, which means that they meet after the
chimpanzee has driven for 12.0 s (since t; =t, + 6 =6+ 6 = 12.0s).
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Chapter 7 - Two Objects in Motion

61. Two monkeys, initially 1600 m apart, begin running directly toward one another at the
same time. One monkey uniformly accelerates from rest até m/s?, while the other monkey

runs with a constant speed of 15 m/s.

Draw/label a diagram with the paths, initial positions, final position, and a coordinate axis.

Based on the question below, list the symbols that you know (based on your labeled
diagram) along with their values and SI units.

What is the net displacement of each monkey when they meet?
Write two equations - one for the net displacement of each monkey - using subscripts.
Write the equation of constraint.

Solve for the unknowns.

Want help? Check the hints section at the back of the book.
Answer: 400 m,-1200 m
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62. A monkey steals his uncle’s banana and runs away with a constant speed of 9.0 m/s,
while his uncle uniformly accelerates from rest at 4.0 m/s2. The thief has a 2.0-s headstart.

Draw/label a diagram with the paths, initial position, final position, and a coordinate axis.

Based on the question below, list the symbols that you know (based on your labeled
diagram) along with their values and SI units.

What is the net displacement of each monkey when the thief is caught?

Write two equations - one for the net displacement of each monkey - using subscripts.

Write the equation of constraint.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: 72 m
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Chapter 7 - Two Objects in Motion

63. A monkey at the top of a 90-m tall cliff parachutes downward with a constant speed of
5.0 m/s at the same time as a monkey at the bottom of the cliff throws a banana straight
upward with an initial speed of 40 m/s.

Draw/label a diagram with the paths, initial positions, final position, and a coordinate axis.

Based on the question below, list the symbols that you know (based on your labeled
diagram) along with their values and SI units.

Where is the banana when it reaches the parachuting monkey?

Write two equations - one for the net displacement of each monkey - using subscripts.

Write the equation of constraint.

Solve for the unknown.

Want help? Check the hints section at the back of the book.
Answer: 75 m above the ground
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8 NET AND AVERAGE VALUES

Relevant Terminology

Total distance traveled - the sum total of all the distances traveled.
Net displacement - a straight line from the initial position to the final position.

Important Distinction

Net displacement is the shortest distance between the initial position (i) and final position
(f). Net displacement does not depend on the path taken. Total distance traveled is the
sum of all the distances. Total distance traveled does depend on the path taken.

Strategy to Find Net or Total Values

If a problem asks you to find the total distance traveled or the net displacement of an
object, follow these steps:
1. Draw a diagram of the path. Label the initial position (i) and final position (f).
2. Determine the quantity needed:
* For the total distance traveled (TDT), add up all of the distances for each part of
the trip.
e For the net displacement (ND), find the shortest distance between the initial
position (i) and final position (f).

Symbols and Sl Units
Symbol Name Sl Units
TDT total distance traveled m
ND net displacement m
Net Displacement

Ax and Ay are the components of the net displacement (ND) vector. If an object travels
along two the sides of a right triangle, use the Pythagorean theorem ND = \/m to
find the magnitude of the net displacement. If instead an object travels back and forth
along a straight line, use the formula ND = Ax; + Ax; + -+ + Ax, to determine the net
displacement, noting that one or more of the Ax’s may be negative.
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Chapter 8 - Net and Average Values

Example: A monkey travels 400 m east and then 300 m north. Find the total distance
traveled and the magnitude of the net displacement for the whole trip.

Begin with a labeled diagram.

The total distance traveled is the sum of the two distances:
TDT =d, +d, = 400 + 300 = 700 m
The net displacement is the hypotenuse of the right triangle:

ND = (d? + d3 = /3002 + 400?
If you're not using a calculator, it's convenient to factor out 1002,

ND =,/1002(32 + 42)

This works since 1002(3% + 42) = (100 x 3)? + (100 x 4)? = 300 + 4002,
ND =/1002y/32 + 42 = 100¥9 + 16 = 100v25 = 500 m

Example: A monkey walks 60 m east, 60 m north, 60 m west, and then 60 m south. Find
the total distance traveled and the magnitude of the net displacement for the whole trip.

Begin with a labeled diagram.
60 m

60 m 60 m

e
L 60 m

The total distance traveled is the sum of the four distances:

TDT = d, +dy + d5 + dg = 60 + 60 + 60 + 60 = 240 m
The net displacement is zero since the final position is the same as the initial position for
the total trip. Note that the four segments of the trip form a square.
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64. A monkey travels 15 m east, then 70 m west, and finally 35 m east.

Draw/label your diagram here, including initial (i), final (f), and the path.

Write an equation in symbols to find the total distance traveled.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the net displacement.

Rewrite the equation with numbers plugged in. Complete the calculation.

Want help? Check the hints section at the back of the book.
Answers: 120 m, 20 m west
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Chapter 8 - Net and Average Values

Relevant Terminology

Average speed - the total distance traveled divided by the elapsed time.
Average velocity - the net displacement divided by the elapsed time.
Average acceleration - the change in velocity divided by the elapsed time.

Strategy to Find Average Values

If a problem asks you to find average speed, average velocity, or average acceleration,
follow these steps:
1. Draw a diagram of the path. Label the initial position (i) and final position (f).
2. Determine the total time of the trip (TT).
3. Determine the intermediate quantity needed:
« For average speed, find the total distance traveled (TDT).
« For average velocity, find the net displacement (ND).
¢ For average acceleration, find the initial velocity (v;) and final velocity (vy).
4. Plug the values from Steps 2 and 3 into the appropriate equation below.

ave. DT
spd. = T
ave. _ ND
vel. — TT
ave. _Vr—V;
accel. — TT
Symbols and Sl Units
Symbol Name Sl Units
TT total time s
TDT total distance traveled m
ND net displacement m
ave.
spd. average speed m/s
ave. .
vel average velocity m/s
ave. . 2
accel. average acceleration m/s
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Example: A monkey drives 40 m/s to the east for 120 m, and then drives 60 m/s to the
west for 120 m. What are the monkey’s average speed and average velocity?

Begin with a labeled diagram.

i » f;
= &
+x

The average speed is not the average of 40 m/s and 60 m/s. Itis not 50 m/s. The reason is
that the monkey spends more time driving 40 m/s and less time driving 60 m/s. It's really
a weighted average, but you can find the answer simply using the equation for average
speed. Let’s first find the total time. The time for each part of the trip equals the distance
divided the by speed for that part of the trip:

d 120 2 d 120

The total time for the whole trip is therefore:

TT=t;+t, =3+2=5.0s
The total distance traveled is:

TDT =d+d =120 + 120 = 240 m

Divide the total distance traveled by the total time to find the average speed:

ave. TDT 240

spd.-" 7T ~ 5
As predicted, the average speed is less than 50 m/s because the monkey spent more time
traveling at the slower speed. The average speed is 48 m/s. In contrast, the average
velocity is zero because the net displacement is zero (since the initial position and final
position are identical for the total trip).

Example: A bananamobile accelerates from 18 m/s to 50 m/s in 4.0 s. What is the average
acceleration?

Begin with a labeled diagram.

i 7
+x

List the three knowns.
v;=18m/s , v, =50m/s , TT =40s
Plug these values into the equation for average acceleration:
ave. _Vr—v; 50-18 32

O Al . 2
acce. — 1T T 4 4—8.0m/s
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Chapter 8 - Net and Average Values

65. A gorilla skates 120 m to the west for 3.0 s, then skates 180 m to the east for 7.0 s.

Draw/label your diagram here, including initial (i), final (f), and the path.

Write an equation in symbols to find the total time.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the total distance traveled.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the net displacement.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the average speed.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the average velocity.

Rewrite the equation with numbers plugged in. Complete the calculation.

Want help? Check the hints section at the back of the book.
Answers: 10.0 5,300 m, 60 m east, 30 m/s, 6.0 m/s east
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66. A chimpanzee travels 60 m to the east for 4.0 s, then skates 80 m to the south for 16.0 s.

Draw/label your diagram here, including initial (i), final (f), and the path.

Write an equation in symbols to find the total time.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the total distance traveled.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the magnitude of the net displacement.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the average speed.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the magnitude of the average velocity.

Rewrite the equation with numbers plugged in. Complete the calculation.

Want help? Check the hints section at the back of the book.
Answers: 20s,140 m, 100 m, 7.0 m/s, 5.0 m/s
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Chapter 8 - Net and Average Values

67. A gorilla initially traveling 5.0 m/s to the east uniformly accelerates for 4.0 s, by which
time the gorilla has a velocity of 25.0 m/s to the east. The gorilla then maintains constant
velocity for 10.0 s. Next, the gorilla uniformly decelerates for 6.0 s until coming to rest.

Draw/label your diagram here, including initial (i), final (f), and the path.

Write an equation in symbols to find the total time.

Rewrite the equation with numbers plugged in. Complete the calculation.

Write an equation in symbols to find the average acceleration.

Rewrite the equation with numbers plugged in. Complete the calculation.

Want help? Check the hints section at the back of the book.
Answer: -0.25 m/s? (the - sign means to the west)
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9 TRIGONOMETRY ESSENTIALS

Right Triangle Trig Strategy

In a right triangle, each trig function expresses a ratio of two particular sides. The three
basic trig functions are the sine (sin @), cosine (cos ), and tangent (tan 8).

90
o‘?“\o
)

adjacent

: opposite

To apply trigonometry to a right triangle, follow these steps:
1. Look at the right triangle and identify the sides which are opposite and adjacent to
the desired angle. Also identify the hypotenuse. See the illustration above.
2. Ifneeded, use the Pythagorean theorem (Chapter 5) to solve for an unknown side.
3. Plug the relevant sides into the formula for the trig function:

. opposite
sin@ = ———
hypotenuse
adjacent
cos) = ———
hypotenuse
0 opposite
bt adjacent

Example: Find the sine, cosine, and tangent of 8 in the diagram below.

First use the Pythagorean theorem (Chapter 5) to solve for the unknown side:
ct=a?+b?*=32+4"=9+16=25

c=v25=5

Identify the sides opposite and adjacent to 8. Also identify the hypotenuse.
opposite 3
adjacent 4
hypotenuse 5
Plug these values into the formulas for the trig functions:
sin0=:p—yz:=§ i c056=:iy]];.=§ , tané =%?=;



Chapter 9 - Trigonometry Essentials

68. Find the sine, cosine, and tangent of 6 in the diagram below.

5 12 5
Answers: T3'13'12
69. Find the sine, cosine, and tangent of 6 in the diagram below.
Want help? Check the hints section at the back of the book.
Answers: = BB
“i2ligi%s
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Standard Trig Values

0 0° ' 30° 45° 60° 90°
sin@ 0 l ﬁ Q 1
2 2 2
cos @ 1 E Q L 0
2 2 2
tan @ 0 ? 1 V3 undef.

Note: The tangent of 90° is undefined.

Memorization Tip

There is a simple method to reproduce the above chart:
1. Write the values 0 thru 4 in order: 0,1, 2,3, 4.
2. Squareroot each number: 0,1,v2,/3,2. (Note that V4 = 2.)

3. Divide each number by two: 0,%,%,V—3, 1. These are the values of sin 6.

P

2

V3 1
22022

4. Write the numbers backwards: 1 ,0. These are the values of cos 6.
5

Divide the previous two rows: O,V;—g, 1,43, undef. These are the values of tané.

Note that %3 = ;—3 (Multiply the numerator and denominator by \/5.)

Standard Trig Values Strategy

To find the sine, cosine, or tangent of a standard angle in Quadrant I, follow these steps:
1. Find the angle on the top row of the chart. (If the angle you need isn’t on the chart,
use a calculator instead of the chart.)
2. Find the row for the desired trig function.
3. Read off the trig value.

Example: Find the sine, cosine, and tangent of 30°.
According to the chart:

po)

1 V3
in30°== , cos30°=~— , tan30°=-—
sin 2 cos 2 an 3
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Chapter 9 - Trigonometry Essentials

70. Practice evaluating trig functions at standard angles.

(A) sin 60° = (B) cos 45° =
(0) tan30° = (D) sin45° =
(E) cos 30° = (F) tan 60° =
(G) sin90° = (H) cos90° =
(1) tan45° = (J) sin30° =

(K) cos 60° = (L) tan90° =
(M) sin0° = (N) cos0° =

(0) tan 0° = (P) sin60° =
(Q cos30° = (R) tan 45° =

Answers: ()2 ®) 220 Z®)ZFVI©G 1EHOM10)

(K31 undef. M) 0 (M) 1 () 0 M T QZ )1
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Relevant Terminology

Quadrant - one of four regions of the two-dimensional Cartesian coordinate system defined
by x and y. The four Quadrants are labeled I, II, III, and IV in a counterclockwise sense, as
illustrated below.

Reference angle - the smallest angle with either the positive or negative x-axis (whereas
the argument of a trig function is instead counter-clockwise from the positive x-axis).

Trig Values Beyond Quadrant |

Each trig function yields negative values in specific quadrants, as indicated below.

11 y I

sinf >0 sin@ >0

cosf <0 cos@ >0

tanf < 0 tan@ > 0

x

sinf@ <0 sin@ <0

cosf <0 cosf@ >0

tan6 >0 tan@ <0
11 Y

Memorization Tip

One way to remember which trig functions are negative in which quadrants is to memorize
the sentence, “Apes study trig calculations.” The first letter of each word will help you
remember that “all” are positive in Quadrant I, “sine” is positive in Quadrant Il, “tangent” is
positive in Quadrant III, and “cosine” is positive in Quadrant IV. Everything else is negative.

Reference Angle

When not using a calculator, the way to deal with trig functions outside of Quadrant I is to
determine the reference angle. The reference angle is the smallest angle with either the
positive or negative x-axis, whereas the angle that appears in the argument of the function
is counterclockwise from the positive x-axis. These angles are shown visually below.

y Yy %

gre[
11 v
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Chapter 9 - Trigonometry Essentials

Strategy for Trig Values Beyond Quadrant |

To evaluate a trig function at a standard angle in Quadrants II-1V, follow these steps:
1. Is the angle a multiple of 30° or 45°? If so, continue onto Step 2. If the angle is nota
multiple of 30° or 45°, use a calculator instead.
2. First determine which Quadrant the given angle lies in:
e 1f90° < @ < 180°, 0 lies in Quadrant II.
e 1f180° < 6 < 270° 6 lies in Quadrant II1.
e 1f270° < 6 < 360°, 6 lies in Quadrant IV.
3. Next, decide if the trig function is positive or negative:
¢ InQuadrantII, sine is positive, while cosine and tangent are negative.
¢ InQuadrant III, tangent is positive, while sine and cosine are negative.
¢ InQuadrant IV, cosine is positive, while sine and tangent are negative.
4. Now determine the reference angle (6,.y) from the given angle (6):
e InQuadrantll, 6., = 180° — 6.
¢ InQuadrantlll, 6,., = 6 — 180°.
¢ InQuadrantlV, 6, = 360° — 6.
5. Evaluate the trig function at the reference angle using the chart on page 85.
6. Combine your answers from Step 3 and Step 5, as in the following examples.
7. Note the following special cases:
sin 180° = 0, cos 180° = —1,tan 180° = 0,sin 270° = —1, cos 270° = 0, tan 270° = undef.

Example: Evaluate sin210°.
210° lies in Quadrant III. Sine is negative in Quadrant IIl. The reference angle is:
Opep = 0 — 180° = 210° — 180° = 30°
Therefore,
1
sin210° = —sin30° = =7

Example: Evaluate cos 315°.

315° lies in Quadrant IV. Cosine is positive in Quadrant IV. The reference angle is:
O = 360° — 0 = 360° — 315° = 45°

Therefore,

2
cos 315° = + cos 45° = g

Example: Evaluate tan 120°.
120° lies in Quadrant II. Tangent is negative in Quadrant II. The reference angle is:
Orep = 180° — 6 = 180° — 120° = 60°
Therefore,
tan120° = — tan 60° = —V3
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71. Evaluate each trig function at the indicated angle.

(A)sin150° = (B) cos 240° =
(C) tan300° = (D) sin315° =
(E) cos 135° = (F) tan210° =
(G) sin240° = (H) cos 180° =
() tan225° = (J) sin 180° =

(K) cos 270° = (L) tan300° =
(M) sin300° = (N) cos 330° =
(0) tan 180° = (P)sin270° =
(Q) cos225° = (R) tan150° =

Answers: (A)3(8) -3 (©) ~VE () - Z(®) -F O T (@ -S W -11)10)0
£

3

®ow -3 -2mLZ©o® -1@-2® -
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Chapter 9 - Trigonometry Essentials

Inverse Trig Functions

An inverse trig function asks the question, “At which angles could this trig function be
evaluated and obtain its argument as the answer?”

e sin@ = x uses an angle (@) in its argument and returns a ratio (x) as its answer.

e sin~!x = 0 uses aratio (x) in its argument and returns an angle (6) as its answer.
Here is an example:

¢ 5in30° equals %

e sin7! (%) equals 30° or 150° because sin 30° and sin 150° both equal %

e sin7! (%) means: For which angle(s) @ does sin 6 equal %?

Strategy to Evaluate Inverse Trig Functions

To evaluate an inverse trig function, follow these steps:

1. First ignore the sign of the argument. Can you find the argument on the chart on
page 85? If so, read the reference angle from the chart. If not, is the argument one
of the special values listed in Step 4 below? If so, use the special value listed below.
Otherwise, use a calculator to determine one of the two answers. (If using a
calculator, you'll still need to complete the steps below to determine the second
answer. First use the formula from page 88 to find the reference angle based on the
calculator’s answer, but beware that if the calculator’s angle is negative, you must
first add 360° before using the formula to find the reference angle.)

2. Now look at the sign of the argument. Determine the two Quadrants in which the
specified trig function has that sign.

¢ InQuadrant|, all trig functions are positive.

¢ InQuadrantII, sine is positive, while cosine and tangent are negative.
¢ In Quadrant II], tangent is positive, while sine and cosine are negative.
¢ InQuadrant IV, cosine is positive, while sine and tangent are negative.

3. Determine 6 from the reference angle (,.¢) in each Quadrant from Step 2 using the
formulas below. These two angles are the two answers to the inverse trig function.

e InQuadrantl, 0 = 6,
e InQuadrantll, 8 = 180° — Oy¢y.
¢ InQuadrantlll, § = 180° + 0,
e InQuadrantlV, 8 = 360° — 0,..
4. Note the following special cases:
sin™ 0 = 0° or 180°,sin"*(—1) = 270° cos~* 0 = 90° or 270°
cos (=1) = 180° tan"* 0 = 0° or 180°, tan"'(undef.) = 90° or 270°
Note: There are usually two answers to an inverse trig function.
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Example: Evaluate sin™! (— ?)

p
First, ignore the sign of the argument. That leaves % According to the chart on page 85:

) V2
sin45° = e

This means that the reference angle is 45°. Now look at the sign of the argument: In this
problem, the argument is negative. The sine function is negative in Quadrants III and IV.
Use the formulas to find the Quadrant III and IV angles from the reference angle:

0 = 180° + 0, = 180° + 45° = 225°

0 =360° — 0,.; = 360° — 45° = 315°
The two answers are 225° and 315°.

Example: Evaluate cos™! (— %)

First, ignore the sign of the argument. That leaves % According to the chart on page 85:

60° = L
cos =3

This means that the reference angle is 60°. Now look at the sign of the argument: In this
problem, the argument is negative. The cosine function is negative in Quadrants Il and IIL
Use the formulas to find the Quadrant Il and III angles from the reference angle:

0 = 180° — 0, = 180° — 60° = 120°

0 = 180° + 0, = 180° + 60° = 240°
The two answers are 120° and 240°.

-
Example: Evaluate tan~! (%)
First find the reference angle. According to the chart on page 85:

. 3
tan 30° = 3

This means that the reference angle is 30°. Now look at the sign of the argument: In this
problem, the argument is positive. The tangent function is positive in Quadrants I and IIL
Use the formulas to find the Quadrant I and 11l angles from the reference angle:

0 = 0,5 =30°

0 =180° + 0, = 180° + 30° = 210°

The two answers are 30° and 210°.

Example: Evaluate sin”*(—1).
This is one of the special values from Step 7 on page 88. The answer is 270°.
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Chapter 9 - Trigonometry Essentials

72. Evaluate each inverse trig function.

et (-5)- e (9)-
(O tan}(~1) = (©)sin”* (3) =
() cos™ (- 2) = (F) tan~1(—y3) =
©sin (2) = ) cos (2) =
() tan~'(¥3) = () sin"}(1) =

® cos™ (£) = (L) tan"*(1) =
™ sin~ (£) = (N) cos~1(~1) =
(0) tan~1(0) = (P) sin"1(0) =

Answers: (A) 240° 300° (B) 45°, 315° (C) 135°, 315° (D) 30°, 150°
(E) 150°, 210° (F) 120°, 300° (G) 45°, 135° (H) 60°, 300° (I) 60°, 240° (J) 90°
(K) 30°, 330° (L) 45°, 225° (M) 60°, 120° (N) 180° (0) 0°, 180° (P) 0°, 180°
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Secant, Cosecant, and Cotangent

The secant (sec 8), cosecant (csc @), and cotangent (cot #) functions are defined as:

1 1
secﬂ—m 5 csce—m P COtg_tanG

To evaluate the secant, cosecant, or cotangent function at a particular angle, first evaluate
the corresponding trig function at the specified angle and then use the appropriate formula

Note: The co’s don’t go together: Secant goes with cosine, whereas cosecant goes with sine.

Derivatives of Trig Functions

The first derivatives of the basic trig functions are:

e 8= a d @ = —sin@ d tanf = sec? @
dgsm = cos " decos = —sin e anf = sec
d d d >
dgsecﬂ—secﬁtane , dgcsce——cscocoto 5 dacoto——csc 7]

Integrals of Trig Functions
The integrals of the basic trig functions are anti-derivatives. If the integral is indefinite
(meaning that it specifies no limits), the integral includes a constant of integration:

fsin9d0=—cosﬂ+c 5 fcos@d9=sin9+c
ftan0d0=ln|sec0|+c 3 fsec8d9=ln|sec0+tan6|+c

jcsc@d@ = —In|cscO + cotB| +¢c , fcothB = In|sin@| + ¢

To perform a definite integral, first find the anti-derivative of the function in the integrand,
then evaluate the anti-derivative at the upper and lower limits of integration, and subtract
these two results. This method is illustrated by the following example.

Strategy for Performing a Definite Integral of a Basic Trig Function

To find the definite integral of a single, basic trig function, follow these steps:
1. First find the anti-derivative from the above list of indefinite integrals (but ignore
the constant ¢ which will cancel out in the subtraction).
2. Plug the upper limit of integration into the anti-derivative function, and do the same
with the lower limit.
3. Subtract the two results from Step 2 as in the example that follows.
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Chapter 9 - Trigonometry Essentials

Example: Perform the following definite integral: jgmo

First find the anti-derivative of cos 6:
180°

cos 0 d = [sin 0]35%.
=90°
The notation [sin 8]3%%,- means to evaluate the function sin @ at § = 180°, then evaluate

the function sin @ at # = 90°, and subtract these results:
180°

cos 6 df = [sin 0]3%,- = sin180° —sin90° =0 — 1= —1

g0 COS 0de.

6=90°
See page 88 for help evaluating trig functions outside of Quadrant I.

73. Perform the following definite integral.
360°

sinf df =
=180

74. Perform the following definite integral.
240°

cosfdf =

#=120°

Want help? Check the hints section at the back of the book.
Answers: -2, —\3
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10 VECTOR ADDITION

Relevant Terminology

Magnitude - a number with units that indicates how much of a quantity there is.

Scalar - a quantity that has a magnitude, but which does not have a direction.

Vector - a quantity that has both a magnitude and a direction.

Component - the projection of a vector onto an axis. The components of a vector are shown
visually on the following page.

Resultant - the combination of two or more vectors added together.

Examples of Scalars and Vectors

Velocity is one example of a vector. Velocity is a combination of speed and direction. Speed
is a scalar, since it has only a magnitude (how fast). Velocity is a vector because it includes
both a magnitude (how fast) and a direction (which way). Another example of a vector is
force. A force includes both a magnitude (how much) and direction (which way). Unlike
force, mass is a scalar. Mass has only a magnitude (how much), but no direction.

Notation

An arrow over a quantity indicates that it is a vector quantity. (Many textbooks use bold-
face to indicate a vector instead of an arrow, but an arrow stands out better. In the class-

room or on homework, an arrow is used since boldface isn't possible.) For example, Aand
B represent vectors, whereas € and D do not. When a vector quantity lacks the arrow, it
refers only to its magnitude. For example, A represents the magnitude of A. A subscript x
or y indicates the component of a vector. For example, A, is the x-component of A.

Graphical Representation

A vector can be represented visually by drawing an arrow. The length of the arrow
represents the magnitude of the vector. A variety of vectors are illustrated below.

Y v il P3N

A vector can be moved around so long as the length and direction of the vector remain

unchanged. See the same vector A in two different places in the diagram above. It's some-
times helpful to move a vector when working with vectors visually. (An example of when
this is useful appears on the next page under Graphical Vector Addition.)
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Chapter 10 - Vector Addition

Components

A vector A can be resolved into Cartesian components A, and A, by projecting the vector
onto each axis as illustrated below.

We can use trig to relate the components of a vector to its magnitude and direction. Use
the following equations to find the components (A, and A4,) of a vector given its magnitude
(A) and direction (6,):

Ay =Acosby , Ay,=Asing,
The x-component has a cosine because it is adjacent to 6,, while the y-component has a
sine because it is opposite to 8. Use the following equations to find the magnitude (4) and
direction (6,) of a vector from its components (A, and 4,):

A
- = -1{Y
A= |AZ+AZ , 6,=tan (Ax)

The first equation follows from the Pythagorean theorem.

Graphical Vector Addition

Vector addition can be represented graphically: Join two vectors tip-to-tail in order to find
the resultant vector graphically. In the illustration below, the vectors A and B are joined

tip-to-tail to form the resultant vector, R

A g

It doesn’t matter whether the tip of Ais joined to the tail of B or if the tip of B is joined to
the tail of &, since either way Rwill be the diagonal of the parallelogram, as shown below.

The resultant vector extends from the tail of the first vector to the tip of the second vector.
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Vector Addition Strategy

Given the magnitudes (4, B, C,...) and directions (8, 0, 6.,...) of vectors, K, B, E,, the goal
is to find the magnitude (R) and direction (85) of the resultant vector (ﬁ), where
R=A+B+C+
Follow these steps:
1. Make a sketch of the vector addition. Join the given vectors tip-to-tail. Draw the

resultant vector, K, from the tail of the first vector to the tip of the last vector.
2. Find the components of the given vectors:

A, =Acosb,
Ay, = Asinb,
By = Bcosfg
B, = Bsinfy
Cy=Ccosb,
C, =Csinf,

If there are more than three given vectors, do the same for the additional vectors.
(If the problem only involves adding two vectors, just ignore C, and C,,.)
3. Check the signs of your components:
e InQuadrant, the x- and y-components are both positive.
e InQuadrant II, the x-component is negative and the y-component is positive.
¢ In Quadrant I, the x- and y-components are both negative.
e InQuadrant IV, the x-component is positive and the y-component is negative.
4. Add the respective components of the given vectors together to find the components
of the resultant vector:
Rx =Ax + Bx + Cx + -
R,=A,+ B, +Cy+
5. Use the following equations to determine the magnitude and direction of the

resultant vector:
R= ’Rﬁ +RZ

R
= -1y
O = tan (R )

x

6. Be sure to put f in the right Quadrant based on the signs of R, and R,
e IfR, > 0andR, > 0, then 0 lies between 0° and 90°.
e IfR, <0andR, > 0,then 6 lies between 90° and 180°.
e IfR, <0andR, <0,then 6 lies between 180° and 270°.
e IfR, > 0andR, <0, then 6 lies between 270° and 360°.
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Chapter 10 - Vector Addition

Example: The simian vector, $, has a magnitude of 4.0 m and direction of 150°. The

primate vector, P, hasa magnitude of 4.0 m and direction of 90°. Find the magnitude and
direction of the resultant of these two vectors.

Begin by sketching the vector addition. Draw the given vectors tip-to-tail.
S o R =
+ =
SRR LR\
S
Use trig to find the components of the given vectors:

V3
Sy = Scosb; = 4cos150° = —4cos 30° = —4 (7> =-2V3m

S, = Ssinf; = 45in150° = +45in30° = (%) =2m
P, =Pcosfp =4c0s90°=4(0)=0

P, = Psinfg = 4sin90° = 4(1) = 4m
Add the respective components together in order to find the components of the resultant
vector:

Ry=S,+P.=-2V3+0=-2V3m

R,=S,+P=2+4=6m

Use the Pythagorean theorem to determine the magnitude of the resultant vector:

R= ’R§+R2= (-2 32+(6)2=J12+36=JE=,/(16)(3 =4/3m

Use trig to determine the direction of the resultant vector:

Op = tan™! (ﬁ—Z) =tan™! (ﬁ) =tan"! (— %) = tan"(—V3)
First, ignore the sign to determine the reference angle. The reference angle is 60° since
tan 60° = v/3. Tangent is negative in Quadrants II and IV. Therefore, the answer lies in
Quadrant Il or Quadrant IV. Which is it? We can deduce that the resultant vector lies in
Quadrant Il because R, < 0 and R,, > 0. Use the equation (from Chapter 9) to determine
O (in Quadrant II) from the reference angle:
Op = 180° — 0.y = 180° — 60° = 120°
Therefore, the direction of the resultant vector is 120°.
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75. The monkey vector, M, has a magnitude of 36 © and direction of 240°. The banana
vector, B, has a magnitude of 18 @ and direction of 120°.

(A) Find the x- and y-components of the given vectors, M and B:

(B) Find the x- and y-components of the resultant vector, R:

-

(C) Find the magnitude and direction of the resultant vector, R:

the magnitude of R =
the direction of R = in Quad

Want help? Check the hints section at the back of the book.
Answers: 18v3 ©,210°, 11l
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Chapter 10 - Vector Addition

76. The gorilla vector, ¥ hasa magnitude of 3y2 N and direction of 135°. The chimpanzee
vector, ®, has a magnitude of 6yZ N and direction of 225°. The orangutan vector, £, has a
magnitude of 12 N and direction of 0°.

(A) Find the x- and y-components of the given vectors, Y &, and O:

(B) Find the x- and y-components of the resultant vector, R:

(C) Find the magnitude and direction of the resultant vector, R:

the magnitude of R =
the direction of R = in Quad

Want help? Check the hints section at the back of the book.
Answers: 3v2 N, 315°, IV
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Vector Subtraction Strategy

Given the magnitude (4 and B) and direction (6, and 8g) of two vectors, A and B, the goal
is to find the magnitude (C) and direction (6,) of a third vector (C), where
C=A-B
Follow these steps:
1. Find the components of the given vectors:

A, =Acos O,
Ay, =Asinb,
B, = Bcosfg
B, = Bsinbyg

2. Check the signs of your components:
¢ InQuadrant], the x- and y-components are both positive.
¢ InQuadrantII, the x-component is negative and the y-component is positive.
¢ InQuadrant IIl, the x- and y-components are both negative.
¢ InQuadrant IV, the x-component is positive and the y-component is negative.
3. Subtract the respective components of the given vectors to find the components of
the resultant vector:

C,=A,—B,
Cy=4,-By

Notes:
e If you're trying to find C=B-A instead of C=A—B, instead use the
equations C;, = B, — A, and €, = B, — 4,.
¢ If you're instead solving a problem like C=2A+3B, change the component
equations to match. In this example, you would use C, = 24, + 3B, and
C, =24, + 3B,.

4. Use the following equations to determine the magnitude and direction of C:

c=ﬂﬁ+q

C,
— tan-1 (=X
Oc = tan (C )

X
5. Be sure to put 8 in the right Quadrant based on the signs of C, and C,:

e IfC, > 0andC, > 0, then 6, lies between 0° and 90°.

e IfC, <0andC, >0, then . lies between 90° and 180°.
e IfC, <0andC, <0, then 6, lies between 180° and 270°.
e IfC, > 0andC, <0,then 6, lies between 270° and 360°.
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Chapter 10 - Vector Addition

Example: The banana vector, B, has a magnitude of 20 m and direction of 150°. The
coconut vector, €, has a magnitude of 10 m and direction of 210°. The watermelon vector,
W, is defined according to W =B - C. Find the magnitude and direction of the watermelon
vector, W.

Use trig to find the components of the given vectors:

V3
B, = B cos 0 = 20 cos 150° = =20 cos 30° = —20 (7) =-10v3m

1
B, = Bsinfp = 20sin 150° = +20sin30° = 20 (E) =10m
3
Cy = CcosbB; = 10cos210° = =10 cos 30° = =10 E3 =-5V3m

1
Cy = Csinf; = 10sin210° = —10sin 30° = —10 (5) =-=5m
Subtract the respective components in order to find the components of W:
W, = B, — C; = —10v3 — (-5v3) = —=10¥3 + 53 = -5V3m
W,=B,-C,=10—(-5)=15m

Use the Pythagorean theorem to determine the magnitude of W:
W= foz + Wz = J(-5V3 B + (15)2 = V75 + 225 = v/300 = \/(100)(3) = 10v3 m

Use trig to determine the direction of W:
Oy =tan™?! (—%'-) = tan“( 15 ) =tan™! (——3-) = tan"(—«/i)
W, -5v3 V3
First, ignore the sign to determine the reference angle. The reference angle is 60° since
tan 60° = /3. Tangent is negative in Quadrants Il and IV. Therefore, the answer lies in
Quadrant Il or Quadrant IV. Which is it? We can deduce that the vector W lies in Quadrant
Il because W, is negative while and W, is positive. Use the equation (from Chapter 9) to

determine 6y (in Quadrant II) from the reference angle:
Oy = 180° — 0, = 180° — 60° = 120°

Therefore, the direction of W is 120°.
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77. The monkey fur vector, F, has a magnitude of 16 m and direction of 270°. The monkey
tail vector, T, has a magnitude of 8vZ m and direction of 225°. The monkey belly vector, B,
is defined according to B=F-T

(A) Find the x- and y-components of the given vectors, Fand T:

(B) Find the x- and y-components of B:

(C) Find the magnitude and direction of B:

the magnitude of B=
the direction of B = in Quad

Want help? Check the hints section at the back of the book.
Answers: 82 m, 315°, IV
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Chapter 10 - Vector Addition

78. The math vector, ﬁ, has a magnitude of 4.0 N and direction of 210°. The science vector,
S, has a magnitude of 3.0 N and direction of 150°. The physics vector, P, is defined
according to P =3M-28.

(A) Find the x- and y-components of the given vectors, MandS:

(B) Find the x- and y-components of P:

(C) Find the magnitude and direction of P:

the magnitude of P =
the direction of P = in Quad

Want help? Check the hints section at the back of the book.
Answers: 6v3 N, 240°, 11
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Unit Vectors

Unit vectors are vectors which have a magnitude of exactly one unit. The Cartesian unit
vectors X and § point one unit along the x- and y-axes, respectively, as illustrated below.

Any vector (K) can be expressed in terms of the Cartesian unit vectors (& and ¥) via its
components (4, and 4,) in the following form:

A=A%+A9

Strategy for Working with Unit Vectors

If a problem involves the Cartesian unit vectors (® and §), what to do depends on what
you're given and what you're looking for, as described below:
e If you're given a vector in the form A= A, + A, and want to find the magnitude
and direction of that vector, first identify its components (4, and A,) as the
coefficients of the unit vectors and then use the following equations.

A
A= ’A§+A§, , oy =tan ()
X

e If you know the magnitude (A) and direction (6,) of a vector and want to express
the vector in terms of Cartesian unit vectors (% and ¥), first find the components (4,
and A,) with trig.

Ay =Acosby , A, =Asinb,
Next substitute the components into the following equation:
A=A%+A¥
e If you need to perform vector addition in the context of unit vectors, it's easy: You
just group like terms together as follows to find the resultant vector (R):
R=A+B= (4 +B)R+ (4, +B)
Note that R can be expressed in the form R = R, % + R,§ where
R,=A,+B, , R,=A,+B,
The magnitude and direction of the resultant can then be found like usual:

R
R= ’R§+R§, , on=tan" ()
Ry
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Chapter 10 - Vector Addition

Example: Find the magnitude and direction of the following vector: F=3%-3 y.

Compare F = 3% — 3§ to the general form F = £.% + F,§ to identify the components of F:
F=3 , E=-3

Use the Pythagorean theorem to find the magnitude of F.

F= ;pxz +F2=(3)2+(-3)2 =V9+9 = V18 = /(9)(2) = 3v2

Use trig to find the direction of F.

0 = tan™? (i—i) =tan™? (%-) =tan"!(-1)
Ignore the sign to find the reference angle. The reference angle is 45° since tan45° = 1.
Tangent is negative in Quadrants Il and IV. The vector F lies in Quadrant IV since F. >0
and F, < 0. Use the equation from Chapter 9 to determine the direction of F.
O = 360° — 0, = 360° — 45° = 315°

Example: Vector Phasa magnitude of 8 and a direction of 180°. Express the vector Pin
terms of Cartesian unit vectors.

First find the x- and y-components of P using trig.
P, = Pcosfp = 8cos180° = 8(—-1) = -8
P, = Psinfp = 8sin180° = 8(0) = 0
Substitute these components into the equation for P.
P=P&+P9=-8%+09=-8%

Example: Find the magnitude and direction of the resultant of the following two vectors.
A=28-49
B=-6%+8%
Add the respective components together to find the resultant vector.
R=A+B=2%2-49-6%+89=28-68—49+89=(2-6)%+ (—4+8)y
R=-4%+49
Use the Pythagorean theorem to find the magnitude of R.

R= [R2+R}=/(-92 + (4)2 = V16 + 16 = V32 = J(16)(2) = 4V2

Use trig to find the direction of K.
0 = tan™! (R—y) =tan~! (i) =tan"!(-1)
= R, -4
Ignore the sign to find the reference angle. The reference angle is 45° since tan 45° = 1.

Tangent is negative in Quadrants Il and IV. The vector R lies in Quadrant II since R, <0
and R, > 0 (as R, = —4 and R, = 4). Therefore, 6y = 180° — 6,.., = 180° — 45° = 135°.
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79. Find the magnitude and direction of the following vector:

J=V3z-9

Answers: 2,330°

80. Vector K has a magnitude of 4 and a direction of 120°. Express the vector K in terms of
Cartesian unit vectors.

Want help? Check the hints section at the back of the book.
Answers: K= -2%+2V3§¢
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Chapter 10 - Vector Addition

81. Find the magnitude and direction of the resultant of the following two vectors.
V=5/32-329
W=3V3%+8§%

Answers: 16\/5, 300°

82. Two vectors are defined as follows.
L=7v2%+3V2y
R=2V2%- \/59

Determine the magnitude and direction of a third vector § where § = 3L — 4R.

Want help? Check the hints section at the back of the book.
Answers: 26, 45°

108



11 PROJECTILE MOTION

sential Concepts

le motion of a projectile is easier to understand when you break the motion down in
mponents:

1.

The vertical component of the motion is like one-dimensional uniform acceleratic
There is constant acceleration vertically. We will apply the equations of on
dimensional uniform acceleration to the y-component of the motion.

The horizontal component of velocity remains constant. There is no horizon
acceleration. That's because no forces are pushing or pulling horizontally on t
projectile. The idea behind this is called inertia, which we’ll explore in more det:
in Chapter 13.

e use x to represent the horizontal component and y for the vertical component:

a, = 0 such that v, remains constant: v, = vy,.

a, = —9.81 m/s? near the surface of the earth (this rounds to * —10 m/s?).

ymbols and Units

Symbol Name Units
Ax net horizontal displacement m
Ay net vertical displacement m
Vg initial speed m/s
6y direction of initial velocity ¢
Vxo initial horizontal component of velocity m/s
Vyo initial vertical component of velocity m/s
vy final vertical component of velocity m/s
v final speed m/s
a direction of final velocity #
a, acceleration (which is vertical) m/s?

t time s




Chapter 11 - Projectile Motion

Projectile Motion Strategy

To solve a projectile motion problem, follow these steps:

1.

Draw a diagram of the path. Label the initial position (i), final position (f), the
horizontal coordinate (x), and the vertical coordinate (y). Choose +x to be forward.
Choose +y to be upward regardless of the motion of the object.

. Use the following equations to determine the x- and y-components of the initial

velocity:
Vyo = Vg cOs by
vy = Vg sinby

3. The acceleration will equal a, = —9.81m/s® ~ —10m/s* unless the problem
specifically states that it is not falling near earth’s surface. Near the moon, use
ay, =-1.62m/s* = —E m/s? instead.

4. Identify the unknown symbol and four known symbols. You must know four of the
following symbols: Ax, Ay, vxo, Vyo, vy, @y, and t. See the previous note regarding a.
You should also know vy, and vy, from Step 2 unless you're solving for initial speed.

5. Use the following equations to solve for the unknown. Think about which symbol
you're solving for and which symbols you know to help you choose the right
equations. Usually, you need to use the x-equation and one y-equation together.

Ax = vyt
1 2
Ay = vyt + ant
vy = vy +ayt
v} = vZ, + 2a,4y
6. If you're solving for the final speed or the direction of the final velocity, first find v,
using the equations above and then use the following equations:
v= fv,fo +vE
v
6 =tan™! (—y)
Vxo
(It's really v, but in projectile motion, v, = v,,, So we can write v,, instead.)
Getting the Signs Right

Use the following sign conventions:

a, is negative for all projectile motion problems. (Draw +y upward.)
Ay is negative if the final position (f) is below the initial position (i).
vy, is negative if the object is moving downward in the initial position.
vy, is negative if the object is moving downward in the final position.
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Important Distinctions

There are two different components of net displacement:

Ax is the horizontal component of the net displacement.
Ay is the vertical component of the net displacement.

There are several different v's:

v, is the initial speed, but only appears in the two trig equations.

vy and vy, are components of the initial velocity. Neither is the initial speed.
vy, is the final y-component of velocity.

v is the final speed.

Important Notes

n projectile motion, y is vertical and x is horizontal.

f an object makes an impact in the final position, the final velocity means just before
impact (not after it lands). In this case, the final velocity will not be zero. (Final velocity
only equals zero if the final position is at the very top of the trajectory.)

Similarly, if the initial position is where an object is launched or thrown, the initial velocity
means just after it is released (not before it is launched). In this case, the initial velocity
will not be zero. (Initial velocity only equals zero if the object is dropped from rest.)

Avoid using the two equations with v, unless one of the following applies:

You're solving for the maximum height (that is, the height at the very top). In this
case, set v, = 0 and solve for Ay. However, if you're solving for height, but the
problem doesn’t tell you that it's the top of the trajectory (or the maximum height
during the trajectory), then don’t set v,, equal to zero.

You're solving for the final speed or the direction of the final velocity. In this case
you need to first solve for v, and then use the equations from Step 6 of the strategy.
The problem gives you the final speed and the final angle. In this case, you must use
trig to solve for the components of the final velocity, and then you may use v, as one
of your four knowns. Most problems don’t give you the final speed as a known.

Make the following assumptions except when a problem explicitly states otherwise:

Neglect any effects of air resistance. Assume that all objects fall in vacuum.

Assume that all objects are near the surface of the earth.

Assume that the change in altitude is small enough that gravitational acceleration is
approximately uniform throughout the motion.
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Chapter 11 - Projectile Motion

Example: A monkey standing at the edge of the roof of a building throws a banana with an
initial speed of 20 m/s at an angle of 30° above the horizontal. The banana travels 30y/3 m
horizontally before landing on horizontal ground below. Approximately, how tall is the
building?

Begin with a labeled diagram.

Use the two trig equations to find the components of the initial velocity:

V3
Vyo = Vg cos By = 20 cos 30° = 20 2= 10V3 m/s

1
vy = vy sin B, = 20 5in 30° = 20 (E) =10m/s

The unknown we are looking for is Ay. List the four knowns.

Ay =7 ,vy = 10V3m/s Uy = 10m/s,Ax = 30\/§m,ay =-9.81m/s? = =10 m/s?
We rounded 9.81 m/s? to 10 m/s? so that we can solve the problem without a calculator.
Based on the list above and the unknown we are looking for, we should first use the Ax
equation to solve for time:

Ax = vyt
30V3 = (10v3)e
t=30s

Now use the Ay equation to solve for Ay:
1
Ay = vyt + antz
1 1
Ay =10(3) + E(_Q'BI)G)Z =~ 10(3) + 5(_10)(3)2

Ay = 30 — 45

Ay = —15m
The building is approximately 15 m tall, neglecting the height of the monkey. (The reason
that Ay is negative is that the final position lies below the initial position.)
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Example: A monkey throws a banana horizontally off the top of a 45-m tall building with an
initial speed of 30 m/s. How far does the banana travel horizontally before it lands on
horizontal ground below? Neglect the height of the monkey.

Begin with a labeled diagram.

Use the two trig equations to find the components of the initial velocity. Since the banana
is thrown horizontally, the launch angle is 8, = 0°.
Veg = Vg cos By = 30cos0° = 30(1) =30m/s
Vyo = Vo sinfp = 30sin 0° = 30(0) =0
The unknown we are looking for is Ax. List the four knowns.

Ax=?, vyp=30m/s , v, =0, Ay=—-45m , a, =-9.81m/s? = —10 m/s?
The reason that Ay is negative is because the final position (f) lies below the initial
position (i). As usual, we have rounded 9.81 m/s? to 10 m/s? so that we can solve the
problem without a calculator. Based on the list above and the unknown we are looking for,
we should first use the Ay equation to solve for time:

1 .2
Ay = vyt + ant

—45 = 0(t) + %(—9.81)t2 = %(—10):2
—45 = —5¢2
9 = t?
t=V9=30s
Now use the Ax equation to solve for Ax:
Ax = vyt
Ax =~ (30)(3) =90m
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Chapter 11 - Projectile Motion

83. An ape standing atop a 60-m tall cliff launches a banana with an initial speed of 40 m/s
atan angle of 30° above the horizontal. The banana lands on horizontal ground below.

Draw/label a diagram with the path, initial (i), final (f), and the +x- and +y-directions.

Carry out the trig step here.

Based on the question below, list the four symbols that you know (based on your labeled
diagram) along with their values and SI units. Hint: Two of these numbers are negative.

How far does the banana travel horizontally? (Neglect the height of the ape.)

Want help? Check the hints section at the back of the book.
Answer: 120vV3m
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84. A monkey throws a banana horizontally off the top of an 80-m tall building with an
initial speed of 40 m/s. Neglect the height of the monkey.

Draw/label a diagram with the path, initial (i), final (f), and the +x- and +y-directions.

Carry out the trig step here.

Based on the question below, list the four symbols that you know (based on your labeled
diagram) along with their values and SI units. Hint: Two of these numbers are negative.

What is the final velocity of the banana, just before striking the (horizontal) ground below?

Want help? Check the hints section at the back of the book.
Answer: 40v2 m/s, 315°
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Chapter 11 - Projectile Motion

85. A monkey throws your physics textbook with an initial speed of 20 m/s at an angle of
30° below the horizontal from the roof of a 75-m tall building. Neglect the monkey’s height.

Draw/label a diagram with the path, initial (i), final (f), and the +x- and +y-directions.

Carry out the trig step here.

Based on the question below, list the four symbols that you know (based on your labeled
diagram) along with their values and SI units. Hint: Three of these numbers are negative.

How far does the textbook travel horizontally before striking the (horizontal) ground below?

Want help? Check the hints section at the back of the book.
Answer: 30V3 m
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12 TWO-DIMENSIONAL MOTION WITH CALCULUS

'he Position Vector

he position vector (F) extends from the origin to the location of the object.
F=xR+y¥9
he position vector is unique in that the x- and y-coordinates are also its x- and y
omponents. (Compare F =x&+ y ¥ to the general form a vector A= AR+ A,9) Th
iitial position is given by fo = xo %+ yo §. If you subtract ¥, from ¥, you get the ne
isplacement (AF), which is a straight line from the initial position to the final position.
AF=T—T= (x—x)%+ (¥ — y0)¥

‘alculus-based Motion Equations

elocity (V) is a first-derivative of position () with respect to time (t).
., dr
T
cceleration (@) is a first-derivative of velocity () with respect to time (t). Acceleratiol
d) is also a second-derivative of position () with respect to time (t).
_dv d’t
Tdt de?
let displacement (AF) is the definite integral of velocity (V) over time (t).
t
At = vdt
t=ty
he change in velocity (¥ — V) is the definite integral of acceleration (d) over time (¢t
herefore, final velocity (v) equals initial velocity (¥y) plus the definite integral o

cceleration (@) over time (t).
t

B =7+ [ adt
t=tqy

lote: When doing calculus with vectors, treat the unit vectors (R and §) as constants.
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Chapter 12 - Two-dimensional Motion with Calculus

Symbols and Sl Units
Symbol me Sl Units
b4 unit vector along the x-axis unitless
¥y unit vector along the y-axis unitless
Ty initial position vector m
r position vector m
AF net displacement m
X horizontal position coordinate m
Ax horizontal displacement m
y vertical position coordinate m
Ay vertical displacement m
v, initial velocity vector m/s
v velocity vector m/s
Vyo horizontal component of initial velocity m/s
Vy horizontal component of velocity m/s
Vyo vertical component of initial velocity m/s
vy vertical component of velocity m/s
a acceleration vector m/s?
a, horizontal component of acceleration m/s?
a, vertical component of acceleration m/s?
ty initial time s
t time s
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Two-dimensional Calculus-based Motion Strategy

If a problem gives you a position vector (), velocity vector (v), or acceleration vector (&)
as a function of time in terms of unit vectors (X and ¥), follow this strategy. How you solve
the problem depends on what you're given and what you're looking for.

If you're given position (T) as a function of time (t):

1. To find net displacement, simply plug the final time into the position function to find
F(t), plug the initial time into the position function to find F(t,), and subtract the two
results using vector subtraction (Chapter 10). Notation: F(t) means “F evaluated at
t." Itis not I times t. Note that F(t,) is the same as the initial position vector F,.

AY = T(t) — ¥(ty)

2. To find velocity, first take a derivative of the position function with respect to time
and then plug the desired time into the velocity function.

dr

2
v=—

dt
3. To find acceleration, take two successive derivatives of the position function with
respect to time and then plug the desired time into the acceleration function.
d*t
Tae
If you're given velocity (¥) as a function of time (t):
4. To find net displacement, find the definite integral of the velocity function over the

desired time interval.
t

AF= f vdt
t=t,
5. To find velocity, simply plug the specified time into the velocity function.
6. To find acceleration, first take a derivative of the velocity function with respect to
time and then plug the desired time into the acceleration function.
- dv
T
If you're given acceleration (3) as a function of time (t):
7. To find net displacement, first do Step 8 below and then do Step 4 above.
8. To find velocity, first find the definite integral of the acceleration function over the
desired time interval and then add this result to the initial velocity.
t
T=T+ f ddt
t=ty
9. To find acceleration, simply plug the specified time into the acceleration function.
Note: You may also need to apply the unit vector strategy from page 105.
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Chapter 12 - Two-dimensional Motion with Calculus

Tip: It may be helpful to review the examples from Chapter 4 before proceeding. Those
examples are very similar to these. The difference is that these examples involve vectors
and the motion is two-dimensional rather than one-dimensional.

Example: The position of a monkey is given according to the following equation, where SI
units have been suppressed: ¥ = 3t & — 24t §. Determine the monkey’s speed at t = 4.0 s.

Find velocity in order to determine speed. Velocity is the first derivative of position with
respect to time.

<

., dr d 2g
v—dt—dt(3t —24t9)

The unit vectors (% and §) are constants. In the calculus, treat & and ¥ the same way that
you would treat any other constants: You can factor them out of the derivative.

s d d

v= 25(3t2 ) —93(2%) =6tR—249
Evaluate the velocity functionatt = 4.0 s:

V(att =4s) =6(4)X—24§=24%—24§y
The question asked us to find the speed at t = 4.0 s. We can find the speed from the
components of velocity. As we learned in Chapter 10, we can express any vector in the
form¥ = v,& + v,§. Compare ¥ = v,& + v,§ to ¥ = 24 & — 24 § to realize that the x- and y-
components of velocity are:

v =24m/s , v, =-24m/s

Speed (v) is the magnitude of velocity (¥). Therefore, we can use the Pythagorean theorem
to determine the speed from the components of velocity:

v=[vZ+vZ=(24)%+(-24)? = J(24)2(1 + 1) = 24V2 m/s

Example: The acceleration of an orangutan is given according to the following equation,
where SI units have been suppressed: @ =9t?&—189. The initial velocity of the
orangutan is ¥, = 36 & Determine the velocity of the orangutan att = 2.0 s.

Velocity equals initial velocity plus the definite integral of acceleration over time.
t 2
V=v,+ f ddt =36+ f(Qth— 18 9)dt

t=t, t=0
Find the anti-derivative of each term and then evaluate the definite integral over the limits
following the strategy from Chapter 2. The unit vectors (X and ¥) are constants.

v=36%+(3t3%—18t9]%,
v=36%+3(2)°%~(3)(0)°*—18(2) § — [-18(0)9] = 36 R+ 24X — 36 §
v=60%-36%
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86. The position of a bananamobile is given according to the following equation, where SI
units have been suppressed.

F=2t"2—4atdy

Write an equation in symbols to determine the velocity of the bananamobile.

Determine the velocity of the bananamobile att = 3.0 s.

Write an equation in symbols to determine the acceleration of the bananamobile.

Determine the acceleration of the bananamobile at t = 5.0 s.

Want help? Check the hints section at the back of the book.
Answers: ¥ =2168%—108%,d =600~ 120 ¢
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Chapter 12 - Two-dimensional Motion with Calculus

87. The velocity of a bananaplane is given according to the following equation, where SI
units have been suppressed.

v=8t3%-9t%y

Write an equation in symbols to determine the net displacement of the bananaplane.

Determine the net displacement of the bananaplane fromt = 0tot = 3.0 s.

Write an equation in symbols to determine the acceleration of the bananaplane.

Determine the acceleration of the bananaplane att = 6.0 s.

Want help? Check the hints section at the back of the book.
Answers: AT = 162%—81%,d =864%— 108 ¢
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13 NEWTON’S LAWS OF MOTION

televant Terminology

Jelocity - a combination of speed and direction.

\cceleration - the instantaneous rate at which velocity is changing.

Momentum - mass times velocity. All moving objects have momentum.

nertia - the natural tendency of all objects to maintain constant momentum.

Mass - a measure of inertia. More massive objects are more difficult to accelerate as thej
\ave greater inertia to overcome.

NVeight - the gravitational force that an object experiences.

‘orce - a push ora pull.

Jacuum - a region of space completely devoid of matter. There is not even air.

mportant Distinction

'he terms mass and weight are not interchangeable, although weight turns out to be equa
o mass times gravitational acceleration (W = mg).

e Mass is a scalar quantity, whereas weight is a vector quantity: Weight has :
direction, whereas mass does not. The direction of weight is toward the center o
gravity. Mass doesn’t have a direction because it's just as difficult to accelerate ar
object in any direction (the object resists acceleration equally in all directions).

e The SI unit of mass is the kilogram (kg), whereas the SI unit of weight is the Newtor
(N). A Newton equals a kilogram times a m/s2 since W = mg.

e The mass of an object is the same regardless of its location in the universe, wherea:
weight varies with location. If you were on the moon, your mass would be the same
but you would weight about six times less.

2ssential Concepts

\n object must change velocity in order to accelerate. An object that has constant velocit
\as zero acceleration.

\ny object that is moving has momentum, since momentum equals mass times velocity.

very force is a kind of a push or a pull. Following are a few examples. Weight is :
ravitational pull. Tension in a cord pulls on the objects attached to either end of the cord
‘riction is a resistive force that attempts to decelerate two objects sliding against one

nother. When standing on the floor, a normal force supports you with an upward push.
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Chapter 13 - Newton'’s Laws of Motion

Newton’s Laws of Motion

Isaac Newton postulated several laws of motion. Three are very fundamental toward
understanding the motion of an object:
1. According to Newton's first law of motion, every object has a natural tendency
(called inertia) to maintain constant momentum.
2. According to Newton's second law of motion, the net force exerted on an object of
constant mass equals the object’s mass times its acceleration:

Z F=ma
For an object with variable mass, like a rocket (Chapter 25), Newton’s second law
states that the net force equals a derivative of momentum (p) with respect to time.

. dp
) FE
Notation: The uppercase Greek sigma (Z) is a summation symbol. It states that the
left-hand side is the sum of multiple forces (involving vector addition).

3. According to Newton'’s third law of motion, if one object (call it object A) exerts a
force on a second object (call it object B), then object B exerts a force on object A
that is equal in magnitude and opposite in direction to the force that object A exerts
on object B. Newton's third law can be expressed concisely in an equation:

Fip = —IEBA

Essential Concepts

Newton’s first law is sometimes called the law of inertia, since inertia is the natural
tendency of an object to maintain constant momentum. If mass is constant, this implies a
natural tendency to maintain constant velocity, which is equivalent to saying a natural
tendency to maintain zero acceleration, or to saying a natural tendency to maintain both
constant speed and travel in a straight line.

Newton’s third law is sometimes stated as: For every action, there simultaneously occurs
an equal and oppositely directed reaction. Most students are better able to reason out
conceptual physics problems that relate to the third law if they think in terms of equal and
opposite forces than if they think in terms of an action and reaction. Really, though, the
action is the force that object A exerts on object B, and the equal and oppositely directed
reaction is the force that object B exerts back on object A.

The main idea behind Newton's third law is that all forces are mutual, meaning that all
forces come in pairs. If you can identify objects A and B, it’s easy to apply Newton'’s third
law, as we'll see in the examples and exercises.
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Strategy for Conceptual Exercises Relating to Newton's Laws of Motion

To answer a conceptual exercise that applies Newton’s laws of motion (or which involves
related concepts like velocity, acceleration, momentum, mass, weight, force, or inertia),
consider these tips:

1. Refrain from guessing. Most students find the concepts associated with Newton's
laws of motion counterintuitive, meaning that their guesses are often incorrect. It
usually takes practice applying Newton’s laws to conceptual problems to refine
one’s intuition and to reconcile the laws with everyday experience.

2. Letlaws, concepts, and definitions guide your reasoning.

3. If you feel stuck or unsure, remember that the correct answers can all be worked
out through logic and reasoning. Make your best effort to reason out the answer,
then check the Hints section at the back of the book for a full explanation of every
conceptual exercise.

Example: A monkey is riding a skateboard. The skateboard crashes into a curb at the side
of the road, which stops the skateboard. The monkey

The answer is “keeps on moving.” This exercise involves Newton’s first law. The monkey
has inertia such that the monkey continues moving forward with constant momentum even
when the skateboard stops abruptly.

Example: If you double the mass of a box of bananas, it would take
force to achieve the same acceleration.

The answer is “twice as much.” This exercise involves Newton's second law, which says
that net force equals mass times acceleration: }, F = ma. If you double mass (m) and want
acceleration (@) to be unchanged, you must also double the net force (¥ IT‘):

LF_2xF

B m - 2m
Example: A banana exerts a force of on a monkey when the monkey
stomps on the banana with a force of 200 N.

The answer is 200 N. This exercise involves Newton's third law. When applying the third
law, identify the two objects, A and B. In this question, the two objects exerting forces on
one another are the monkey (object A) and the banana (object B): ﬁAB = —EBA. The force
that the monkey exerts on the banana is equal in magnitude and opposite in direction to
the force that the banana exerts on the monkey.
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Chapter 13 - Newton’s Laws of Motion

88. Fill in each blank with a word or phrase.

(A) An object is accelerating if it is

(B) A banana will land if a passenger riding inside of a train traveling
horizontally to the east with constant velocity drops the banana directly above an X
marked on the floor of the train.

(C) A banana will land ifap ger riding inside of a train traveling
horizontally to the east while decelerating drops the banana directly above an X marked on
the floor of the train.

(D) A football player exerts force on a cheerleader compared to the
force that the cheerleader exerts on the football player when a 150-kg football player
running 8 m/s collides with a 60-kg cheerleader who was at rest prior to the collision.

(E) A football player experiences acceleration during the collision
compared to a cheerleader when a 150-kg football player running 8 m/s collides with a
60-kg cheerleader who was at rest prior to the collision.

(F) All objects have a natural tendency to maintain acceleration.

(G) A shooter experiences recoil due to Newton's law of motion when
firing a rifle. (Definition: A recoil is a push backwards.)

(H) A cannonball will land when a monkey sailing with a constant
velocity of 25 m/s to the south fires a cannonball straight upward relative to the ship.

(I) A 5-g mosquito exerts a force of on a 500-g flyswatter when a
monkey swats the mosquito with a force of 25 N.

For full explanations, consult the hints section at the back of the book.
Answers: (A) changing velocity (B) on the X (C) east of the X

(D) the same (E) less (F) zero (G) third (H) in the cannon (I) 25N
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89. Fill in each blank with a word or phrase.

(A) A 24-kg monkey on earth has a mass and
weight on the moon, where gravity is reduced by a factor of six compared to the earth.

(B) Objects tend to resist changing their

(C) A 600-kg gorilla experiences force and
acceleration as a 200-kg monkey when the gorilla collides head-on with the monkey.

(D) You get when you multiply mass times velocity.
(E) You get when you multiply mass times acceleration.
(F) The force that the earth exerts on the moon is the force that the

moon exerts on the earth.

(G) A monkey can in order to have nonzero acceleration while
running with constant speed.

(H) A monkey will have zero and constant if
the net force acting on the monkey is zero.

(I) A banana reaches the ground as a feather when the banana and
feather are released from the same height above horizontal ground at the same time in a
perfect vacuum.

(J) A monkey can get home by when the monkey is stranded on
horizontal frictionless ice with nothing but a banana.

For full explanations, consult the hints section at the back of the book.
Answers: (A) 24 kg, 40 N (B) momentum (C) the same, less (D) momentum
(E) net force (F) equal to (G) change direction (H) acceleration, velocity
(I) at the same time (J) throwing the banana directly away from his house
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Chapter 13 - Newton's Laws of Motion

90. Select the best answer to each question.

(A) The diagram above shows the top view of a miniature golf hole. A golf ball rolls along a
circular metal arc. The dashed line represents the path of the golf ball. When the golf ball
loses contact with the metal arc, which path will it follow?

(B) The diagram above illustrates an airplane flying horizontally to the right. The airplane
releases a box of bananas from rest (relative to the airplane) when it is at the top left
position of the picture above. Which path will the box of bananas follow?

(C) A 0.2-kg banana is released from rest at the same time as a 20-kg box of bananas from
the same height above horizontal ground. Which object strikes the ground first?

(D) One bullet is released from rest and falls straight down at the same time as a second
bullet with identical mass is shot horizontally to the right from the same height above
horizontal ground. Which bullet strikes the ground first?

(E) A necklace dangles from the rearview mirror of a car. Which way does the necklace
lean when the car speeds up? slows down? travels with constant velocity along a level
road? rounds a turn to the left with constant speed?

For full explanations, consult the hints section at the back of the book.
Answers: (A) C(B) D (C) same (D) same (E) backward, forward, straight down, right
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14 APPLICATIONS OF NEWTON’S SECOND LAW

ssential Concepts

ccording to Newton's second law of motion, the net force (¥ F) acting on an object equa
le mass (m) of the object times the object’s acceleration (a):

ZF‘ =ma

he left-hand side of the above equation involves the vector addition (Chapter 10) of th
rces. The main idea behind vector addition is to resolve the vectors into x- and )
ymponents. Therefore, rather than work with the above equation, when we app!
ewton’s second law to solve a problem, we will work with the following equations i

ymponent form:
z F, =ma, , Z F, =ma,

he first equation states that the sum of the x-components of the forces (X, F;) acting on a
vject equals the mass (m) of the object times the x-component of its acceleration (a,
he second equation states the same thing in terms of the y-components.

ymbols and Sl Units
Symbol Name Sl Units
m mass kg
mg weight N
F force N
N normal force N
f friction force N
u coefficient of friction unitless
T tension N
P,D,L other kinds of forces N
a, x-component of acceleration m/s?
a, y-component of acceleration m/s?

129



Chapter 14 - Applications of Newton’s Second Law

Notes Regarding Units

A Newton (N) is equivalent to a kilogram (kg) times a meter per second squared (m/s?):

1N =1kg-m/s?

This follows from Newton’s second law (ZjlE = ma), which states that the net force (in
Newtons) must equal mass (in kilograms) times acceleration (in meters per second
squared). When performing calculations, put the mass in kilograms and the acceleration in
meters per second squared in order to get force in Newtons. It's a good habit to convert to
SI units, which include kilograms (kg), meters (m), and seconds (s).

Types of Forces

Following is a list of forces commonly encountered in physics problems:

Any object in the presence of a gravitational field experiences weight. Weight (W)
equals mass (m) times gravitational acceleration (g).

W =mg
When an object is in contact with a surface, the surface exerts a normal force (N) on
the object. The word “normal” means perpendicular: Normal force is perpendicular
to the surface.
When one object slides against another, the force of kinetic friction (f;) equals the
coefficient of kinetic friction () times normal force (N):

fie = mN
When a stationary object is in contact with a surface, the force of static friction (f;) is
less than or equal to the coefficient of static friction () times normal force (N):

fs S uN
The reason for the inequality is that friction can’t cause an object to gain speed, but
can only resist acceleration. Friction can cause deceleration, and it can limit the rate
at which an object gains speed. Most physics problems involve using uN for the
friction force, whether or not the problem is static or kinetic, so in practice, the
inequality is usually not an issue.
There is a tension force (T) whenever an object is connected to a cord. When two
objects are connected to the same cord, the objects exert tension forces on one
another that are equal in magnitude and opposite in direction according to Newton's
third law.
A spring exerts a restoring force (kAx) on an object. We'll consider springs in detail
in Chapter 15.
Other common forces include a person’s push or pull (P), a drive force (D) in a car,
or a helicopter’s lift force (L).
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Strategy for Applying Newton’s Second Law

To solve a problem involving Newton’s second law (which relates forces to acceleration),
follow these steps:
1. Draw a free-body diagram (FBD) for each object. Label the forces acting on each
object. Consider each of the following forces:

.

Every object has weight (mg). Draw mg straight down. If there are multiple
objects, distinguish their masses with subscripts: m; g, mag, etc.

Is the object in contact with a surface? If it is, draw normal force (N)
perpendicular to the surface. If there are two or more normal forces in the
problem, use Ny, N,, etc.

If the object is in contact with a surface, there will also be a friction force (f),
unless the problem declares the surface to be frictionless. Draw the friction
force opposite to the velocity (or to the potential velocity if the object is at
rest). If there is more than one friction force, use f;, f5, etc.

Is the object connected to a cord, rope, thread, or string? (But not a spring:
See the next note regarding springs.) If so, there will be a tension (T along
the cord. If two objects are connected to one cord, draw equal and oppositely
directed forces acting on the two objects in accordance with Newton's third
law. If there are two separate cords, then there will be two different pairs of
tensions (T and T3), one pair for each cord.

Is the object connected to a spring? If so, there will be a restoring force
(kAx). We will discuss the restoring force in Chapter 12.

Does the problem describe or involve any other forces? If so, draw and label
these forces. Examples include a monkey’s pull (P), the drive force of a car
(D), or the lift force of a helicopter (L).

2. Label the +x and +y-axes in each FBD. Choose +x for each object to be in the
direction of that object’s acceleration. This choice will let you set a, = 0. (If the
object is accelerating horizontally, for example, it won’t have vertical acceleration.)
Write Newton’s second law in component form for each object:

Zle—mlax ’ ZFly=mlay ’ ZFb(:’nZax ’ ZF2y=m2ay

4. Rewrite the left-hand side of each sum in terms of the x- and y-components of the
forces acting on each object. Consider each force one at a time. Ask yourself if the
force lies on an axis:

If a force lies on a positive or negative coordinate axis, the force only goes in
that sum (x or y) with no trig.

If a force lies in the middle of a Quadrant, the force goes in both the x- and y-
sums using trig. One component will involve cosine, while the other will
involve sine. Whichever axis is adjacent to the angle gets the cosine.
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Chapter 14 - Applications of Newton's Second Law

5. Check the signs of each term in your sum. If the force has a component pointing
along the +x-axis, it should be positive in the x-sum, but if it has a component
pointing along the —x-axis, it should be negative in the x-sum. Apply similar
reasoning for the y-sum.

6. Solve for the desired unknowns. Here are a few tips to help with the algebra:

e Is there friction in the problem? If so, follow these steps: (A) Isolate normal
force in the y-sum. (B) Plug this expression for normal force into the
equation f = uN. (C) Substitute this expression for friction into the x-sum.

¢ Does the problem involve a cord connecting two different objects? If so, you
should see a +T in one x-sum and a =T in the other x-sum. Add the x-sums
together so that the unknown tension will cancel out.

7. When plugging in numbers, note that gravitational acceleration (g) is always
positive, whereas a component of acceleration (such as a,) may be negative.

Important Notes

There are equations for weight (W = mg), friction (f = uN), and restoring force in a
spring (see Chapter 15 for a spring).

However, there are no magic equations for normal force (N) or tension (T). The equations
for normal force and tension will vary from one problem to another. For example, in one
problem, normal force may turn out to equal mg, in another problem it may be mg cos @,
and in yet another problem it may be mg — P sin#. The important thing is not to guess the
equation for normal force: Solve for it instead. Don’t use the equation for normal force
from one problem in a different problem, as it likely won’t be the same.

It's okay that there isn’t a magic equation for normal force or tension. You will always be
able to solve for these forces using algebra. For example, to find the expression for normal
force, solve for N in the y-sum.

The way to become adept at applying Newton’s second law is to study the main features.
Some problems feature friction, some involve a cord, some have a pulley, some are on an
incline, some have a spring, and some have two objects sharing a mutual surface. Every
problem is a different combination of these features. Study the examples: Each example
shows you how to deal with one of these features. Deal with each feature the same way in
the problems as in the examples. The other way to become fluent in applying Newton’s
second law is through practice, which the exercises will help with.
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Example: Atwood'’s machine, illustrated below, is constructed by suspending a 75-g banana
(on the right) and a 25-g banana (on the left) from the two ends of a cord that passes over a
pulley. The cord slides over the pulley without friction. Determine the acceleration of the
system and the tension in the cord.

T T

x

pulley

m.g Xy
mgpg
Draw and label a FBD (free-body diagram) for each banana. Each banana has weight
pulling downward and tension pulling upward. The tensions are the same due to Newton’s
third law. Since the right banana falls down while the left banana rises up, we choose +x to
be down for the right banana and up for the left banana. Think of the pulley as bending the
x-axis around it. The reason behind this is that this way the two accelerations will be the
same (not only in magnitude, but also in sign, since positive will be down for the right
banana and up for the left banana), since they are connected by a cord.

Apply Newton'’s second law to each banana:

ZFLx:mLax ’ ZFRX‘:"lRax

T—-mg=ma, , mpg—T =mpa,
The signs are different in the two equations because (as discussed above) +x is down for
the right banana and up for the left banana. As expected from Newton's third law, tension
has opposite sign in the two equations. Add the two equations together to cancel tension:
T—mg+mpg—T =mpg —my g =mya, + mpa,
(mg —my)g = (my + mp)ax

mp—m, 75-25 75 - 25
=t (9.81) = 10) =22 (10) = 5.0m/s?

O +me? T 75+25 75+ 25 100
Plug the acceleration into one of the original equations to solve for tension:
T-mg=ma,
Convert the mass from grams to kilograms (since the SI unit of kg is needed to make a
Newton for force):

25g=25gx B 0025k
B=ex 80 000g O
Plug the mass and acceleration into the tension equation:
3
T =my(a, + g) = (0.025)(5 + 9.81) = (0.025)(5 + 10) = (0.025)(15) = 0.375N = 3 N
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Chapter 14 - Applications of Newton’s Second Law

Example: As illustrated below, a monkey pulls a 25-kg box of bananas with a force of 200 N
at an angle of 30° above the horizontal. The coefficient of friction between the box of

bananas and the ground is % Find the acceleration of the box, which begins from rest.

Draw and label a FBD for the box of bananas. Weight pulls downward. Normal force is
upward since it is perpendicular to the surface. Friction acts to the left, opposite to the
velocity. The monkey’s pull acts 30° above the horizontal. Choose +x to be to the right
(along acceleration). Theny is upward and a,, = 0 (the box won't accelerate up or down).

Apply Newton'’s second law to the box of bananas. Since P doesn’t lie on an axis, it appears
in both the x- and y-sums with trig. The x-component of P has a cosine since x is adjacent
to 30°, while the y-component of P has a sine since y is opposite to 30°. Each of the other
forces only appears in one sum (x or y only) because the other forces all lie on an axis.
Friction gets a minus sign because it is left (since +x is right), and weight has a minus sign
because it is down (since +y is up).

Z&:ma, 5 Zl}:may
Pcos30°—f =ma, , Psin30°+N-mg=0

Py3 P
T‘/-—/"=ma3,r i E+N—mg=0

When there is friction in a problem, first solve for normal force in the y-sum:
P 200 200
N=mg - 3= (25)(9.81) — 5 =~ (25)(10) — ST 250 - 100 = 150N

Plug normal force into the friction equation:

1 150V3  150v3
=uN = —(150) = —=—==———="50V3N
f=u ﬁ( ) B 3
Now substitute friction into the x-equation:
PV3 200V3
e —50v3 = 100v3 — 50V3 = 50v3 = ma,
50v3 = 25a,
a, = 2¥3m/s?
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ixample: As illustrated below, a box of bananas slides down a frictionless incline. If the
ncline makes a 30° angle with the horizontal, what is the acceleration of the box?

)raw and label a FBD for the box of bananas. Weight pulls downward, while normal force
yushes perpendicular to the surface. According to the strategy for applying Newton’:
econd law, we choose +x to be along the direction of the acceleration, which in this case i
lown the incline (x is not horizontal in this problem). Since y must be perpendicular to x
ve choose +y to be along the normal force (y is not vertical in this problem). The reasor
or this is that this choice of coordinates makes a, = 0, since the object won't accelerat
erpendicular to the incline. The benefit is that it makes the math much simpler.

\pply Newton's second law to the box of bananas. Since weight doesn’t lie on an axis, i
ippears in both the x- and y-sums with trig. Study the diagram below.

N

\

2 mg)y
%
¥ (mg)x
‘he x-component of weight has a sine since x is opposite to 30°, while the y-component o

veight has a cosine since y is adjacent to 30° (see the figure above). Normal force onl
ippears in the y-sum because it lies on the y-axis.

Z&:ma, 4 ZFy=may

mgsind =ma, , N-mgcosf =0
Jivide both sides of the x-sum by mass to solve for acceleration:

1
a, = gsinf = (9.81)sin30° = 10sin30° = IO(E) = 5.0 m/s?
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Chapter 14 - Applications of Newton's Second Law

Example: As illustrated below, a box of bananas rests in the back of a truck. The coefficient
of friction between the box and the truck is é What is the maximum acceleration that the

truck can have without the box of bananas sliding backward relative to the truck?

L

Draw and label a FBD for each object. The box has weight pulling downward, normal force
pushing upward (perpendicular to the surface), and friction pushing to the right (to oppose
it from sliding backward).

The FBD for the truck is somewhat tricky. Weight pulls downward on the truck. The truck
is propelled by a drive force (D). A resistive force (Fy) acting on the truck may include air
resistance. By Newton's third law, the box exerts an equal and oppositely directed friction
force on the truck (so it acts to the left on the truck). The truck experiences not one, but
two, normal forces: an upward normal force (N,) from the ground and a downward
normal force (N;) from the box. The second normal force is also associated with Newton'’s
third law (equal and opposite N,'s).

N. N,
Y4 y
f d
* > D f
Fg X x
mgw N‘b =
myg

Apply Newton’s second law to object:

ZF“ =ma, , ZFU, =mua, , z Fpy =mpa, ZFby =mpa,

D—f—-Fg=miax , Ne—=Np—-meg=0 , f=mpax , Np—mpg=0
Since there is friction in the problem, first isolate normal force in a y-sum:
Ny =myg
Plug this expression into the equation for friction force:

1
f=uNy, = gmbg

Now substitute this expression for friction into an x-sum:
1
f= 5Mpg = MpQx

Divide both sides by the mass of the box to isolate the unknown:



91. As shown below, a 600-kg helicopter flies straight upward with a lift force of 12,000-N.
A 150-kg spy (00m) hangs onto a rope that is connected to the helicopter. A 50-kg physics
student hangs onto a second rope, which is held by the spy.

(A) Draw a FBD for each object (three in all). Label each force and the x- and y-coordinates.

helicopter

00m

student

(B) Write the vertical sums for the forces acting on each object. There will be three sums.
On the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the acceleration of the system and the tension in each cord.

Want help? Check the hints section at the back of the book.
Answers: 5.0 m/s?, 3000 N, 750 N
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Chapter 14 - Applications of Newton's Second Law

92. As illustrated below, a 30-kg monkey is connected to a 20-kg box of bananas by a cord
that passes over a pulley. The coefficient of friction between the box and ground is 0.50.

The system is initially at rest.

(A) Draw a FBD for each object (two in all). Label each force and the x- and y-coordinates.

(B) Write the x- and y-sums for the forces acting on each object. There will be three sums.
On the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the acceleration of the system and the tension in the cord.

Want help? Check the hints section at the back of the book.
Answers: 4.0 m/s2, 180 N
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93. Two boxes of bananas connected by a cord are pulled by a monkey with a force of
3003 N as illustrated below. The left box of bananas has a mass of 10y/3 kg and the right
box of bananas has a mass of 303 kg. The coefficient of friction between the boxes of

=
bananas and the horizontal is ? The system is initially at rest.

(A) Draw a FBD for each box (two in all). Label each force and the x- and y-coordinates.

(B) Write the x- and y-sums for the forces acting on each box. There will be four sums. On
the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the acceleration of the system and the tension in the cord.

Want help? Check the hints section at the back of the book.
Answers: ST‘E m/s?, 135N
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94. A box of bananas slides down an inclined plane that makes an angle of 30° with the

A
horizontal. The coefficient of friction between the box and the incline is %

(A) Draw a FBD for the box. Label each force and the x- and y-coordinates.

(B) Write the x- and y-sums for the forces acting on the box. There will be two sums. On
the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the acceleration of the box of bananas.

Want help? Check the hints section at the back of the book.
Answer: 2.0 m/s?
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95. As illustrated below, a 40-kg box of bananas on a frictionless incline is connected to a
60-kg monkey by a cord that passes over a pulley. The system is initially at rest.

(A) Draw a FBD for each object (two in all). Label each force and the x- and y-coordinates.

(B) Write the x- and y-sums for the forces acting on each object. There will be three sums.
On the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the acceleration of each object.

Want help? Check the hints section at the back of the book.
Answer: 4.0 m/s?
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96. As illustrated below, a 40-kg chest filled with bananas is on top of an 80-kg chest filled
with coconuts. The coefficient of static friction between the chests is 41, but the ground is

frictionless. A monkey exerts a 200-N horizontal force on the top chest.

(A) Draw a FBD for each object (two in all). Label each force and the x- and y-coordinates.

200N
40 kg
80 kg
(B) Write the x- and y-sums for the forces acting on each object. There will be four sums.
On the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the acceleration of the top chest.

(D) What is the tension in the cord?

Want help? Check the hints section at the back of the book.
Answers: § m/s% 100 N
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15 HOOKE'S LAW

televant Terminology

quilibrium - the natural position of a spring. A spring displaced from its equilibriun
osition tends to oscillate about its equilibrium position.

isplacement from equilibrium - the net displacement of a spring from its equilibriun
osition. Itis a directed distance, telling how far from equilibrium a spring is.

pring constant - a measure of the stiffness of a spring. A stiffer spring has a higher valu
or its spring constant.

testoring force - a force that a spring exerts to return toward its equilibrium position.

{ooke’s Law

f a spring is displaced from its equilibrium position, according to Hooke’s law the sprin;
xerts a restoring force (F,.) directed toward the equilibrium position, such that th
estoring force is proportional to the displacement from equilibrium (Ax):
F. = —kAx
'he proportionality constant in Hooke's law is the spring constant (k). The significance o
he minus sign is that the restoring force is opposite to the displacement from equilibrium
vhich means that the restoring force always points toward the equilibrium position:
e If the spring is compressed from equilibrium, the restoring force pushes to stretcl
the spring back to its equilibrium position.
o If the spring is stretched from equilibrium, the restoring forces pulls to compres:
the spring back to its equilibrium position.

) IIIILISLISIS
‘lllll!.l“! ".
0 L 8 x
yymbols and Sl Units
Symbol Name Sl Units
k spring constant N/m (or kg/s?)
Ax displacement from equilibrium m
E restoring force N

143



Chapter 15 - Hooke's Law

Notes Regarding Units

The Sl units for the spring constant follow naturally from Hooke's law:
F. = —kAx
If you solve for the spring constant, you get:
F,

k=--C

Ax
Thus, spring constant must have SI units of a Newton (the SI unit of force) per meter (the SI
unit of displacement). Recall from Chapter 14 how a Newton relates to a kilogram, meter,
and second:
1N =1kg - m/s?
Using this relationship, we see that a Newton per meter equals:
N kg
1—=1=
m s
Therefore, the SI units of a spring constant can alternatively be expressed as a Newton per
meter (N/m) or as a kilogram per second squared (kg/s?).

Strategy for Applying Newton'’s Second Law to Problems with Springs

To apply Newton's second law to a problem involving a spring, follow the Newton's second
law strategy described in detail in Chapter 14, while following these steps to treat the
spring:

1. In the FBD, draw a restoring force directed towards equilibrium and label this force
as k|Ax| (spring constant times the absolute value of the displacement of the spring
from its equilibrium position). The reason for the absolute values, along with the
reason that we're not including the minus sign from Hooke’s law, is that the sign is
already factored into the direction. (The sign is directional. Once you draw the
arrow, the sign has already been used. The sign is why you draw the arrow towards
the equilibrium position.)

2. Choose the +x-axis to be along the length of the spring.

3. When you sum the components of the forces, include k|Ax| for the spring. It will
appear only in the x-sum (if you followed the advice in Step 2 above), with no trig
(though other forces in the problem may involve trig). In the sum, write k|Ax| if the
restoring force is along +x in your FBD, and write —k|Ax| if your restoring force is
instead along —x in your FBD.

4. Follow the strategy from Chapter 14.

144



Example: As illustrated below, a spring with a spring constant of 80 N/m on a frictionless
horizontal surface has its left end attached to a wall while its right end is attached to a 12-
kg box of bananas. What is the acceleration of the spring when it is stretched 6.0 cm from
its equilibrium position?

Draw and label a FBD for the box. Weight pulls downward, normal force pushes upward
(perpendicular to the surface), and the spring exerts a restoring force (kAx) to the left
(towards equilibrium).

e

mg
Apply Newton's second law to the box of bananas. The restoring force will be negative
since it is directed opposite to the +x-axis in the diagram above. As usual, a, = 0 because
the box has only horizontal acceleration (it doesn’t accelerate up or down).

ZFI=ma, g ZF;,:may

—klAx|=ma, , N-mg=0
Solve for acceleration in the x-sum:

k|Ax|
s =a,

m
Convert Ax from centimeters (cm) to meters (m) since cm isn’t an SI unit:

Im 6
100cm 100
Plug the values of the spring constant (k = 80 N/m), displacement from equilibrium
(lAx| = 6.0 cm), and mass (m = 12 kg) into the above equation for acceleration:

k|Ax| 80 6 (80)(6) (80)(6) 4\ 71 2 )

TTm T 1271000 T (12)(100) T (100)(12) _(E) (E) L
The minus sign here represents that the box is accelerating to the left (since we chose the
+x-axis to point to the right).

6.0 cm = 6.0 cm X

Ay =
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Chapter 15 - Hooke's Law

Example: As illustrated below, a spring is stretched by fixing its upper end and connecting
a 5.0-kg box of bananas to its lower end. When the spring is in its new vertical equilibrium
position, it is 25 ¢cm longer than when lying in its natural horizontal equilibrium position.
Determine the spring constant.

Draw and label a FBD for the box. Weight pulls downward, while the spring exerts a
restoring force (kAx) upward. The restoring force is upward as the stretched spring tries
(unsuccessfully) to return to its original length.
kAX
4

mg
Apply Newton’s second law to the box of bananas.

Zf;:max

klAx| — mg = ma,
Since the problem states that the spring is in equilibrium, the acceleration is zero:
k|Ax| -mg =0
Convert Ax from centimeters (cm) to meters (m) since cm isn’t an SI unit:
25 1

25Cm=25Cme= mm: Z

m

Solve for the spring constant:
mg 5(9.81) 5(10) 50

~ ax| 1/4 1/4  1/4
Recall from math that the rule for dividing by a fraction is to multiply by its reciprocal:
1 4
k=50+z=50><;=200N/m

The spring constant is approximately equal to 200 N/m.
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97. As illustrated below, a spring with a spring constant of 45 N/m on a horizontal surface
has its left end attached to a wall while its right end is attached to a 3.0-kg box of bananas.
The coefficient of friction between the box and the horizontal surface is % What is the

acceleration of the spring when it is stretched 50 cm to the right of its equilibrium position
while moving to the left (heading back to equilibrium)?

(A) Draw a FBD for the box. Label each force and the x- and y-coordinates.

(B) Write the x- and y-sums for the forces acting on the box. There will be two sums. On
the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the acceleration of the box of bananas.

Want help? Check the hints section at the back of the book.
Answers: —5.0 m/s? (where the — sign means to the left)
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Chapter 15 - Hooke's Law

98. As illustrated below, a spring is stretched on a frictionless incline by fixing its upper
end and connecting a 36-kg box of bananas to its lower end. When the spring is in its new
inclined equilibrium position, it is 4.0 m longer than when lying in its natural horizontal
equilibrium position.

(A) Draw a FBD for the box. Label each force and the x- and y-coordinates.

(B) Write the x- and y-sums for the forces acting on the box. There will be two sums. On
the line immediately below each sum, rewrite the left-hand side in terms of the forces.

(C) Determine the spring constant.

Want help? Check the hints section at the back of the book.
Answers: 45N/m
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16 UNIFORM CIRCULAR MOTION

Relevant Terminology

Uniform circular motion - the motion of an object that travels in a circle with constant
speed. The word ‘uniform’ specifically refers to the speed.

Centripetal - towards the center of the circle (inward). In uniform circular motion, the
acceleration is centripetal and at least one force is centripetal or has an inward component.
Centrifugal - away from the center of the circle (outward). A person traveling in a circle
has a perception of being pushed outward. This perception is called centrifugal force, but
what the person perceives is really just a consequence of inertia.

Angular speed - the instantaneous rate at which the angle changes (as measured from the
center of the circle, as shown in the diagram on page 152).

Period - the time it takes to complete exactly one revolution.

Frequency - the number of oscillations completed per second.

Equations of Uniform Circular Motion

Centripetal acceleration (a.) depends on the speed (v) and the radius (R):

v2
a=x

The speed (v) is proportional to the angular speed (w):
v =Rw

The speed (v) equals the total distance traveled (s) over the total time (t) or the
circumference (C = 2nR) divided by the period (T):
s C 2nR
v=E=FET
The angular speed (w) equals the angle (8) over the total time (t) or the angle for one
revolution (2m) divided by the period (T) or 2m times the frequency (f).
0 2m
w = ? = ? = Zﬂf
Frequency (f) and period (T) share a reciprocal relationship:

T
The total distance traveled (s) is proportional to the angle (8) in radians:
s =R@

The centripetal force (the net inward force) can be found by multiplying mass by
centripetal acceleration according to Newton's second law:

Z Fi = ma,
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Chapter 16 — Uniform Circular Motion

Symbols and Sl Units
Symbol N Sl Units

a, centripetal acceleration m/s?
v speed m/s
@ angular speed rad/s
s total distance traveled (arc length) m
c circumference m
R radius m
D diameter m
2] angle rad
t time s

i period s

f frequency Hz
m mass kg
F force N

Note: The symbol for angular speed (w) is the lowercase Greek letter omega.

Essential Concepts

Although an object traveling in uniform circular motion has constant speed, it does have
acceleration because the direction of its velocity is changing. This type of acceleration is
called centripetal acceleration. Centripetal acceleration is toward the center of the circle.

From Newton'’s second law, centripetal acceleration must be caused by centripetal force.

Z Fy, = ma,

There is at least one real force either pointing inward or which has an inward component.

If you travel in a circle, you feel like you're being pushed outward. We call this centrifugal
force, but it is really just your inertia. Your body has a natural tendency to go in a straight
line, so you feel like you're trying to go off on a tangent.
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Important Distinctions

There are several pairs of similar symbols used to describe uniform circular motion. It's
important not to get these mixed up:

e The symbol t represents the total time that the object has been moving, whereas the
symbol T (called the period) is the time it takes to go around exactly once.

e The symbol s represents the total distance that the object has traveled, whereas the
symbol C (the circumference) is the distance that the object would travel if it went
around the circle exactly once.

e The symbol v is the speed of the object in m/s, whereas the symbol w is the angular
speed of the object in rad/s.

¢ The symbol f can either mean frequency or friction force. You must pay attention to
the context to distinguish between them. The units can also help: The SI unit of
frequency is the Hertz (Hz) and the SI unit of friction force is the Newton (N).

e The symbol T can either mean period or tension. You must pay attention to the
context to distinguish between them. The units can also help: The SI unit of period
is the second (s) and the SI unit of tension is the Newton (N).

Notes Regarding Units

Angle (0) can be expressed in radians, revolutions, or degrees, but only the radian is the SI
unit for angle. The following equation only works if the angle (8) is expressed in radians.
If you have degrees or revolutions, you must convert to radians first.

s =RO
Similarly, the following equation only works if the angular speed (w) is expressed in rad/s.
If you have rev/s, you must convert to rad/s first.

v =Rw
The conversion between revolutions, degrees, and radians is:

1rev = 360° = 2mrad
To convert between degrees and radians, you can also use:
180° = mrad

The units can help you determine which information is given in a problem. For example,
the number 0.25 rad/s must be the angular speed () because it’s the only symbol that can
be expressed in rad/s, whereas the number 6.0 m/s must be the speed (v). However, a
number like 30 s could be either t or T, and a number like 4.0 m could be s, C, R, or D, so in
these cases you must read the problem carefully and choose wisely. The SI unit of
frequency, the Hertz (Hz), is equal to an inverse second:

Hz = ;
This follow from the equation f = 1/T.
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Chapter 16 — Uniform Circular Motion

Uniform Circular Motion Strategy

To solve a problem involving uniform circular motion (where an object travels in a circle
with constant speed), follow these steps:

1.

w

Make a list of the symbols that you know along with their numerical values and SI
units. Look at the units and wording to determine which symbols you know. Also
identify the symbol that you're solving for:

e Avalue in m/s is the speed, v.

e Avalue inrad/s is the angular speed, w.

e Avalue inrev/sis the angular speed, @, but must be converted to rad/s.

o Avalue in m/s? is the centripetal acceleration, a..

e Avalue in Hz is the frequency, f.

* Avalue in revolutions is the angle, 8, but must be converted to radians.

* Avalue in seconds could be the total time, t, or the period, T.

e Avalue in meters could be the total distance traveled, s, the circumference, C,

the diameter, D, or the radius, R.

* Avalue in kg is the mass, m.

e AvalueinNisa force. It could be centripetal force or a specific force.
Look at the list of equations for uniform circular motion. Specifically, look at the
equations which involve the known symbols and the symbol you're looking for.
Choose the relevant equation(s) and solve for the desired unknown.
If the problem asks you to find the number of revolutions, solve for  and then
convert the answer from radians to revolutions: 2mrad = 1rev. Similarly, if the
problem tells you how many revolutions are completed, then 6 is one of your
knowns (but in this case you must first convert it from revolutions to radians).
If the problem asks for centripetal force, simply multiply mass times centripetal
acceleration: Y, F,, = ma,. Similarly, if the problem gives you centripetal force, you
can set that equal to mass times centripetal acceleration.
If the problem involves applying Newton’s second law further than described in
Step 5, see Chapter 17, which discusses how to apply Newton's second law to
uniform circular motion problems.
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Example: A monkey drives a bananamobile in a 40-m diameter circle with a constant speed
of 30 m/s. What is the bananamobile’s acceleration?
Make a list of the knowns and the desired unknown:
D=40m , v=30m/s , a.=?
First find the radius from the diameter:

Use the equation for centripetal acceleration:
v? = (30)2 900
R 20 20
Example: A monkey drives a bananamobile in a 30-m diameter circle with a constant speed
of 60 m/s. What is the bananamobile’s angular speed?
Make a list of the knowns and the desired unknown:

D=30m , v=60m/s , w=7?
First find the radius from the diameter:

a. = = 45m/s?

Use the equation that relates speed (v) to angular speed (w):
v=Rw
v 60
w=p=i¢ = 4.0rad/s
Example: A monkey skates in a 32-m diameter circle with a period of 4.0 s. Determine the
monkey’s acceleration.
Make a list of the knowns and the desired unknown:
D=32m , T=40s , a.=?
First find the radius from the diameter:

We need to determine the monkey's speed because the equation for acceleration involves
the speed:

_2mR _ 2m(16)

R
Use the equation for centripetal acceleration:

v? (81r)2 641

=8mrm/s

2

Example: A monkey runsin a circle with a period of 0.50 s. Determine the frequency.
Make a list of the knowns and the desired unknown:

T=050s , f=?
The frequency is the reciprocal of the period:



Chapter 16 — Uniform Circular Motion

Example: A monkey runs in a circle with a constant speed of 8.0 m/s for a total time of 2.0
minutes. How far does the monkey travel?
Make a list of the knowns and the desired unknown:
v=80m/s , t=20min. , s=7?
First convert the time from minutes to seconds:

60s
t = 2.0 min.x — =120s
1 min.
Use the equation that involves the two knowns and the desired unknown:
s
v=-
t

s =vt = (8)(120) = 960 m
Example: A monkey runs in a circle, completing 12 revolutions in one minute. Determine
the period and the frequency.
Make a list of the knowns and the desired unknowns. Note that the number of revolutions
corresponds to @, provided that we convert the angle to radians before using it.
8=12rev , t=10min. , T=? , f=?
We must convert the angle from revolutions to radians:

2m rad
6 = 12revx = 24w rad
1rev

We also need to convert the time from minutes to seconds:

60s
t=10minX———=60s
1 min.

Use the two equations for angular speed:

Now we can find the period with a little algebra (cross-multiply to solve for T):
2nt  2m(60) 120

The frequency is the reciprocal of the period:
1 1
=7=3 Hz
Example: A monkey drives 120w m in a circle with a radius of 15 m. How many revolutions
does the monkey complete?
Make a list of the knowns and the desired unknown:
s=120mm , R=15m , 6=7?
Use the arc length equation to find the angle:

s =R0
bie s _120m _ 8 rad
=g="1g —B8nrra
Convert the angle from radians to revolutions:
1rev
6 = 8mrad X =4.0rev
2m rad
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99. A monkey skates in a 12-m diameter circle with a constant angular speed of% rad/s for

a total time of 4.0 minutes.

List the symbols that you know along with their values and SI units.

(A) What is the monkey's speed?

(B) What is the monkey’s acceleration?

(C) How far does the monkey travel?

(D) What is the period?

(E) How many revolutions does the monkey complete?

Want help? Check the hints section at the back of the book.
Answers: 3.0 m/s, ; m/s?, 720 m, 4r s, % rev
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Chapter 16 — Uniform Circular Motion

100. A monkey runs in circle with a constant speed of 4.0 m/s and a period of 8x s,

4220 :
completing = revolutions.

List the symbols that you know along with their values and SI units.

(A) What is the monkey’s angular speed?

(B) What is the radius of the circle?

(C) What is the monkey’s acceleration?

(D) How far does the monkey travel?

(E) What is the frequency?

Want help? Check the hints section at the back of the book.
Answers: irad/s, 16 m, 1.0 m/s2, 640 m, é Hz
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17 UNIFORM CIRCULAR MOTION
WITH NEWTON’S SECOND LAW

Essential Concepts

When applying Newton’s second law to uniform circular motion, rather than working with
x-and y-axes, we work with three directions relating to the circle:

e The inward (in) direction points toward the center of the circle.

e The tangential (tan) direction points along a line that is tangent to the circle.

e The z-direction is perpendicular to the plane of the circle.

H
: Jgtan
.

In uniform circular motion, the direction of the acceleration is centripetal, meaning that it
is directed towards the center of the circle. Therefore, the sum of the inward components
of the forces equals mass times centripetal acceleration, while the other sums equal zero:

D Fu=ma. , ) Fn=0 , Y E=0

Note: The label tan in the diagram above, in the FBD's that follow, and in the sum above
stands for “tangential.” This refers to the tangential direction, not to be confused with the
tangent function. It's easy to tell the difference because the tangent function has an
argument, like tan 8. So if you don’t see an angle in an argument after the letters tan, it's
just referring to the tangential direction.

Important Distinction

Depending on the context, the symbol # may mean one of two different things in uniform
circular motion:

¢ In Chapter 16, 8 was an angle measured from the center of the circle corresponding
to how far the object had traveled around the circle.

e In Chapter 17, @ will be a different angle appearing in the FBD, and appearing in the
sums via trig. One such @ will appear in the first example, where @ is the angle
between the cord and the vertical.

These two angles are not interchangeable.
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Chapter 17 - Uniform Circular Motion with Newton's Second Law

Strategy for Applying Newton’s Second Law to Uniform Circular Motion

To apply Newton's second law to a problem involving uniform circular motion, follow the
Newton’s second law strategy described in detail in Chapter 14, while following these steps
to treat the uniform circular motion:

1. Draw the FBD according to the instructions in Chapter 14 (and in Chapter 15 if the
problem involves a spring). There are no new forces to draw relating to the circular
motion. For example, don’t draw and label a “centripetal force.” There will be at
least one force with an inward component, but it will be one of the usual forces, like
tension or friction. (What we call the “centripetal force” is really the sum of the
inward components of the forces, }; F;,,.)

2. Label your coordinates as follows:

e The inward (in) direction points toward the center of the circle. Find the
center of the circle and draw the in-axis towards that point.

« The tangential (tan) direction points along a line that is tangent to the circle.
Draw a tangent line to label the tan-axis.

e The z-direction is perpendicular to the plane of the circle. Draw a line
perpendicular to the plane of the circle for the z-axis.

3. Write Newton’s second law as follows for an object in uniform circular motion:

D Fu=ma . D Fun=0 , D E=0

4. Follow the strategy from Chapter 14.

5. You can write centripetal acceleration as:
2

v
a. = ?
6. You may need other equations of uniform circular motion from Chapter 16:
v = Rw
_s_ C _ 2nR
=ir T
8% 21, 2
CEETT T =
1
f= T
s=R0O
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Example: As illustrated below, a monkey ties a cord around a banana and whirls the cord
in a horizontal circle with a constant speed of 10 m/s. The radius of the circle is 1.0 m.
What angle does the cord make with the vertical?

mg
side view
Note that while the banana travels in a horizontal circle, the cord sweeps out the shape of a
cone. Draw and label a FBD for the banana. Tension pulls along the cord, while weight
pulls down. The inward (in) direction is to the right for the position shown above (toward
the center of the circle). The tangential direction is perpendicular to the page (coming out
of the page), but isn’t needed for this problem since none of the forces have a tangential
component. The z-direction is upward (perpendicular to the plane of the circle).

Apply Newton's second law to the banana. For tension, the inward component receives a
sine because it is opposite to 8, while the z-component receives a cosine because z is
adjacent to 8. Weight appears only in the z-sum since it lies on the negative z-axis. The
acceleration is centripetal (a,) for a problem involving uniform circular motion.

ZFin:mac ’ ZFz:O

Tsin@ =ma, , Tcos@—mg=0
Bring weight to the right-hand side:
Tsin@ =ma. , Tcosf =mg

Now that we have moved weight over, we can divide the two equations to cancel tension:
Tsin@ ma,

Tcos® mg
sinf - a.
cos @ g

Recall from trig that sine divided by cosines makes tangent:

a
tanf = —
g

2
Use the equation for centripetal acceleration from Chapter 16 (ac = %):

T W . . L) SO . L)
= “‘g Rg (DO8) 10

6 = tan"1(1) = 45°
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Chapter 17 - Uniform Circular Motion with Newton's Second Law

Example: A car rounds a turn with constant speed on horizontal ground. The coefficient of
friction between the tires and road is % The radius of the circle is 80 m. What maximum

speed can the car have and still round the turn safely?

Draw and label a FBD for the car. Weight (mg) pulls down, normal force (N) pushes up,
drive force (D) is forward, resistive forces (Fy) including air resistance push backward, and
the force of static friction (f;) pushes the car inward. Friction between the road and tires
supplies the needed centripetal acceleration, allowing the car to make the turn: If you
remove friction (like an icy road in the winter), you won't be able to make the turn.
Newton'’s third law is at work: Just like the equal and opposite force that the ground exerts
on your feet when you walk, when you turn the steering wheel, the force that the tires exert
on the ground results in an equal and opposite force exerted on the car. The reason it's
static friction is that the car isn't moving inward or outward (it's moving tangentially).

N
z
K, D
A tan
mg
side view top view

Apply Newton’s second law to the car:

ZFm ma. ZFMHZO ’ ZFZZO
fi=ma, , D=Fg=0 , N-mg=0

Solve for normal force in the z-sum:

N =mg
Substitute the expression for normal force into the equation for static friction (Chapter 14):

fs < usmg
Plug this into the equation from the inward sum:

fs =ma, < pmg

=g
Use the equation for centripetal acceleration (Chapter 16):
v?
ac = E = Usg

u:gR J (9.81)(80) =~ j%(m)(&n) =400 = 20 m/s

The car must not travel faster than 20 m/s in order to round this turn safely.
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101. An amusement park ride has a 48v3-m diameter horizontal disc high above the
ground. Several swings are suspended from the disc near its edge using 32y/3-m long
chains. As the disc spins, the swings extend outward at an angle of 30° from the vertical, as
illustrated below. A 25-kg monkey sitting in one of the swings travels in a horizontal circle.

(A) Draw a FBD for the monkey. Label each force and the in and z-coordinates.

(B) Write the in- and z-sums for the forces acting on the monkey. On the line immediately
below each sum, rewrite the left-hand side in terms of the forces.

(C) What is the tension in the chain of the monkey’s swing, which has a 5.0-kg seat?

(D) What is the monkey's speed?

Want help? Check the hints section at the back of the book.
Answers: 200y/3 N, 20 m/s
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Chapter 17 - Uniform Circular Motion with Newton's Second Law

102. A monkey grabs a 500-g mouse by the tail and whirls the mouse in a vertical circle
with a constant speed of 4.0 m/s. The radius of the circle is 200 cm.

Note: Unlike the previous problem, which involved a horizontal circle, this problem in-
volves a vertical circle. The two solutions appear much different.

(A) Draw a FBD for the mouse at the bottom of its circular arc. Label each force and the in
and tan-coordinates.

(B) Write the in-sum for the forces acting on the mouse. (Just one sum is relevant here.)
On the line immediately below the sum, rewrite the left-hand side in terms of the forces.

(C) What is the acceleration of the mouse?

(D) Determine the tension in the tail when the mouse is at the bottom of its arc.

Want help? Check the hints section at the back of the book.
Answers: 8.0 m/s? 9.0 N
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103. A 50-kg monkey defies gravity on an amusement park centrifuge, which consists of a
large cylindrical room, as illustrated below. The monkey stands against the wall. First, the
centrifuge rotates with constant angular speed, then the floor disappears! Yet, the monkey
does not slide down the wall. The coefficient of friction between the monkey and the wall

is % The radius of the centrifuge is 10 m.

(A) Draw a FBD for the monkey. Label each force and the in and z-coordinates.

(B) Write the in- and z-sums for the forces acting on the monkey. On the line immediately
below each sum, rewrite the left-hand side in terms of the forces.

(C) What minimum acceleration does the monkey need in order to not to slide downward?

(D) What minimum speed does the monkey need in order to not to slide downward?

Want help? Check the hints section at the back of the book.
Answers: 40 m/s?, 20 m/s
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Chapter 17 - Uniform Circular Motion with Newton’s Second Law

104. A circular racetrack has a diameter of 1803 m (the radius R is labeled below) and
constant banking angle of 30° (as shown below, with the racecar headed out of the page).
The racetrack is frictionless.

side view

(A) Draw a FBD for the racecar. Label each force and the in and z-coordinates.

(B) Write the in- and z-sums for the forces acting on the racecar. On the line immediately
below each sum, rewrite the left-hand side in terms of the forces.

(C) What speed does the racecar need to have in order not to slide up or down the bank?

Want help? Check the hints section at the back of the book.
Answers: 30 m/s
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18 NEWTON'’S LAW OF GRAVITY

Relevant Terminology

Mass - a measure of inertia. More massive objects are more difficult to accelerate as they
have greater inertia to overcome.

Weight - the gravitational force that an object experiences.

Gravitational acceleration - the acceleration of an object in free fall.

Newton’s Law of Gravity

According to Newton's law of gravity, any two objects with mass attract one another with a
gravitational force that is directly proportional to each mass and inversely proportional to
the square of the separation between the two masses:

F=G m;;znz
The proportionality constant in Newton's law of gravity is called the gravitational constant:
_yy Nem? 20 g Nm? 2 10 N'm?
G =6.67x10 ka? =X 10 ke? =§X10 ke
Gravitational force is also called weight, and the formula for weight is mass times gravity:
F,=mg

Therefore, if you divide both sides of Newton’s law of gravity by one of the masses, you
obtain an equation for gravitational acceleration created by a large astronomical body such
as a planet or moon:

m
g=a R—§
Symbols and Sl Units
Symbol Name Sl Units
F gravitational force N
m mass kg
R separation m
R Nm?  m?
G gravitational constant a2 T iget
g gravitational acceleration m/s?
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Chapter 18 - Newton's Law of Gravity

Important Distinctions

The symbol F, represents gravitational force in N, whereas the symbol g represents
gravitational acceleration in m/s2.

The symbol g represents gravitational acceleration in m/s?, whereas the symbol G
represents the gravitational constant in ':(glz The value of g varies with location: For
example, g equals 9.81 m/s?® near earth’s surface and 1.62 m/s? near the moon’s surface.

=]
The value of G is universal: It equals 6.67 x 10™** I‘:q;—""zever’ywhere.

Notes Regarding Units

The SI units of the gravitational constant (G) follow by solving for G in Newton’s law of
gravity:

_ER

T mym,

-m? 2
The SI units of G equal Nk? since these are the SI units of%. Recall from Chapter 14 that
172

a Newton is equivalent to:

k o
IN= gzm
s
Plugging this into X2 e the SI units of G can alternatively be expressed as i ——
Algebra with Powers
It may be helpful to recall the following rules of algebra relating to powers (Chapter 1):
xaxh ~ xa¢b
xﬂ
Z_ — ya-b
xb x
—a 1
x = x_“
1
P
xP=1
(Xa)b = xnb

(ax)? = abx?
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Gravitational Problems Strategy

How you solve a problem involving gravity depends on which kind of problem it is:

1. The simpler gravitational problems can be solved by making a list of the symbols
that you know, choosing the appropriate equation, and solving for the desired
unknown. These three equations apply to gravity problems:

¢ The equation for gravitational force:

mym,
B=60—7" I
* The equation for gravitational acceleratlon:
g=6-2 Rz
¢ The equation for weight:
Fy=mg

Look at the units and wording to determine which symbols you know. Also identify
the symbol that you're solving for:

e Avalue in m/s? is an acceleration, such as gravitational acceleration, g.

e Avalue in kg is the mass, m.

¢ Avalue in N is a force, such as gravitational force (also called weight), F,
You should know the following numerical values:

= —11 Nm? 20 g 11 Nmd 20 g o0 Nm?
e G=667x10 kel x 10 i x 10 i everywhere.

e g =981m/s* = 10 m/s? near earth’s surface.
¢ g=162m/s*= g m/s? near the moon'’s surface.

2. If a problem gives you ratios of masses, radii, or gravitational accelerations, such as
“with a mass five times greater than earth’s,” take a ratio, as shown in one of the
examples that follow.

3. To find the point where the net gravitational field from two separate masses equals
zero, set the expression for the gravitational field created by each mass equal to one
another. Also write down an equation for R, and R, based on a picture. Then solve
the system using algebra. This strategy is shown in one of the examples.

4. To find the net gravitational field created by two different masses (like the earth and
the moon), use the formula for gravitational acceleration for each mass and then do
vector addition (Chapter 10). This strategy is shown in one of the examples.

5. For a satellite problem, see Chapter 19.

Rounding Note
1 N-m?

When we round G from 6.67 x 10~* —to x 10-10 Y22 |t makes just a slight difference.
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Chapter 18 - Newton's Law of Gravity

Example: Star Phy has a mass of 4.0 x 10°° kg. Star Phy has a planet named Six with a
mass of 6.0 x 10?* kg. The distance between the center of Phy and Six is 2.0 x 10** m.
Determine the gravitational force of attraction between Phy and Six.

Make a list of the knowns and the desired unknown:

N-m?
kg? '

R=20x10"m , F=?

2
G~ 3% 1071 m,=40x10%kg , m,=6.0x10*kg

Plug these values into Newton's law of gravity:
30 24
mym, N (g 5 10““) (4 x10°Y)(6 x 10%)

bh=6" (2 x 1011)2
It's convenient to separate the powers:
(2)(4)(6) 101010301024 _ 10~ 10+30424 _ 104+ _ 25
S~ B T aeyE X qom S 4X g 40X 102N

Example: Planet Monk has a mass of 8.1 x 102* kg and a radius of 3.0 x 10 m. What is
gravitational acceleration near the surface of planet Monk?
Make a list of the knowns and the desired unknown:

2 -10 N-m? 24 6
Gz§x10 = m, =81x10*kg , R=3.0x10°m , g=?
Plug these values into the equation for gravitational acceleration:
m 2 (8.1 x 10%*)
=G-L= (—x 10“0)—
9=0R~\3 (3 x 10°)2

It's convenient to separate the powers:
(2)(8.1) = 1071°10% O 1710824 N 10
IOICETD -

=3 6% g7z = 0.6 X 102 = 60 m/s?

Example: A planet has 15 times earth’s mass and 5 times earth’s radius. What is the value
of gravitational acceleration near the surface of that planet?
Express the given ratios with symbols:

m R
—£-15 , E=
mE RE
Take a ratio of gravitational acceleration for each planet:
Gm,

Multiply both sides by earth’s gravity:
3 3 3
9p=59e = 5(9.81) =~ 3(10) = 6.0 m/s?
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ixample: Planet Ein has a mass of 9.0 X 10°* kg. Planet Ein has a moon named Stein with z
nass of 4.0 x 102 kg. The distance between the center of Ein and Stein is 8.0 x 10° m
‘ind the point where the net gravitational field equals zero.

ms

n between the planet and moon, the two gravitational fields will be in opposite directions
\t some point in between, the two gravitational fields will also have equal magnitude anc
herefore cancel out. To figure out where this special point is, set the magnitudes of the
wo gravitational fields equal to one another (g, = g,):

mE mS
G—==06—=
Rz~ "R2
me mg
Rz~ R?

_ross-multiply in order to remove the unknowns from the denominator:

R%m. = R®mg
Ve have one equation, but two unknowns: The unknowns are R, and R,. This means tha
ve need a second equation. From the picture above, we can see that R, and R, add up tc
he distance between the centers of Ein and Stein, d, where d = 8.0 x 108 m.

R.+R;=d
solate one of the unknowns in this equation:
R;=d-R,

yubstitute this expression in place of R, in the previous equation:

(d by Rz)zme = Rgms
f you foil the left-hand side and distribute, you get a quadratic equation for R,. You can”
lways avoid a quadratic, but in this case you can avoid the quadratic by taking the square

oot of both sides:
(d- Re)v me = iRe\/ mg

he + is there because VaxZ = +x. For example, V4 has two solutions, —2 and +2, since
—2)% = 4 and (+2)? = 4. We must consider both signs when solving for R,.

d/m, — R.,\ym, = +R./m,
d/m, =R./m, + R.\/ms = Re(,lme +./mg)
d,/m,

R, =————

V me i v mS
Inly the positive root yields an answer which lies in between the two masses:
_ (Bx109)V9x 102 (8x10°)(3x10'%) 24 x10%°
¢ VOx 10%* + VA x 1022 3% 1012 +2.0x 10!t 3.2 x 102
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Chapter 18 - Newton's Law of Gravity

Note: In the previous example and next example, R is not the radius of a planet or moon.
Instead, R is the distance from the center of the body. R is only the radius of a planet or
moon when you're trying to find g at its surface (which is not the case in the last example
or the next example). In contrast, R was the radius in the second and third examples.

Example: Planet New has a mass of 5.4 X 10?5 kg. Planet Ton has a mass of 1.8 x 102° kg.
In the diagram below, R,, = 6.0 x 10® m and R, = 4.0 X 108 m. What is the magnitude of
the net gravitational field at the point marked X in the diagram below?

The first step is to determine the magnitude of each individual gravitational field at the
specified point. Note that R,, and R, are not the radii of the two planets because we're not
finding gravitational acceleration on their surfaces, but at the point X instead.
m 2 5.4 x 10%5 2)(5.4) 10°1°10% 108 ak
g"=G—"z(—x10‘1°)( )=()( )x =——x10"'=— m/s?
R \3 (6x108)2 ~ (3)(6)2 ~ (108)2 ~ 108 100
m 2 1.8 x 10%5 2)(1.8) 10°%°10%5 3.6 3
g,=G—2‘=(—x10“°)( )=()( )x =—x10"! = — m/s?
Rf 3 (4 x 108)2 (3)(4)2 (108)2 48 400
We must now add the two gravitational fields considering them as vectors (Chapter 10),

where g, has a magnitude of $ m/s? and points to the left in the picture above, while g,

has a magnitude of& m/s? and points down in the picture above. We could go through all

of the steps of vector addition, but this problem is simpler if you realize that g, and g, are
perpendicular. Because they form a right angle, we can simply use the Pythagorean
theorem to determine the magnitude of the net gravitational field:

T G
guee= |92+ 32 ~ |(735) *+(520)

2
If not using a calculator, it's convenient to factor out (ﬁ) . Of course, you can reach the
same final answer if you choose not to factor.

_ (1)2 12+(3)2_ 1 1+9_ 1 16+9
Gret = [\100 4/ ~ 100 16 100,16 ' 16

1 f5 15 1
et =700 |16 ~ 1004 ~ 80 ™/°
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105. Planet Ban has a radius of 6.0 x 107 m. Gravitational acceleration near the surface of
Banis 20 m/s2.

(A) What is the mass of Ban?

(B) Ban has a moon named Ana that has an orbital radius of 4.0 x 10° m and a mass of
2.0 x 10?2 kg. What is the force of attraction between Ban and Ana?

Want help? Check the hints section at the back of the book.
Answers: 1.08 x 1027 kg, 9.0 x 10" N
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Chapter 18 - Newton's Law of Gravity

106. (A) A planet has 5 times earth’s radius and 3 times the surface gravity of earth. How
does that planet’s mass compare to earth’s?

(B) A planet has 6 times earth’s mass and 96 times the surface gravity of earth. How does
that planet’s radius compare to earth’s?

Want help? Check the hints section at the back of the book.
Answers: 75X, ix
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107. Planet Mon has a mass of 1.6 x 10?° kg. Planet Mon has a moon named Key with a
mass of 2.5 x 10%* kg. The distance between the center of Mon and Key is 9.0 x 10% m.
Find the point where the net gravitational field equals zero.

Want help? Check the hints section at the back of the book.
Answer: 8.0 X 10® m from Mon
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Chapter 18 — Newton's Law of Gravity

108. Planet Coco has a mass of 3.0 x 10%* kg. Planet Nut has a mass of 6.0 x 102* kg. The
distance between the center of Coco and Nut is 4.0 X 10° m. What are the magnitude and
direction of the net gravitational field at the point exactly halfway between the centers of

these two planets?

Want help? Check the hints section at the back of the book.

1
Answer: 300 m/s? towards Nut
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19 SATELLITE MOTION

Relevant Terminology

Satellite - an object that orbits another body.
Geosynchronous - in an orbit synchronized with the earth’s rotation. A geosynchronous
satellite has a period of 24 hours (convert this to seconds before using it).

Satellite Equations

Consider a satellite traveling with constant speed in a circle. The net force is a gravitational
force directed inward, which causes centripetal acceleration. Apply Newton's second law
to uniform circular motion as described in Chapter 17.

ZFin =msac

Newton'’s law of gravity provides the equation (Fg =6 m;;"’) for the force:
m,mg
Rz = Msde

The satellite’s mass appears on the right-hand side because it is the satellite which is
traveling in a large circle. Divide both sides by the mass of the satellite to solve for the
acceleration (a.) of the satellite:

2
Use the equation for centripetal acceleration (a,_. = VF) from Chapter 16:
v _c™
R R?
Multiply both sides by R to solve for the speed (v) of the satellite:

m m
v2=67p or v= ’GTP

To find the period of the satellite, use an equation from Chapter 16 (v = ? H
2mR\? m, 4m?R? m,
( T ) =Gx oo @ =63
Cross-multiply to solve for the period (T):
4m*R3 = Gm,T?
4m?R3 R3
T2 = or T=2m
Gm, Gm,,

Note that R is the radius of the satellite’s orbit. Itis not the radius of the planet.
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Chapter 19 - Satellite Motion

Satellite Strategy

To solve a problem with a satellite traveling in a circular orbit, follow these steps:

1. Make a list of the symbols that you know along with their numerical values and SI
units. Also identify the symbol that you're solving for. If the term geosynchronous
appears in the problem, one of the knowns will be T = 24 hrs (which you would
need to convert to seconds). However, if the problem doesn't tell you that the

satellite is geosynchronous, don’t use 24 hrs for the period. You should also know

that G = 6.67 x 10~ ”—"‘~Q 10711 "in 10710 "‘“.
kg? kg?

2. Use the appropriate equanon based on the values that you know and the unknown
you are looking for. Note: Some physics instructors expect their students to derive
the following equations before using them to solve a problem. If that's the case with
you, first copy the steps from the previous page and then proceed to use the desired

equation.
¢ To find the speed of the satellite from m,, and R:
m
o= o
« To find the speed of the satellite from R and T:
_ 2nR
V=TT
¢ To find the acceleration of the satellite from m,, and R:
_g™
R2
« To find the acceleration of the satellite from v and R:
v?
a =7
¢ To find the period of the satellite from m,, and R:
R3
T=2n G_ﬁlp

* To find the period of the satellite from v and R:
2nR

v
3. You may need to solve for other quantities, like angular speed (w), using the
equations of uniform circular motion (Chapter 16). For example, either of these
equation can help you find angular speed:
v 2w
@ = E or w= ?
4. To find altitude (h), subtract the planet’s radius (R,,) from the orbital radius (R):

h=R-R,
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Symbols and Sl Units

Symbol Name ' Sl Units
m, mass of the large astronomical body i
near the center of the orbit
mg mass of the satellite kg
R radius of the satellite’s orbit m
R, radius of the planet m
h altitude m
G gravitational constant 1\%’;or mzz
g kg's
a, centripetal acceleration m/s?
v speed of the satellite m/s
T period of the satellite’s revolution s
w angular speed rad/s

Example: Planet Ape has a mass of 3.6 X 1025 kg. A satellite orbits Ape in a circular orbit
with a radius of 6.0 X 108 m. What is the satellite's orbital speed?

Make a list of the knowns and the desired unknown:

ka? m,=3.6x10%kg , R=60x10°m , v=?

Plug these values into the appropriate equation for speed:
- Gﬁ . (Z ” 10_10) (3.6 x 10%5) - (2)(3.6) 10-101025 - 7.2105 _ 2 107
R 3 (6 x 108) (3)(6) 108 18 108 5

We used the fact that 2 reduces to > (both equal 0.4 in decimal form). Now we’ll rewrite

7 as 10 x 10 since 10" is a perfect square (10° = 10°10* such that vV10® = 10*):

}— 107 = —10610 = |— 10“’ V4x 105 =2.0x10°m/s = 2.0 km/s

(If you're using a calculator, this arithmetic is much simpler, of course. The math tricks
applied above help if you're not using a calculator, which is sometimes a handy skill.)

177



Chapter 19 - Satellite Motion

m? m2
Note: We will round G just slightly from 6.67 x 107** ngiz to éx 10710 % in order to

solve the problems without a calculator. This will cause just slight approximations in the
examples that follow. (Note that§ x 10710 = ? x 1071 = 6.67 x 10~11,)

Example: Planet Chimp has a mass of 4.5 x 10>° kg. A satellite orbits Chimp in a circular
orbit with a radius of 3.0 x 107 m. What is the satellite’s orbital period?

Make a list of the knowns and the desired unknown:

N-m?
kg?
Plug these values into the appropriate equation for period:

S P [ Gxioy , [ @2 L J27 102
=21 |—=2m =2 =2 |——
Gmy, J(Z X 10710) (45 x 1029) J(Z) (45) 1071010% 3.10%

3 3

2
G=§><10"0 , m,=45x10kg , R=30x10'm , T=?

T =~ 2mJ9 X 106 = 2m(3 X 103) = 6w x 103 s = 60007 s

Example: Planet Lemur has a mass of 1.35 x 10?® kg and a radius of 3.0 x 10° m. A
satellite orbits Lemur in a circular orbit with a speed of 30 km/s. What is the satellite's
altitude?
Make a list of the knowns and the desired unknown:
N-m?
kg?

v=30km/s , h=?
Unlike the other examples, this problem gave us the radius of the planet, R, and not the

2
G=3x107%0 m, =135x10%kg , R,=3.0x10°m

radius of the satellite’s orbit, R. Also, since the given speed is in km/s, we need to convert it
to SI units (m/s) before using it:

v =30km/s =30 x 10° m/s = 3.0 x 10* m/s
We need to find the satellite’s orbital radius, R, before we can find the altitude, h. Given
what we know, we can find R from one of the speed equations:

m
v= fG £
R
Square both sides to eliminate the squareroot:
m
v:=G—-2L
R

Multiply both sides by R and divide both sides by v*:
26 -10 26 16
. Gm_;, - (Zx 1()_10)(1.35 X 1?2 ) . (2)(1.3?) 10 41(: 3 2.7 108 = 1 ”
v 3 (3 x10%) (3)(3) (10*) 27 10 10
R~10x10"m
Subtract the planet’s radius, R,, from the satellite’s orbital radius, R, to find the altitude, h:
h=R—R,=10x107—3.0 X 10° = 10.0 x 10° — 3.0 X 10° = 7.0 X 10° m
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109. Planet ®¢ has a mass of 1.2 X 10%* kg. A satellite orbits ® in a circular orbit with a
radius of 2.0 x 107 m.

(A) What is the satellite’s orbital speed?

(B) What is the satellite’s orbital period?

Want help? Check the hints section at the back of the book.
Answers: 2.0 km/s, 2m x 10* s
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Chapter 19 - Satellite Motion

110. A satellite orbits the earth in a geosynchronous circular orbit above the equator.
Approximate earth’s mass as = 6.0 X 10%* kg. What is the radius of the satellite’s orbit?

Want help? Check the hints section at the back of the book.
3
Answer: 72 X (;2;)’ X 10 m (if you prefer to work with decimals, it is 4.23 X 107 m)
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20 THE SCALAR PRODUCT

Essential Concepts

The scalar product (or dot product) A - B between two vectors A and B represents B times
the projection of Aonto B (or, equivalently, A times the projection of B onto K). Whereas A
and B are vectors (they each have both a magnitude and direction), the scalar product A-B
results in a scalar (meaning that A-Bhas no direction, only a magnitude).

A B

projection of
Aonto B

Scalar Product Equations

There are two equivalent ways of expressing the scalar product:
e Use the following equation to compute the scalar product when you know the
components of the given vectors.
A-B=A,B, +A,B, +4,B,
e Use the following equation to compute the scalar product when you know the
magnitudes of Aand B along with the angle between the two vectors.
A-B=ABcos@
¢ You can use both equations together to find the angle between two vectors, as
shown in one of the examples that follow.
Recall from Chapter 10 that any vector can be expressed in terms of its components (4,,
Ay, and A;) and Cartesian unit vectors (& §, and ) in the following form:
A=AR+A9+A,2
Strategy for Finding or Applying the Scalar Product

To compute the scalar product between two vectors, or to determine the angle between
two vectors, follow these steps:
e Ifyou know the components of the given vectors, use A- B = A, B, + AyB, + A,B,.
¢ If you know the magnitudes of the given vectors along with the angle between the
two vectors, use A - B = AB cos 6.
¢ To find the angle between two vectors, first compute the scalar product as in Step 1
and then solve for @ using the equation from Step 2. Find the magnitudes of the

given vectors using the Pythagorean theorem. For example, A = \[A% + A7 + AZ.
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Chapter 20 - The Scalar Product

Commutativity of the Scalar Product

The scalar product is commutative because B- A = A B.

Scalar Product between Unit Vectors

Recall from Chapter 10 that & is a unit vector pointing along the +x-axis and ¥ is a unit
vector pointing along the +y-axis. Similarly, Z is a unit vector pointing along the +z-axis.
Since the angle between R and itself is 0°, the scalar product & -  must equal 1 according to
the formula A+ B = AB cos 0: Here is the math: &-% = (1)(1) cos 0°. In contrast, since the
angle between & and ¥ is 90°, the scalar product & § equals 0: %-§ = (1)(1) cos90° = 0.
Similar relations are tabulated below.

%=1, 9-9=1 , 2-2=1
29=0 , 9:2=0 , 2:%=0
§-8=0 , 2-§=0 , %2=0

Example: (A) Find the scalar product between the vectors A=22-3 ¥+4%2 and
B=52-6 ¥ — 7 2. (B) What is the angle between these two vectors?
(A) Compare A=22- 39+42to A= AR+ A9+ A,2to see that A, =2, A, = -3, and
A, = 4. Similarly, B, = 5, B, = —6,and B, = —7. Use the appropriate equation:
A-B=A,B, +AyBy + A,B, = (2)(5) + (—=3)(=6) + (4)(=7) =10+ 18 — 28 = 0
(B) Now apply the other equation for the scalar product:
A-B=ABcosf
0= ABcos@
Since A and B are clearly nonzero, it follows that:
cosf =0
8 = cos™1(0) = 90°

Example: Determine the angle betweenA = 28 —2and B = 58 — V55 §.
First work with the components of the given vectors in order to find the scalar product.

Compare A=2%—2 to A=A,%+A,§+4,2 to see that A, =2, 4, =0, and 4, = —1.
Similarly, B, = 5, B, = —V55,and B, = 0.

A-B=AB, +A,By + A,B, = (2)(5) + (0)(—V55) + (-1)(0) =10+ 0+ 0 = 10
Next we need to determine the magnitudes of the given vectors:

A= [A2+2+A2=22+02+(-1)2=+

B= B}+B}+B§=J52+(—\/§)2+02=\/8_=,/(16)(5 =45

182



Now use the second form of the scalar product to solve for the angle.
A-B=ABcosf
10 = (\E)(lh/g) cosf = (4)(5) cos @ = 20 cos 0
10 1

f=—==
cos 20 2

1
6 = cos™! (-) = 60°
cos 2

111. Find the scalarproductbetweenﬁ: 6%+9y+32andB=2%+8§+4%

Answer: 32

112. Find the scalar productbetweenx =2%-9+62andB=-3%+29+52

Answer: 22

113. Find the scalar product between A=3 ¥+ 42Zand B=9%-3 y-2

Want help? Check the hints section at the back of the book.
Answer: -13
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Chapter 20 - The Scalar Product

114. Find the scalar product between A=12%+ 4§—16Zand B=2%-24 §-62

Answer: 24

115. Determine the angle between A=3 ¥—32%and B= —-69+62

Answer: 180°

116. Determine the angle betweenA = 3% — V3y+22andB=V3%-9+2V32

Want help? Check the hints section at the back of the book.
Answer: 30°
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21 WORK AND POWER

Relevant Terminology

Displacement - a straight line from the initial position to the final position.

Work - work is done when there is not only a force acting on an object, but when the force
also contributes toward the displacement of the object.

Power - the instantaneous rate at which work is done.

F
(]

wi

Work Equations

The work (W) done by a specified force equals the integral of the scalar product of the
force (13) with the displacement (ds) from the initial position (i) to the final position (f):

f x y z
W=f?~ds'= f F. dx + J' F,dy + f F,dz

i X=Xp Y=Yo z=Zy
For a constant force, this simplifies to the scalar product (Chapter 20) between the force
(F) and the displacement (). The displacement vector is a straight line from the initial
position (i) to the final position (f) and can be expressed as§ = Ax X + Ay ¥ + Az Z (it's no
different than what we called AF in Chapter 12). The angle 8 is the angle between F and §.

w =l3-s'=FxAx+FyAy+FzAz=FscosB
For the work done by gravity (over a non-astronomical change in altitude), the force is mg.
The work done by gravity is proportional to the change in height (Ah).
W; = —mgAh

For an astronomical change in altitude, W, involves the gravitational constant (G), masses
of the planet and object (m, and m), and distance from the center of the planet (R). The
equation below comes from integrating Newton's law of gravity (Chapter 18) from R, to R.

1

1
Wy = 6mym (5= 7,)

For the work done by friction (which is nonconservative, so we call it W,,.), the force is uN
(the coefficient of friction times normal force) and the angle is 180° (since friction is
opposite to the displacement). The work done by friction is negative since cos 180° = —1.
For friction, s is the total distance traveled, not the net displacement.
Woe = —uN's
Normal force does no work because it is perpendicular to the displacement (cos 90° = 0):
Wy=0
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Chapter 21 - Work and Power

The work done by a spring involves the spring constant (k) and the displacement from
equilibrium (Ax, which is simply x if we put the origin at equilibrium). It is positive if the
spring displaced towards equilibrium and negative if displaced away from equilibrium.

The equation below comes from integrating Hooke's law (Chapter 15) over x.

The net work uses the net force, }, F,, which equals ma, according to Newton’s second law:

1 2
W, = iikx

Whee = (RE)s o Wige = mays

Symbols and Units
Symbol Name Units
F force N
s displacement m
ds differential displacement m
7] angle between F and § °orrad
w work J
m mass kg
g gravitational acceleration m/s?
Ah change in height m
G gravitational constant Nl or mjv.
kg? kgs?
my, mass of large astronomical body kg
R distance from the center of the planet m
" coefficient of friction unitless
N normal force N
I spring constant N/m (or kg/s?)
X displacement of a spring from equilibrium m
a, x-component of acceleration m/s?
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Strategy for Finding Work Done

To find the work done, it depends on which force is specified in the problem. Choose the
correct equation based on which force or which type of work is specified:
1. The work done by gravity for a small change in altitude, where Ah equals the change
in altitude:
W, = —mgAh
This will turn out negative (=) if the final position (f) is above the initial position
(i), and positive (+) if the final position (f) is below the initial position (i).
2. The work done by gravity for a significant change in altitude (like climbing a tall

mountain or launching a rocket into space):
1

1
Wy = Gmym (E - R_o)
3. The work done by friction (nonconservative work), where s is the distance traveled:
Wpe = —uNs
To find normal force (N), draw a FBD and set ¥ F,, = 0 (Chapter 14).
4. The work done by normal force is zero because # = 90° and cos 90° = 0:
Wy=0
5. The work done by a spring is:
W, = :t%lmr2
Choose the positive (+) sign if the spring is displaced towards equilibrium and the
negative (—) sign if it is displaced away from equilibrium.
6. The net work can be found two ways, depending upon whether you know the net
force (¥ ) or the acceleration (a,):

Whet = (Z F,)s or Wy =mays
See Chapter 14 regarding how to find }, F, and Chapters 3-4 regarding a,.
7. Given a constant force in the form F = F,& + F,9 + F,2 along with displacement in
the form § = Ax ¥ + Ay ¥ + Az 2, find the scalar product (Chapter 20):
W =F-§ = FAx + FAy + F,Az
8. Given the magnitude of the force (F), the magnitude of the displacement (s), and the
6 between F and §, use the trig form of the scalar product (Chapter 20):
W=F-5=Fscosf
9. Given force as a function of the Cartesian coordinates x, y, and z, perform the

following integral as described on page 196.
x

¥y z
W= ]dex+ ijdy+ fF,dz
=z,

X=Xq Y=Yo z=zp
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Chapter 21 - Work and Power

Notes Regarding Units

The SI unit of work is the Joule (J). It follows from the work equation,
W =F scos@
that a Joule is equivalent to a Newton times a meter:
1J=1N'm
Recall from Chapter 14 how a Newton relates to a kilogram, meter, and second:
1N = 1kg- m/s?
Using this relationship, we see that a Joule equals:
kg - m?

1)=1=5

Example: How much work must a monkey do against gravity in order to lift a 30-kg box of
bananas 2.0 m off the ground?

Find the work done by gravity:
W, = —mgAh = —(30)(9.81)(2 — 0) = —(30)(10)(2) = —600]

The work done by gravity is negative (—) because the final position (f) is above the initial
position (i). However, this is a tricky question because it asked for work done “against
gravity” instead of the work done “by gravity.” The word “against” makes it the opposite,
so the correct answer to this question is +600 ]. (The distinction is that =600 ] is done “by”
gravity, whereas +600 ] is done “against” gravity. In this example, the work done "by”
gravity is negative because gravity wants the object to fall, and this box instead went up,
while the work done “against” gravity is positive because it was displaced in a direction
opposite to, meaning against, the direction of gravity.)

Example: A 30-kg box of bananas uniformly accelerates for a distance of 4.0 m along an
incline. The acceleration of the box is 6.0 m/s?. Find the net work done by the system.

Use the equation for net work involving acceleration.

Whee = ma,s = (30)(6)(4) =720]
(The work done “by” the system is positive since the acceleration is parallel to the net
displacement. If the question had asked for the work done “on” the system, instead of the
work done “by” the system, then the answer would have been =720 ].)
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Example: A monkey pushes a 15-kg box of bananas against a spring, compressing the
spring 2.0 m from equilibrium. The spring constant is 30 N/m. How much work is done by
the spring?

The work is negative because the spring went away from equilibrium:

1
W, = —=kx?
s Zx

1
W, = —2(30)(2)? = ~60]

(If the question had asked for the work done “against” the spring, or “by” the “monkey,”
instead of the actual question which states “by” the spring, then the sign of the answer
would have been opposite. That is, the work done against the spring or by the monkey
would be +60 ], whereas the work done by the springis —60 ].)

Example: A chimpanzee carries a 2.0-kg bunch of bananas 8.0 m horizontally. How much
work is done by gravity?

Gravity doesn’t do any work because the height doesn’t change: W, = 0 since Ah = 0.

Example: Planet v,, has a mass of 9.0 x 10** kg. An 8000-kg satellite orbits v,, in an
elliptical orbit. How much work is done by gravity when the satellite’s orbital distance is
reduced from 4.0 X 10’ m to 3.0 x 107 m?

Since this change in altitude is astronomical (unlike the previous example), we use the
other equation for the work done by gravity, where R, = 4.0 X 107 m is the initial position
and R = 3.0 X 10”7 m is the final position (it went from4.0 x 107 m t03.0 x 107 m):
1 1 2 1 1
=G (———)::(—x 0"“) 9 x 10**)(8 x 10° ( ——)
Wemlmm(y Sps) NG R0 X X S TP 410
If not using a calculator, it is convenient to reorganize and factor out the 107:
(2)(9)(8) 10°1°10%*10% (1 1) _ 10" ( 4 3 ) _ m( 1 )
¥ @ T 107 373 =X \iz T 1z) =810
W, =~ 4.0x 10"]
The work done by gravity came out positive because the satellite came closer to the planet.
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Chapter 21 - Work and Power

Example: As illustrated below, a 60-kg box of bananas slides down a curved hill shaped like
a quarter circle with a radius of 25 m. Find the work done by normal force.

f

Normal force is perpendicular to the surface at all times, such that the angle between Fand
§is90°. Since cos 90° = 0, normal force doesn’t do any work: Wy = 0.

Example: A 40-kg box of bananas slides 5.0 m along horizontal ground. The coefficient of
friction between the box and ground is 41. How much work is done by friction?

First, we need a FBD (Chapter 14) so that we can find normal force.

-y
=

Sum the y-components of the forces to find normal force:

Z E, =ma,

N-mg=0

N =mg

We set a, = 0 because the box is accelerating horizontally, not vertically. Substitute this
expression for normal force into the equation for the work done by friction:

1 1

Wpe=—uNs=—-umgs = —2(40)(9.81)(5) =~ —2(40)(10)(5) ==500]

The work done by friction is negative because it subtracts mechanical energy from the
system.
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Example: A force F = 3% — 2 § causes the displacement § = 4 % — 5 §, where SI units have
been suppressed. Find the work done.

For a constant force (there are no variables in 3 & — 2 §, since & are § unit vectors), work is
the scalar product (Chapter 20) between force and displacement:

W =F-§ = RAx + Ay + EAz = (3)(4) + (~2)(~5) = 12 + 10 = 22]

Example: As illustrated below, a monkey pulls a 6.0-kg box of bananas with a force of 80 N
in a direction that is parallel to the incline. The box travels 5.0 m up the incline. Find the
work done by the monkey’s pull.

Since none of the other equations apply, and since the force is constant, use the scalar
product equation for work:

W =F-5=F scosf = (80)(5) cos 0° = 400 |
Note that the correct angle to use in this example is 0° because we want the work done by
the monkey’s pull and the pull is parallel to the displacement (along the incline). The angle
6 in the work equation is the angle between the force and the displacement.

Tip: Always take a moment to draw the specified force and the displacement, as this makes
it easier to work out the correct angle to use.
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Chapter 21 - Work and Power

117. A monkey drops a 50-kg box of bananas. The box falls 1.5 m. How much work is done
by gravity?

Answer: 750]
118. A monkey stretches a spring 4.0 m from equilibrium. The spring constant is 8.0 N/m.
How much work is done by the spring?

Answer: -64]
119. Planet Coconut has a mass of 5.0 x 10%* kg and a radius of 4.0 X 10° m. Find the work
done by gravity when a 300-kg rocket climbs from Coconut’s surface up to an altitude of
4.0 X 10° m above Coconut’s surface.

Answer: —1.25 x 10
120. A 200-kg bananamobile uniformly accelerates from rest to 60 m/s in 5.0 s. Find the
net work done.

Want help? Check the hints section at the back of the book.
Answer: 360 k]
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121. A 20-kg monkey slides 8.0 m down a 30° incline. The coefficient of friction between

2 &5 = o
the monkey and the incline is \T

(A) Find the work done by gravity.

(B) Find the work done by the friction force.

(C) Find the work done by the normal force.

(D) Find the net work.

Want help? Check the hints section at the back of the book.
Answers: 800],-600],0,200]
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122. Aforce F=28%+ 6 § causes the displacement § = 3 & — 8 §, where SI units have been
suppressed. Find the work done.

Answer: -42]
123. Aforce F=78-9 ¥+ 52 causes the displacement § = 6 & — 2, where SI units have
been suppressed. Find the work done.

Answer: 37]
124. A monkey pulls on a box of bananas with a force of 300 N. The box of bananas travels
12 m along a straight line. The angle between the monkey’s pull and the displacement is
60°. How much work does the monkey do?

Want help? Check the hints section at the back of the book.
Answer: 1.8k]
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125. As illustrated below, a monkey pulls a 20-kg box of bananas with a force of 160 N at
an angle of 30° above the horizontal. The coefficient of friction between the box and the

ground is g. The box travels 7.0 m.

(A) Find the work done by the pull.

(B) Find the work done by the friction force.

(C) Find the work done by the normal force.

Want help? Check the hints section at the back of the book.
Answers: 560v/3 ], —140y3], 0
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Chapter 21 - Work and Power

Strategy for Performing the Work Integral

If a problem gives you force as a function of the Cartesian coordinates x, y, and z, follow
these steps to perform the work integral:

1.

6.
7.

Identify the x-, y-, and z-components of the force. If the force is expressed in terms
of Cartesian unit vectors as F = F R+ F,§ + F,2, the components of the force are F,
F,, and F, (the coefficients of &, §, and Z).
Write the equation for the work integral.

x y z
W= fl-;dx+ J’Fydy+ J’F;dz
X=Xq Y=Yo z=zy

Substitute the expressions for F, Fy,, and F, from Step 1 into the integrals in Step 2.
Express F, strictly as a function of x. If F, is a function of both x and y, use the
equation of the path taken from the initial position to the final position to express y
in terms of x.

Express F, strictly as a function of y. If F is a function of both x and y, use the
equation of the path taken from the initial position to the final position to express x
in terms of y.

Similar to Steps 4 and 5, express F, strictly as a function of z.

Perform the integrals over F, F,, and F, using methods from Chapters 2 and 9.

This strategy is illustrated in the examples that follow.

Example: A monkey exerts a force F = 6x2 & (where SI units have been suppressed) as a
box of bananas is displaced in a straight line from (2.0 m,0) to (3.0 m,0). Find the work
done by the monkey.

Compare the force F=6x2% to the general equation F = F&+ F§+FZ to see that
F, = 6x?, F, =0, and F, = 0. Substitute F, Fy,, and F, into the work integral. Since the box
travels from (2.0 m, 0) to (3.0 m, 0), the limits of the x-integration are from x, = 2tox = 3.

x & 4 z 3
w= fodx+ fF,dy+ fF,dz: f6x2dx+0+0
x=Xxg y=yp z=zy x=2

This integral can be performed using the method from Chapter 2:

3
x2+1 3 X3 3
W= f 6x%dx = [6 l = [6—] = [2x%)3,
a2 2+1),., 32

Evaluate 2x3 over the limits:

W = 2(3)? — 2(2)* = 2(27) — 2(8) = 54 — 16 = 38
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Example: A monkey exerts a force F= y? & — xy § (where SI units have been suppressed)
as a box of bananas is displaced in a straight line from (2.0 m, 1.0 m) to (2.0 m, 4.0 m). Find
the work done by the monkey.

Compare the force F = y2 & — xy § to the general equation F = F,& + F,§ + F,Z to see that
F. =y% F, = —xy, and F, = 0. Substitute F, F,, and F, into the work integral. Since the
box travels from (2.0 m, 1.0 m) to (2.0 m, 4.0 m), the limits of the x-integration are from
Xp = 2 to x = 2 and the limits of the y-integration are fromy, = 1toy = 4.

x ¥ z 2 4 4
W= f F, dx + f Fdy + f Fdz= jyzdx— fxydy+0=0— fxydy+0
x=2 y=1 y=1
The x-integral is zero since the lower and upper limits are identical (both equal 2). We
can't integrate over y yet because the integrand contains x. What we can do is realize that
x is a constant and equal to 2 because the box travels in a straight line from (2.0 m, 1.0 m)
to (2.0 m, 4.0 m). This means that we can substitute x = 2 into the y-integral.

£ 4 yr )t y?*
- fxydyr nydy=—2 =-[25| =-Db
1+1 2
y=1 y=1 rmt y=1
Evaluate y? over the limits:
W=—(42-12)= (16— 1) = —15]

X=Xp y=Yo z=Zy

Example: A monkey exerts a force F = y & + xy § (where SI units have been suppressed) as
a box of bananas is displaced along the line y = 2x from (0,0) to (3.0 m, 6.0 m). Find the
work done by the monkey.

Compare the force F= y X+ xy ¥ to the general equation F=FR+ F,§ + E2 to see that
F, =y, F, = xy, and F, = 0. Substitute F, F,, and F, into the work integral. Since the box
travels from (0, 0) to (3.0 m, 6.0 m), the limits of the x-integration are fromxy; =0tox =3
and the limits of the y-integration are fromy, = 0toy = 6.

¥

x z 3 6
W= fF;dx+ nydy+ ]F;dz: fydx+ fxydy+0
x=Xxp y=yp z=2zy x=0 y=0
We can't integrate yet because the x-integrand contains y and vice-versa. Since the box
travels along the line y = 2x, we can substitute this into the x-integral. Solving for x in the
equation y = 2x, we getx = %, which we can substitute into the y-integral.
3 6 3 6

2 318
W= ijdx+ jxydy= f2xdx+ dey=[x2]§=o+ X
2 2 6:]...
x=0 y=0 x=0 =0 y=0
6% 0%
W=32—02+?—?=9+36=45]
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Chapter 21 - Work and Power

126. A chimpanzee exerts a force F= 15y* § (where SI units have been suppressed) as a
box of pineapples is displaced along a straight line from (0, —1.0 m) to (0,2.0 m). Find the
work done by the chimpanzee.

Want help? Check the hints section at the back of the book.
Answer: 99]
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127. A lemur exerts a force F = x & + y2 § (where SI units have been suppressed) as a box
of grapes is displaced along a straight line from (2.0 m, 3.0 m) to (4.0 m, 6.0 m). Find the
work done by the lemur.

Want help? Check the hints section at the back of the book.
Answer: 69]
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Chapter 21 - Work and Power

128. A gorilla exerts a force F= xy + x? § (where SI units have been suppressed) as a
box of coconuts is displaced along the parabola y = x? from (0,0) to (4.0 m, 16.0 m). Find
the work done by the gorilla.

Want help? Check the hints section at the back of the book.
Answer: 192]
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Power Equations

nstantaneous power (P) is a derivative of work (W) done with respect to time (t):

p= dw
B Tt
[he equation for average power (P) is work (W) done divided by the elapsed time (t):
- W
P=—

t
f the force (13) is constant, the average power can be found from the scalar product:
P=F-9=Fi,+Fb, +Fu,=F vcos

[he average velocity (i_i) arises from the displacement (s) divided by the time (Chapter 8):

<l

| @»

mportant Distinction

nstantaneous power involves a derivative, whereas average power does not. Pay careful
ittention to the wording.

Strategy for Finding Power

low you find power depends on whether the problem asks you to find instantaneous
)YOower or average power:
¢ Instantaneous power (P) is a derivative of work (W) done with respect to time (t).
p= dw
T
¢ How you calculate average power (P) depends on what you know:
o One way is to first find the work (W) done and then divide by the elapsed
time (t):
=W
Tt
The problem-solving strategies from pages 187 and 196 help you find work.
You may need to use the equations from Chapters 3-4 to find time.

o If the force is constant, average power equals the scalar product between
force (l?) and average velocity (7_1').
P=F% or P=FEv +Fv,+FEv, or P=Fucos

In this context, 0 is the angle between F and 7.
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Chapter 21 - Work and Power

Symbols and Units
Symbol Name Units
F force N
v average velocity m/s
2] angle between Fand v °orrad
w work ]
P instantaneous power w
P average power w
t time s

Notes Regarding Units

The SI unit of power is the Watt (W). It follows from the power equation,
dw

T
that a Watt is equivalent to a Joule per second:

1W= 11
H
In terms of the base SI units, a Watt can be expressed as:
kg - m?
s
One horsepower (hp) is equivalent to 746 Watts: 1 hp =746 W.
Notice that the W’s don’t match:
e Work (W) is measured in Joules (]).
e Power (P) is measured in Watts (W).

Example: A monkey designs a motor that does 300 | of work in 4.0 s. What average power
does the motor deliver?

Use the equation for average power that involves work and time:
_ W 300
P=—=—=75W
t 4
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Example: A monkey pulls a box of bananas with a force of 40 N at an angle of 60° above the
horizontal, while the box of bananas travels with a constant speed of 3.0 m/s horizontally.
What average power does the monkey deliver to the box of bananas?

Use the equation for average power that involves average speed:
. 1
P =F vcosf = (40)(3) cos 60° = (40)(3) (E) =60W

The angle 8 is 60° because it is defined as the angle between the force and the velocity.

Example: The work done by a monkey is given by the expression W = 4¢3 (where SI units
have been suppressed). (A) What is the instantaneous power at t = 5.0 s? (B) What is the
average power fromt =0tot = 5.0 s?

(A) Instantaneous power is a derivative of work with respect to time. This derivative can
be found using the technique from Chapter 2:

_dw _d s 3-1 _ 1942

- dt(4t )= =12t
Evaluate the derivative at the specified time:

P(att =5s) = 12(5)? = 12(25) = 300 W
(B) Average power equals the work done divided by the elapsed time.
w4

P=—=—=4t?
t it

The elapsed time is 5.0 s:
P = 4(5)? = 4(25) = 100 W

Example: A monkey exerts a force F = 3%+ 5§ on a box that has an average velocity of
U = —2 & + 4 §, where S units have been suppressed. Find the average power delivered by
the monkey.

The average power equals the scalar product (Chapter 20) between force and average
velocity. Compare F=3%+59t0 F= FER+ F§+ FE2 to see that F, =3, F, =5, and
F, = 0. Similarly, v, = -2, vy, = 4, and v, = 0.
P=F ¥ =Fu, +Eu,+Ev,
P=(3)(-2)+(5)(4) +(0)(0) =-6+20+0
P=14W

203



Chapter 21 - Work and Power

129. The work done by a monkey is given by the expression W = 72/t (where SI units
have been suppressed). (A) What is the instantaneous power at t = 9.0 s? (B) What is the
average power fromt =0tot = 9.0 s?

Answer: 12W, 24 W
130. A monkey exerts a force F=8%-2% on a box that has an average velocity of

V=6%— ¥, where SI units have been suppressed. Find the average power delivered by the
monkey.

Answer: 50 W
131. A 200-kg bananamobile uniformly accelerates from rest to 60 m/s in 5.0 s. Find the
average power delivered.

Want help? Check the hints section at the back of the book.
Answer: 72 kW
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22 CONSERVATION OF ENERGY

Relevant Terminology

Energy - the ability to do work, meaning that a force is available to contribute towards the
displacement of an object.

Potential energy - work that can be done by changing position. All forms of potential
energy are stored energy. For example, gravity stores energy: If you let go of an object,
gravity will do work to change the object’s height. Similarly, a spring stores energy: A
compressed spring can be used to do work, displacing an object toward (and eventually
beyond) its equilibrium position (for example, to launch an object up into the air).

Kinetic energy - work that can be done by changing speed. Moving objects have kinetic
energy. Hence, kinetic energy is considered to be energy of motion.

Nonconservative work - energy that the system exchanges with the surroundings (which
includes changes to the system’s internal energy). In many kinematics problems, noncon-
servative work is work done by resistive forces such as friction.

Reference height - the origin of your coordinate system from which you are measuring all
of your heights.

Escape speed - the initial speed that a rocket needs to escape the pull of an astronomical
body (like a planet or moon).

Conservation of Energy

Energy is conserved in nature. The total energy of any completely isolated system remains
constant. If the system isn’t completely isolated, energy is still conserved, but you must
account for exchanges of energy between the system and the surroundings. While energy
can neither be created nor destroyed, it can be transformed from one kind into another.
For example, potential energy can be converted into kinetic energy (or vice-versa), or
mechanical energy can be transformed into heat energy.

Conservation of energy can be expressed mathematically as follows, where PE stands for
potential energy, KE stands for kinetic energy, and W}, represents nonconservative work:
PEy + KEy + W, = PE + KE

On the left-hand side, PE, + KE, represents the total initial energy of the system, while on
the right-hand side, PE + KE represents the total final energy of the system. The term W,
represents energy exchanged between the system and surroundings (such as work done by
friction). If W, equals zero (meaning that no nonconservative work is done), then the total
initial energy of the system equals the total final energy of the system.

205



Chapter 22 - Conservation of Energy

Work-Energy Theorem

An alternate, yet equivalent, way to express the idea of conservation of energy is via the
work-energy theorem. According to the work-energy theorem, the net work done on the
system equals the change in the system’s kinetic energy:
Wiee = AKE = KE — KE,
Here, the net work (W,,,) includes both nonconservative work (W,.) and work done by
conservative forces (W.): Wy, = W, + W,.. The work done by conservative forces (W)
equals the negative of the change in the system’s potential energy (APE): W, = —APE =
—(PE — PE,) = PE, — PE. The equation for the work-energy theorem becomes the
equation for conservation of energy if you make these two substitutions:
W, + W, = KE — KE,
—(PE — PEp) + Wye = KE — KEy
PEy + KEy + Wae = PE + KE
Although the work-energy is equivalent to conservation of energy, students tend to make
more mistakes trying to apply the work-energy theorem than they do trying to apply
conservation of energy to solve a problem. So unless a problem specifically asks you to find
the net work or the change in kinetic energy, applying conservation of energy is the
recommended problem-solving strategy for problems that involve changes in position and
changes in speed.

Forms of Energy

Energy can be classified as follows:
« Potential energy (PE) is work that can be done by changing position.
« Kinetic energy (KE) is work that can be done by changing speed.
+ Nonconservative work (W,,.) involves exchanges of energy between the system and
its surroundings (including changes in the system’s internal energy). A common
example is work done by resistive forces such as friction.

Here are two common examples of how potential energy relates to position:

« Gravitational potential energy depends on height. The greater an object’s height, the
more gravitational potential energy it has. Simply remove whatever forces may be
supporting an object and gravity will immediately begin doing work on the object,
causing the object’s height to change.

« Spring potential energy depends on how much the spring is compressed or stretched
from its equilibrium position. The further a spring is from equilibrium, the more
spring potential energy it has. If you stretch a spring and release it, for example, the
spring will do work, compressing itself toward its equilibrium position.
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Escape Speed

As we will see in one of the examples, you can determine an object’s escape speed by
applying the law of conservation of energy. Every astronomical body has an escape speed,
which represents the minimum initial speed that an object would need in order to escape
the astronomical body’s gravitational pull.

If you jump upward, you fall back down. If you throw a rock upward, it eventually falls
back down to earth. But if you could launch a rocket with a great enough speed, it could
leave earth’s gravitational pull forever. Earth’s escape speed tells us exactly how fast a
rocket would need to be traveling to escape from earth’s gravitational field.

The way to calculate escape speed is to set the final kinetic energy equal to zero when the
rocket gets infinitely far away. If it has enough initial kinetic energy to eventually reach the
edge of the universe, then it will escape the influence of the astronomical body. We'll
explore the details of this calculation in one of the examples.

Symbols and Sl Units
Symbol Name ' SI Units
Whet net work ]
PE, initial potential energy ]
PE final potential energy ]
KE, initial kinetic energy ]
KE final kinetic energy ]
Wy nonconservative work ]
m mass kg
g gravitational acceleration m/s?
hg initial height (relative to the reference height) m
h final height (relative to the reference height) m
Vg initial speed m/s
v final speed m/s
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Chapter 22 - Conservation of Energy

G gravitational constant Ek“l; or %:2
my, mass of large astronomical body kg
R distance from the center of the planet m
k spring constant N/m (or kg/s?)
x displacement of a spring from equilibrium m
Energy Equations

Conservation of energy can be expressed as:
PEy + KEy + W, = PE + KE
Since energy is the ability to do work, the equations for potential energy are very similar to
the equations for work (Chapter 21). In fact, the equation for potential energy can be
found from the corresponding equation for work by using the following relationship:
W, = —APE = —(PE — PE,) = PE, — PE.
« Gravitational potential energy is proportional to height (h). For a non-astronomical
change in altitude:
PEsy=mghy , PE; =mgh
Here, height is measured relative a reference height, which is a point that serves as
the origin of your coordinate system. For an astronomical change in altitude, use
the following equations instead, where R is measured from the center of the
astronomical body (like a planet or moon):
m,m m,m
PEgy = —G Ry PE, = -G R
« Spring potential energy is proportional to the square of its displacement from
equilibrium (x), where k is the spring constant:

1,2 1 2
PEy, = Ekxo , PEg= Ekx
Kinetic energy is proportional to speed (v) squared:
1 1
KE, = Emv& , KE= Emvz
Nonconservative work is often the work done by friction (see Chapter 21), where y is the
coefficient of friction, N is normal force (found by drawing a FBD and setting a,, = 0 in
X F, = ma,), and s is the total distance traveled for which there is friction:
Whe = —uNs
The work-energy theorem states that the net work equals the change in kinetic energy:
Whet = AKE = KE — KE,
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Conservation of Energy Strategy

It is useful to apply the law of conservation of energy to problems that involve a change in
position and a change in speed. For problems that give you acceleration or ask you to find
acceleration, it may be more efficient to apply a different strategy (like Newton’s second
law, depending on the nature of the problem). To apply the law of conservation of energy
to a problem, follow these steps:

1. Draw a diagram of the path. Label the initial position (i), final position (f), and the
reference height (RH). Note: The reference height is not itself an actual value to
use. Rather, the reference height is like the origin of your coordinate system,
indicating from where you are measuring the initial height (h,) and final height (h).

2. Is there a spring involved in the problem? If so, also mark these positions in your
diagram: equilibrium (EQ), fully compressed (FC), and fully stretched (FS).

3. Write out the law of conservation of energy in symbols:

PEy + KEy + W, = PE + KE

4. Rewrite each term of the conservation of energy equation in symbols as follows:

o At the initial position (i), is the object’s height different from the reference
height (RH)? If so, then PE,y = mgh, (except for a large change in altitude,

where PE;, = —G %) Otherwise, if at the initial position (i) the object is
at the reference height (RH), then PE, equals zero.

* At the initial position (i), is the object connected to a spring, and if so, is the
spring either compressed or stretched from its equilibrium position (EQ)? If
so, then PEy, = ikxg. Note that if the spring is in its equilibrium position
(EQ) at the initial position (i), then PE, equals zero.

« Initial potential energy may include both gravitational and spring potential
energy: PE, = PEg + PEg,.

e At the initial position (i), is the object moving? If so, then KE, = %mvé.
Otherwise, if at the initial position (i) the object is at rest, then KEj is zero.

¢ Is any nonconservative work being done between the initial position (i) and
the final position (f)? A common example is work done by a resistive force
such as friction. If there is friction in the problem, write W,. = —uNs. Draw
a FBD and set a, = 0 in ¥ F, = ma,, to solve for normal force (N). If non-
conservative work isn’t done, then W,,. equals zero.

o At the final position (f), is the object’s height different from the reference
height (RH)? If so, then PE; = mgh (except for a large change in altitude,
where PE, = -G mn—’;‘-) Otherwise, if at the final position (f) the object is at
the reference height (RH), then PE, equals zero.
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Chapter 22 - Conservation of Energy

« At the final position (f), is the object connected to a spring, and if so, is the
spring either compressed or stretched from its equilibrium position (EQ)? If
so, then PE; = %kx? Note that if the spring is in its equilibrium position
(EQ) at the final position (f), then PE equals zero.

« Final potential energy may include both gravitational and spring potential
energy: PE = PE; + PEs.

e At the final position (f), is the object moving? If so, then KE = %mvz.
Otherwise, if at the final position (f) the object is at rest, then KE is zero.

5. It may help to think of the conservation of energy equation as looking like this:

1 1 1 1
mgh, + 5’”‘02 + Emvcz, — uNs = mgh + EIM2 + imv2
In practice, one or more of these terms will often be zero, in each of the cases noted

in Step 4.
6. Use algebra to solve for the desired unknown.

Note Regarding Subscripts

It's very important to distinguish initial from final:

e hy is the initial height.

e his the final height.

* X, is the initial displacement of a spring from equilibrium.

e xis the final displacement of a spring from equilibrium.

e v, is the initial speed.

e vis the final speed.
When students forget the subscript zero (called “nought”), they get cancellations in their
algebra that shouldn’t occur. For example, if you write mgh on the left-hand side instead of
mghy, and if you also have mgh on the right-hand side, then your mgh’s will cancel out in
the algebra in a situation where they don’t really cancel because the two h's are different.

Reference Height

Label a reference height (RH) in your diagram. This special point serves as the origin of
your coordinate system from which all heights are measured. For example, you could
measure all of your heights from the ground, or you could measure them all from the top of
a building. Either way, the change in height will come out the same. The reference height
makes it clear where you are choosing to measure your heights from. (When using the

equation PE = —G ﬂ’;ﬂ, the reference height is at infinity, as we will discuss in an example.)
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Example: As shown below, a box of bananas slides from rest down a curved frictionless hill,
descending 20 m in height. Determine the speed of the box when it travels along the
horizontal surface at the bottom of the hill.

i

f

Begin by drawing the path and labeling the initial position (i), final position (f), and
reference height (RH). The initial position (i) is where it starts, while the final position (f)
is anywhere along the horizontal. (The speed will be the same everywhere along the
horizontal since it is frictionless and the object has inertia - see Chapter 13 - but the speed
will change along the curved portion where the height changes). We choose the reference
height (RH) to be at the bottom of the hill. Write out conservation of energy:
PEy + KE, + Wy = PE + KE

Let's analyze this term by term:

e PEg = mghg since i is not at the same height as RH.

e PE, = 0sinceati there isn't a spring compressed or stretched from equilibrium.

e PE,=PE, + PE = mgh,.

e KE, = 0since the box is atrestati.

e W, = 0 since there are no frictional forces.

e PE, = Osince f is at the same height as RH.

e PE. = Osince at f there isn't a spring compressed or stretched from equilibrium.

e PE=PE,+PE;,=0.

e KE= %mv2 since the box is moving at f.

Make the above substitutions into the conservation of energy equation:
1
mghy = Emv2

Solve for the final speed:
2ghy = v?
v =/2gh, = /2(9.81)(20) = /2(10)(20) = V400 = 20 m/s
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Chapter 22 - Conservation of Energy

Example: As shown below, a box of bananas slides horizontally with an initial speed of 20
m/s. The coefficient of friction between the box and the ground is % How far does the box

of bananas travel?

RH i f
Begin by drawing the path and labeling the initial position (i), final position (f), and
reference height (RH). The initial position (i) is where it starts, while the final position (f)
is where the box comes to rest. We choose the reference height (RH) to be on the ground.
Write out conservation of energy:
PEy + KEy + W, = PE + KE

Let's analyze this term by term:

* PE,, = Osince i isat the same height as RH.

e PEy = Osince ati there isn’t a spring compressed or stretched from equilibrium.

e PE,=PEy, + PEg =0.

e KE,= %mvﬁ since the box is moving at i.

e W, = —uNs since there is work done by friction.

e PE, = Osince f is at the same height as RH.

e PE; = 0since at f there isn't a spring compressed or stretched from equilibrium.

e PE=PE;+PE;=0.

e KE = 0since the box comes to rest at f.
Make the above substitutions into the conservation of energy equation:
1
Emucz, —uNs=0
We need to find normal force. Draw a FBD: Weight pulls down, normal force pushes up,
and friction pulls backwards (decelerating the box).

=4

-y

mg

Apply Newton's second law (Chapter 14). Set a,, = 0 since the box doesn’t accelerate up or

ZF,.:may

N-mg=0
N =mg

down (just horizontally):

212



Plug the expression for normal force into the equation we obtained from conservation of
energy:

1
Emvg —uNs=0

1 5
Emvo —umgs =0

Solve for the distance that the box travels (s):

1 2
Vo = Hgs
vi
Ss=—
2ug
20? 20? 400

2 (%) (9.81) ) 2(%) (10) T

Example: As shown below, a pendulum swings back and forth, beginning from rest at the
leftmost position. The length of the pendulum is 40 cm. Find the speed of the pendulum
bob when it passes through the bottom of the arc.

"

L7605

(

RH
Begin by drawing the path and labeling the initial position (i), final position (f), and
reference height (RH). The initial position (i) is where it starts, while the final position (f)
is at the bottom of the arc (where we're trying to find the speed). We choose the reference
height (RH) to be at the bottom of the arc. Write out conservation of energy:
PEy + KEy + W, = PE + KE

Let's analyze this term by term:

* PE,, = mghg since i is not at the same heightas RH.

e PE., = Osince ati there isn't a spring compressed or stretched from equilibrium.

e PEy, = PEy + PE, = mgh,.

e KE, = 0since the pendulum at rest at i.

e W, = 0 neglecting any frictional forces.

* PE, = 0since f is at the same height as RH.

e PE; = 0since at f there isnt a spring compressed or stretched from equilibrium.

e PE=PE, +PE; =0.

e KE= -;-mv2 since the pendulum is moving at f.
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Chapter 22 - Conservation of Energy

Make the above substitutions into the conservation of energy equation:

mghy, = 3 mv?
We know the length of the pendulum (L), not the initial height (hy). We can solve for h,
using geometry. Study the diagram below.

Lcos@

hy

In the figure above, the two distances at the right add up to the length L:
L=hy+ Lcos8
hy =L —Lcos@
Convert L from 40 cm to meters: L =40 cm = 0.40m = % m.
2 2% 21 1

Now we can return to the equation that we reached from conservation of energy:
1 2
mghy, = Zmv

2ghy = v?

v = [Zghe = J2(9.81) (é) ~ JZ(IO) (é) =Vi=20m/s

Example: As illustrated below, a box of bananas slides from rest down a curved hill, passes
once through the circular loop, and then continues along the horizontal. Neglecting
friction, what is the minimum initial height needed to ensure that the box of bananas makes
it safely through the loop?

The trick to this problem is to realize that the wording “makes it safely through the loop”
demands that the normal force be positive. As long as there is normal force, the box of
bananas will be in contact with the surface. If the box of bananas loses contact with the
surface, the normal force will be zero. Therefore, we will solve this problem by demanding
that normal force be positive at the top of the loop: If the box of bananas reaches the top of
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the loop safely, its inertia will carry it on through. As always, the way to find normal force
is to draw a FBD. Normal force pushes down (perpendicular to the surface) because the
box reaches the top on the inside of the loop. Since the box is traveling in a circle, we must
follow the prescription from Chapter 17 and work with inward (in) and tangential (tan)
directions (not x and y).

Applying Newton's second law, where the acceleration is centripetal (a.), we obtain:

ZFin =mac

N +mg = ma,
N =m(a. - g)
If the centripetal acceleration is greater than g, the normal force will be positive.
N>0 =2a.>g
(The symbol = stands for “implies that.") Recall the equation for centripetal acceleration

2
(ar = v;) Substitute this into the above inequality.

a>g
2

—
RQ

v? > Rg
Now we use conservation of energy to relate the initial height to the speed at the top of the
loop. We'll save the above inequality for later.

Begin by drawing the path and labeling the initial position (i), final position (f), and
reference height (RH). (This is drawn on the previous page.) The initial position (i) is
where it starts, while the final position (f) is at the top of the loop. We choose the
reference height (RH) to be at the horizontal. Write out conservation of energy:
PEy + KEy + Wy, = PE + KE

Let's analyze this term by term:

* PE,, = mgh, since i is not at the same height as RH.

e PE, = 0since ati there isn't a spring compressed or stretched from equilibrium.

® PEy, = PEy + PEgy = mgh,,.

e KE, = 0since the box is atrestat .

e W, = 0since there are no frictional forces.

e PE, =mghsince f is not at the same height as RH.

e PE, = 0since at f there isn’t a spring compressed or stretched from equilibrium.
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Chapter 22 - Conservation of Energy

e PE = PE, + PE; = mgh.
o KE= %mv2 since the box is moving at f.

Make the above substitutions into the conservation of energy equation:

1

mghy = mgh + Emv
v?
gho = gh +?

Note that h = 2R since f is one diameter above the reference height:
v?

ghy = g2R + >
Recall from our normal force constraint that v? > Rg. Using this, we get:

Rg
ghy > g2R +7

As long as the initial height is at least 2.5 times the radius, the box of bananas will make it
safely through the loop, meaning that it won’t lose contact with the surface at any time.

Example: As shown below, one end of a horizontal 96 N/m spring is fixed to a vertical wall,
while a 6.0-kg box of banana-shaped chocolates is connected to its free end. There is no
friction between the box and the horizontal. The spring is compressed 2.0-m from the
equilibrium position and released from rest. What is the speed of the box when the system
passes through the equilibrium position?

FCEQFS
iy oif

[

QU - - - - - - - - RH

Begin by drawing the path and labeling the initial position (i), final position (f), and
reference height (RH). For a spring, we also label the equilibrium (EQ), fully compressed
(FC), and fully stretched (FS) positions. We choose the initial position (i) to be where the
spring is fully compressed (FC) and the final position (f) to be at the equilibrium (EQ)
position. We choose the reference height (RH) to be along the horizontal. Write out
conservation of energy:
PEy + KEy + W, = PE + KE
Let's analyze this term by term:
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* PE,y = 0since i is at the same height as RH.

e PE,= %kxcz, since a spring is compressed from equilibrium at i.
o PEy=PEg +PEy = Skxi.

* KE, = 0since the box is atrestati.

e W, = 0since there are no frictional forces.

e PE, = 0since f is at the same height as RH.

e PE. =0 since the spring is in its equilibrium position at f (a spring needs to be
compressed or stretched from equilibrium in order to have potential energy).

e PE=PE,+PE;=0.

e KE = %mt;2 since the box is moving at f.

Make the above substitutions into the conservation of energy equation:

%kxg = %mu2
Solve for the final speed:
kxg = mv?
kx?

v

0202
m
2
v= 'kmﬂ=xojé=2j%=2m=(2)(4)=8.0m/s

Example: Planet Watermelon has a mass of 6.0 X 102 kg and a radius of 2.0 X 10 m.
What is the escape speed of a rocket launched from the surface of Watermelon?

Ro
—

O ’
» to
RH

Begin by drawing the path and labeling the initial position (i), final position (f), and
reference height (RH). The initial position (i) is on the surface of Watermelon, while the
final position (f) is infinitely far away. Why infinitely far away? That's how far away the
rocket would eventually need to get in order to completely escape the influence of
Watermelon'’s gravitational pull. The reference height (RH) is also infinitely far away from
Watermelon. The reference height is the place where gravitational potential energy equals
zero. For a small change in altitude, when we work with the expression PE, = mgh, the

reference height is the place where h would be zero, since that would make mgh zero.
However, for a significant change in altitude (which is the case for the rocket), we work
Gum

P

with the expression PE, = — so the reference height is the place where R is infinite
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Chapter 22 - Conservation of Energy

¢zl suiassi : :
(since = approaches zero as R approaches infinity). Write out conservation of energy:

PEy + KEy + W, = PE + KE
Let's analyze this term by term:

e PE,=-— G—’::Lm since i is not at the same height as RH.
0
e PE = Osince ati there isn't a spring compressed or stretched from equilibrium.
o PEy=PEg +PEgy = — 22
0

e KE,= %muf, since the rocket must be moving at i in order to leave the planet.

e W, = 0 since there are no resistive forces like friction. (There is air friction while
the rocket travels through the atmosphere, but we always neglect air resistance

unless the problem states otherwise.)
Gmym
R

* PE, = Osince f is at the same height as RH (and since — approaches zero as R

approaches infinity).

e PE; = Osince at f there isn’t a spring compressed or stretched from equilibrium.

e PE=PE,+PE;,=0.

e KE = 0since the escape speed is the minimum initial speed needed for the rocket to
reach f. (If the rocket has any extra speed when it reaches the final position, it
would have been able to get there with a smaller initial speed.)

Make the above substitutions into the conservation of energy equation:

Gmym 1
o e R
Ro + 3Mvo 0
Solve for the initial speed:
1 Gm,m
bty SO ekl
Fmvg = Ro
26m
vi= R =
2
[26m, [2(5%107°) (6 x 10%9) j4 1016 — .
vo—‘} R ~j 2% 106 _\I 106 =4 x101°=20x10°m/s

A rocket needs an initial speed of at least 2.0 X 10° m/s in order to escape Watermelon's
gravitational pull. This is the escape speed for any object leaving planet Watermelon.
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132. From the edge of an 80-m tall cliff, a monkey throws your textbook with an initial
speed of 30 m/s at an angle of 30° above the horizontal. Your textbook lands on horizontal

ground below.

Draw/label a diagram with the path, initial (i), final (f), and the reference height (RH).

Use conservation of energy to determine the speed of your textbook just before impact.

Want help? Check the hints section at the back of the book.
Answer: 50 m/s
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Chapter 22 - Conservation of Energy

133. As shown below, a box of bananas has an initial speed of 40 m/s. The box of bananas
travels along the frictionless surface, which curves up a hill.

Draw/label a diagram with the path, initial (i), final (f), and the reference height (RH).

40 m/s
.

What is the maximum height of the box of bananas?

Want help? Check the hints section at the back of the book.
Answer: 80 m
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134. A monkey makes a pendulum by tying a 10-m long cord to a banana. The pendulum
swings back and forth, beginning from rest at the leftmost position in the diagram below.

Draw/label a diagram with the path, the initial position (i), the final position for each part
(fa and f3), and the reference height (RH).

(A) Determine the speed of the banana at point A.

(B) Determine the speed of the banana at point B.

Want help? Check the hints section at the back of the book.
Answers: 10 m/s, 10y/v/3 — 1 m/s (or 8.47 m/s in decimal form)
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Chapter 22 - Conservation of Energy

135. A box of bananas begins from rest at the top of the circular hill illustrated below (the
hill is exactly one quarter of a circle). The radius of the circular hill is 20 m. The hill is
frictionless, but the horizontal surface is not. The coefficient of friction between the box of

bananas and the horizontal surface is % The box of bananas comes to rest at point B.

Draw/label a diagram with the path, the initial position (i), the final position for each part
(fa and f3), and the reference height (RH).

(A) Determine the speed of the box of bananas at point A.

(B) Determine the distance between points A and B.

Want help? Check the hints section at the back of the book.
Answers: 20 m/s, 100 m
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136. A box of bananas slides 240v2 m down a 45° incline from rest. The coefficient of

friction between the box of bananas and the incline is 41.

Draw/label a diagram with the path, initial (i), final (f), and the reference height (RH).

Use energy methods to determine the speed of the box of bananas as it reaches the bottom
of the incline.

Want help? Check the hints section at the back of the book.
Answer: 60 m/s
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Chapter 22 - Conservation of Energy

137. A monkey rides the roller coaster illustrated below. The initial speed of the roller
coaster is 50 m/s. The total mass of the roller coaster is 210 kg. The diameter of the loop is
35 m. Neglect friction.

Draw/label a diagram with the path, initial (i), final (f) , and the reference height (RH).

A

50m/s
.

(A) How fast is the roller coaster moving at point A?

(B) What normal force is exerted on the roller coaster at point A?

Want help? Check the hints section at the back of the book.
Answers: 302 m/s, 19.5 kN
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138. A monkey uses a spring to launch a pellet with a mass of $ kg straight upward. The

s = 1 . :
spring is compressed Zm from equilibrium and released from rest. The pellet rises to &

maximum height of 45 m above its initial position (the initial position is where the spring is
ully compressed).

Draw/label a diagram with the path, initial (i), final (f), and the reference height (RH).
Also label the equilibrium (EQ) and fully compressed (FC) positions for the spring.

What is the spring constant?

Want help? Check the hints section at the back of the book.
Answer: 288 N/m
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Chapter 22 - Conservation of Energy

139. One end of a horizontal 75 N/m spring is fixed to a vertical wall, while a 3.0-kg box of
banana-shaped chocolates is connected to its free end. There is no friction between the box
and the horizontal. The spring is compressed 5.0-m from the equilibrium position and
released from rest.

Draw/label a diagram with the path, the initial position (i), the final position for each part

(fa and f3), and the reference height (RH). Also label the equilibrium (EQ), fully com-
pressed (FC), and fully stretched (FS) positions for the spring.

(A) What is the speed of the box when the system passes through equilibrium?

(B) What is the speed of the box when the spring is stretched 4.0 m from equilibrium?

Want help? Check the hints section at the back of the book.
Answers: 25m/s, 15m/s

226



140. Planet FurryTail has a mass of 1.5 x 10%¢ kg and a radius of 2.0 x 10° m.

Draw/label a diagram with the path, initial (i), final (f), and the reference height (RH).

What is the escape speed for a projectile leaving the surface of FurryTail?

Want help? Check the hints section at the back of the book.
Answer: 100 km/s
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Chapter 22 - Conservation of Energy

141. Planet SillyMonk has a mass of 3.0 x 10?* kg. A 2000-kg rocket traveling in a free fall
trajectory is moving 2000vV19 m/s when it is 8.0 x 107 m from the center of SillyMonk.

Draw/label a diagram with the path, initial (i), final (f), and the reference height (RH).

What is the speed of the rocket when it is 4.0 X 107 m from the center of SillyMonk?

Want help? Check the hints section at the back of the book.
Answer: 9000 m/s

228



23 ONE-DIMENSIONAL COLLISIONS

Relevant Terminology

Momentum - the product of mass and velocity.

Impulse - the change in an object’s momentum.

Elastic collision - a collision where both momentum and mechanical energy are conserved.
Inelastic collision - a collision where only momentum is conserved. Mechanical energy is
either lost or gained.

Perfectly inelastic collision - a collision where the objects stick together afterward. Only
momentum is conserved. Mechanical energy is either lost or gained.

Inverse perfectly inelastic collision - a process where two objects are together initially and
then separate. If the process is run in reverse, it would look like a perfectly inelastic
collision. Only momentum is conserved. Mechanical energy is either lost or gained.
Ballistic pendulum - a pendulum where a perfectly inelastic collision at the bottom of the
arc causes the pendulum to swing upward.

Essential Concepts

Momentum equals mass times velocity. Moving objects have momentum.

Impulse equals change in momentum. Impulse also equals average force times the time
interval. The average force exerted during the collision causes the change in momentum.
The concept of impulse can be useful conceptually. For example, if you jump off the roof of
a building, would you rather flex your knees when you land or lock your legs straight? You
probably know the answer from experience, but you can reason out the explanation using
the concept of impulse. Before your collision with the ground, either way your initial
momentum is fixed: It equals your mass times your initial velocity. Your final momentum
is also fixed: It will be zero after the collision. Therefore, your change in momentum and
your impulse are also fixed. What you can control is the duration of the collision: the time
interval. By flexing your knees and bending your legs with the collision, you extend the
time interval. Since impulse (which is the same either way) equals average force times the
time interval, by extending the time interval, you effectively reduce the average collision
force that the ground exerts on your legs. On the other hand, if you lock your legs stiff, you
reduce the time interval, resulting in a greater average force, which may cause a broken leg.

Note that elastic and inelastic aren’t distinguished by whether or not the objects stick

together, but by whether or not mechanical energy is conserved in addition to momentum.
The wording that tells you if objects stick together is “perfectly inelastic.”

229



Chapter 23 - One-dimensional Collisions

Collision Equations

Momentum (p) equals mass (m) times velocity (v):
p=mv
Impulse (j) equals change in momentum (Ap = p — P,). Impulse also equals the average
collision force (7'"5) times the time interval (At) of the collision.
J=8p=p-po=Fert
The law of conservation of momentum generally applies to collisions. Strictly speaking, the
total momentum of a system is only conserved if the net external force acting on the system
equals zero. However, in practice, most collisions last for only a very short duration, in
which case the total momentum of the system may be approximately conserved even if the
net force acting on the system isn't zero. In problems involving collisions, it is almost
always necessary to express conservation of momentum for the system:
MV + MyVyy = My + myv,
Mechanical energy is often not conserved for collisions. Mechanical energy is only
conserved for elastic collisions. Even then, it's not practical to write out conservation of
mechanical energy, since speed is squared in the equation for kinetic energy (KE = %mvz).

For elastic collisions, it's more efficient to write out the following equation in place of the
conservation of energy equation, as it makes the algebra more efficient. Don’t use the
following equation by itself: Combine it with the conservation of momentum equation
(above) and solve the system of two equations in order to solve a problem with an elastic
collision. (The following equation follows from the combination of both conservation of
momentum and mechanical energy for an elastic collision.) Note that the following
equation separates object 1 from object 2: It does not separate initial from final.
Vi + Uy =V + 0,
There are two special cases of the conservation of momentum equation worth knowing:
« For a perfectly inelastic collision, the final velocities are equal (since the objects stick
together in a perfectly inelastic collision):
M,y + MyVyg = (my + M)V
* For an inverse perfectly inelastic collision, the initial velocities are equal (in this case
the objects are together initially and then separate):
(my + my)V, = myv, + myv,
To calculate how much Kinetic energy the system gains or loses, compare the total final
kinetic energy (KE = %mlvf + %mzvzz) to the total initial kinetic energy (KE, = %mlvfo +
%mzvzzo). Note that the numerator is in absolute values.
|KE — KE,|

% change = K—Eo X 100%
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The ‘Tricky’ Collision

here is one type of collision that might not seem like a “collision” when you read the
oroblem. This is the inverse perfectly inelastic collision. This is a process where twc
bbjects have the same initial velocity and then separate.

Sign Note

An arrow above a symbol, as in ¥, reminds you that a quantity is a vector: It includes
lirection. In one-dimension, if two objects are heading in opposite directions initially, &
ninus sign is crucial toward obtaining the correct answers.

Symbols and Sl Units
Symbol Name Sl Units

P momentum kg-m/s
m mass kg

v velocity m/s

v speed m/s

j impulse Ns
Ap change in momentum kg:-m/s
F. average collision force N

duration of the collision
(time interval)

my mass of object 1 kg
my mass of object 2 kg
Vi initial velocity of object 1 m/s
Vyo initial velocity of object 2 m/s
v, final velocity of object 1 m/s
v, final velocity of object 2 m/s
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Chapter 23 — One-dimensional Collisions

Notes Regarding Units

The SI units of momentum are kg-m/s. This follows from the momentum equation:

p=mv
Since impulse equals change in momentum (i = Ap), it follows that impulse shares the
same SI units as momentum. However, since impulse also equalsi = frAt, the SI units of
impulse can also be expressed as N-s, which is more commonly used for impulse.

Strategy for One-dimensional Collisions

To solve a problem with a one-dimensional collision, follow these steps:

1. Declare your choice of the +x (or y) axis. If an object is heading in the - x (or —y)
direction at any time, its velocity will be negative.

2. How you solve a collision problem depends on the nature of the collision. Following
are the different types of one-dimensional collisions. (For a two-dimensional
collision, see Chapter 24.)

e Ifthe problem makes it clear that the objects stick together after the collision,
or if the problem calls the collision “perfectly inelastic,” use this equation:

MV + myvy = (my + my)v

« Iftwo objects are together initially and then separate, it's an inverse perfectly
inelastic collision. One example involves a monkey walking across a canoe in
water (or walking on a wooden plank on top of ice), where initially either the
system was at rest or the monkey was simply riding in the canoe.

(my + my)Vy = myv; + myv,

o If the problem calls the collision “elastic,” or if the problem tells you that
mechanical energy is conserved for the collision, use the two equations
below. You will need to solve the system with a substitution (Chapter 1):

My + MaVyg = MWy + MV,
Vig+ Uy =y + 7,

e A rare problem could involve an inelastic collision where the objects are
neither stuck together after nor before the collision, in which case only the
following equation applies. In such a rare problem, you would know three of
the four velocities.

MyVyg + My = MUy + MV,
3. If the problem asks you to determine the percentage of Kinetic energy lost or gained
in the collision, first find KE = %mlvf + %mzvzz and KE, = %mlvlzu + imzvfoz
% change = B Kol x 100%
KE,
(For an elastic collision, the % change will be zero: It doesn’t change at all.)
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Example: A 50-kg sumo wrestling orangutan traveling 4.0 m/s to the north collides head-
on with a 70-kg sumo wrestling orangutan traveling 5.0 m/s to the south. This wrestling
match occurs on horizontal frictionless ice. The two orangutans stick together after the
collision. Determine the final velocity.

First setup a coordinate system. We choose +x to point north. With this choice, v;o will be
along % and ¥, will be along —% (see Chapter 10). Since the orangutans stick together, use
the equation for a perfectly inelastic collision. They have the same final velocity:

myVyg + My = (My + my)v

(50)(4%) + (70)(—5%) = (50 + 70)v

2008 — 3508 = —150% = 120v
150
120
The orangutans travel % m/s to the south after the collision, since the & unit vector points to

the north. (See the end of Chapter 10 if you need to review unit vectors.)

v=-

5
&= —ZRm/s

Example: A 40-kg monkey is at rest on horizontal frictionless ice. The monkey throws a
10-kg watermelon to the east with a speed of 4.0 m/s relative to the ice (it's a little trickier
f the problem says “relative to the monkey,” but that case just requires vector subtraction
to express the velocity relative to the ice). Determine the final velocity of the monkey.

We can see conceptually what will happen from Newton's third law (Chapter 13): The
watermelon will exert a force on the monkey to the west, equal in magnitude to the force
that the monkey exerts on the watermelon. Therefore, we know that the monkey will
travel to the west. However, Newton’s third law doesn’t tell us how fast the monkey will
travel. We must apply the law of conservation of momentum to determine that.

First setup a coordinate system. We choose +x to point east. With this choice, the final
velocity of the watermelon, v,, will be along & while the final velocity of the monkey, v,,
will be along —& The monkey and watermelon are together initially, and then separate.
Thus, this is an inverse perfectly inelastic collision. They have the same initial velocity
(zero), since the monkey and watermelon are initially both at rest:
(my + my)Vy = myv, + myv,
0 = (10)(4%) + (40)v,
0 = 40% + 407,
—40% = 407,

& 40

v, = —Eﬁ =-1.08m/s
The significance of the minus sign is that the monkey travels 1.0 m/s to the west after
throwing the watermelon, since the & unit vector points to the east.
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Chapter 23 - One-dimensional Collisions

Example: A 15-kg box of lemons traveling 8.0 m/s to the north collides head-on with a 25-
kg box of oranges traveling 4.0 m/s to the south on horizontal frictionless ice. The collision
is elastic. Determine the final velocities.

First setup a coordinate system. We choose +x to point north. With this choice, ¥, will be
along % and v, will be along —% Since the collision is elastic, there are two different
equations to use. One equation expresses conservation of momentum:
my Vg + My = My + myv,
(15)(88) + (25)(—48) = 15V, + 257,
120% — 100% = 208 = 157, + 25V,
The second equation derives from a combination of the law of conservation of momentum
and the law of conservation of energy, and only applies to elastic collisions:
Vig+ 7y =V + 7,
8%+ vV, = —4%+ v,
We must use both equations to solve for the two unknown final velocities, ¥, and ¥,. Itis
simplest to first isolate one of the final velocities from the previous equation:
U, = 8R+ 4%+ v, = 128+ v,
Substitute this expression into the equation that came from conservation of momentum:
208 = 15%,; + 257,
208 = 15%, + 25(128 + v,)
20% = 159, + 25(12%) + 25v,
20% = 40v, + 300%

Now plug this into any of the previous equations to solve for v,:
8+ vV, = —4%+ v,
8%+ (—7%) = 4%+ v,
R=—-4R+7,
U, =X+ 4% =5.08m/s
Since we chose +x to point north, after the collision the box of lemons travels 7.0 m/s to
the south while the box of oranges travels 5.0 m/s to the north.

Example: A 250-kg car initially traveling 30 m/s along & is bumped from behind. The
collision lasts for a duration of 500 ms. Immediately after the collision, the car is traveling
40 m/s along & Determine the average collision force.

Combine the two equations for impulse. Also, convert 500 milliseconds to 0.500 s.
] =p—Po= i'acAt
P—Po_ mv-mv, m@-7v,) 250(40% —30%)
At At At T 0.5
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xample: As illustrated below, a monkey shoots a 250-g bullet into a 2.0-kg block of wooc
he bullet is traveling horizontally just before impact. The block of wood is initially at res
he bullet sticks inside the block of wood and the system rises upward to a maximum angl
rith the vertical of 60°. The length of the pendulum from the pivot to the center of mass c
1e system is 250 cm. This problem is called a ballistic pendulum. Determine the initi
peed of the bullet, just before impact.

he ballistic pendulum involves more than just a collision:
¢ It begins with a perfectly inelastic collision at the bottom.
o After the collision, the pendulum and bullet swing together upward in an arc.
/e must treat the two processes separately:
¢ Only momentum is conserved for the perfectly inelastic collision. (As the collision i
inelastic, mechanical energy isn’t conserved for this process.)
¢ Only mechanical energy is conserved for the swing upward. (The momentum of th
system is clearly lost during the swing upward, since the system has momentum z
the bottom and comes to rest at the top.)
his example gives us information about the final position (# = 60°), and asks for th
ritial speed of the bullet prior to the collision. We must therefore solve this problem i
overse, beginning with the swing upward and treating the collision last.

pply conservation of energy (Chapter 22) to the swing upward. Begin by drawing th
ath and labeling the initial position (i), final position (f), and reference height (RH). Th
itial position (i) is just after the collision (because mechanical energy is not conserved fo
n inelastic collision), while the final position (f) is at the top of the arc. We choose th
>ference height (RH) to be at the bottom of the arc. Write out conservation of energy:
PE, + KE; + W, = PE + KE

he subscript ac stands for “after collision.” The reason for this is that the initial positio
f the swing upward will be the final position for the collision. It would be confusing to ca
1e initial speed v, for the swing upward and then proceed to use the same symbol v fo
1e initial speed for the collision (since the two “initial” speed differ). The hope is thz
sing v, for the initial speed of the swing upward and the final speed for the collision ma
1ake the notation less confusing. Let's analyze this term by term:
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Chapter 23 - One-dimensional Collisions

® PEg,. = 0 since i is at the same height as RH. Remember that ac stands for “after
collision.” What we would usually call nought (0), like PEy,, we are instead calling
ac, as in PEg,,, since what is “initial” for the swing upward will be “final” for the
collision. Hopefully, if you can remember that ac stands for “after collision,” it will
help to avoid other possible confusion.

* PE . = 0since ati there isn't a spring compressed or stretched from equilibrium.

® PE, = PEgu + PEgy = 0.

o KE, = %(mb + m,,)l;',fc since the bullet and pendulum are moving at i.

e W, = 0 neglecting any frictional forces.

e PE, = (m, + my)ghsince f is not at the same height as RH.

e PE, = 0since at f there isnt a spring compressed or stretched from equilibrium.

e PE = PE, + PE; = (m, + m,)gh.

e KE = 0 since the system is at rest at f (otherwise, it would rise higher).

Make the above substitutions into the conservation of energy equation:

1
3 Oy )0 = (my +my)gh

We need to relate the length of the pendulum (L) to the final height (h). We can do this
using geometry. Study the diagram below.

Lcos@

o

RH;
In the figure above, the two distances at the left add up to the length L. Convert L from 250
cm togm.

L=h+Lcos@
h=L=Loos=El=cosBy=2(1 60“—5(1 1)—5(1)—5
= cos@ = cosf) =2 cos =5 2)=33)=zm

Now we can return to the equation that we reached from conservation of energy:

1
E(mb +my, g = (mp +my,)gh
Mass cancels out:
vZ. = 2gh

Ve = J2(9.81) (}f) ~ jzuo) (2) =25 =50m/s

Now we are prepared to treat the collision. We choose +x to be the forward direction of
the bullet. Only momentum is conserved for the perfectly inelastic collision at the bottom:
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MyVyg + MyVpg = (my + my, )V,
Ve choose to work with the subscripts b for bullet and p for pendulum rather than th
sual 1 and 2 to help keep track of which object is which. The final velocity of the collisior
«c» 1S the same as the initial velocity for the swing upward. We already found v,.. Th
endulum is initially at rest: %,, = 0. Convert the mass of the bullet (m,) from 250 g t
kg. Solve for the initial velocity of the bullet:

MyVpg + MpVpg = (Mp + My, ) Ve
1 1
7 0 +2(0) = (— + 2) (58)
.1
(Yo

%i}'b ( )(52):22

Vo = 458 m/s
he bullet is initially moving 45 m/s along & (where the unit vector & points horizontally t
he right in the diagram on page 235). (Unit vectors were introduced in Chapter 10.)
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Chapter 23 - One-dimensional Collisions

142. A monkey places a 500-g banana on top of his head. Another monkey shoots the
banana with a 250-g arrow. The arrow sticks in the banana. The arrow is traveling 45 m/s
horizontally just before impact. How fast do the banana and arrow travel just after impact?

Want help? Check the hints section at the back of the book.
Answer: 15m/s
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143. A 50-kg monkey is initially sitting in a 250-kg canoe. The canoe is initially at rest
relative to the lake. The monkey begins to walk 3.0 m/s (relative to the water) to the south
from one end of the canoe to the other. What is the velocity of the canoe while the monkey

walks to the south?

Want help? Check the hints section at the back of the book.
Answers: % m/s to the north
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Chapter 23 - One-dimensional Collisions

144. A 6.0-kg box of bananas traveling 5.0 m/s to the east collides head-on with a 12.0-kg
box of apples traveling 4.0 m/s to the west on horizontal frictionless ice.

(A) Determine the final speed of each box if the collision is perfectly inelastic.

(B) Determine the final speed of each box if the collision is elastic.

Want help? Check the hints section at the back of the book.
Answers: 1.0 m/s to the west; 7.0 m/s to the west and 2.0 m/s to the east
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145. A 3.0-kg box of coconuts traveling 16.0 m/s to the north collides head-on with a 9.0
g box of grapefruit traveling 6.0 m/s to the south on horizontal frictionless ice. The
ollision is elastic. The collision lasts for a duration of 250 ms.

‘A) Determine the final velocity of each box.

B) What is the magnitude of the average collision force?

Vant help? Check the hints section at the back of the book.
Answers: 17.0 m/s to the south, 5.0 m/s to the north; 396 N

241



Chapter 23 - One-dimensional Collisions

146. A 20-kg box of bananas begins from rest at the top of the circular hill illustrated below
(the hill is exactly one quarter of a circle). The radius of the circular hill is 5.0 m. The hill
and horizontal are both frictionless. When the box of bananas reaches point 4, it collides
with a 30-kg box of pineapples which is initially at rest. The two boxes stick together after
the collision. Determine the final speed of the boxes.

Want help? Check the hints section at the back of the book.
Answer: 4.0 m/s
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24 TWO-DIMENSIONAL COLLISIONS

ssential Concepts

lomentum (p) and velocity (¥) are vectors. The equation for conservation of momentus
ivolves vector addition.
MV + Malyy = MV + My,

he way to add vectors is to work with components (Chapter 10). This means that, fc
vo-dimensional collisions, we will express the law of conservation of momentum usin
1e x- and y-components of velocity.

Moy + MaVp0x = MV, + MpVsy

MyV1gy + MyVsgy = My, + Myvsyy,
lomentum is separately conserved along both the x- and y-components of the motion.

wo-Dimensional Collision Equations

he initial velocities can be resolved into components using trig. These equations are ju:
ke the first step of vector addition (Chapter 10). Below, vio and vy are the initial speed
f the objects, and 0,, and 0, are the directions of the initial velocities.
Vipx = V10C0S0yg ,  Vapx = Va0 COSHy
Vigy = VioSinbyg ,  Vagy = Vagsinbyy
onservation of momentum involves two components in two-dimensional collisions:
MU0y + MaVppx = MV, + MpVsy
My Vygy + MaVsgy = MyVyy, + Myvy,
or an elastic collision, mechanical energy is conserved in addition to momentum.

1 2 1 2 1 2 1 2
Em,vm +§m2v20 = Emlvl + Emzuz

special case worth noting is an elastic two-dimensional collision with equal masse
n; = my = m). In this special case, the final velocities are perpendicular. If we work wit
e reference angles (Chapter 9) corresponding to 8, and 6,, we can express this as:
glref + e?.ref =90°
he final speed of each object can be found from the Pythagorean theorem, and th
irection of each final velocity can be found with an inverse tangent. These equations a1
st like the third step of vector addition (Chapter 10).

v = [vh+vd, , vp= v +v3,

v v
6, = tan™?! (i) , 0, =tan™? (ﬂ)

1x 2x
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Chapter 24 - Two-dimensional Collisions

Symbols and Units
Symbol Name Units
m, mass of object 1 kg
m, mass of object 2 kg
V1o initial velocity of object 1 m/s
Vyq initial velocity of object 2 m/s
V1o initial speed of object 1 m/s
V2o initial speed of object 2 m/s
010 initial direction of object 1 2
620 initial direction of object 2 ¢
Vyox initial x-component of velocity of object 1 m/s
Vioy initial y-component of velocity of object 1 m/s
Vaox initial x-component of velocity of object 2 m/s
Vaoy initial y-component of velocity of object 2 m/s
A final velocity of object 1 m/s
v, final velocity of object 2 m/s
vy final speed of object 1 m/s
v, final speed of object 2 m/s
0, final direction of object 1 >
0, final direction of object 2 2
Vix final x-component of velocity of object 1 m/s
Uiy final y-component of velocity of object 1 m/s
Vox final x-component of velocity of object 2 m/s
Vay final y-component of velocity of object 2 m/s




Strategy for Two-dimensional Collisions

To solve a problem with a two-dimensional collision, follow these steps:
1. Setup your (x,y) coordinate system (if it isn't already established in the problem).
2. Relate the initial speeds (v,, and v,,) and the directions of the initial velocities (8,
and 6,,) to the components of the initial velocities (vyox, V10, V20x, and v20y):
Viox = V19 COSB1g ,  Vpox = Uz COSHy
Vioy = V1oSinfyg ,  Vagy = VyoSinby
The angles 6,, and 6,, are measured counterclockwise from the +x-axis.
3. This step depends on the nature of the collision. Following are the types of two-
dimensional collisions commonly encountered in physics problems.
o Ifthe problem makes it clear that the objects stick together after the collision,
or if the problem calls the collision “perfectly inelastic,” use these equations:
My V105 + Mooy = (Mg + My)Vy
myVigy + MavVaoy = (M1 + Mm2)vy
o If the problem calls the collision “elastic,” or if the problem tells you that
mechanical energy is conserved for the collision, the following equations
apply:
My Viox + M2V20x = M1Vix + MaVox
myVyqy +m; Vaoy = MyVyy + my vy
%mlvf,, o+ %mzl’zzn = %mlvlz +%m2v%
¢ For an elastic collision with equal masses (m; = m,), use the following
equations. (The first two are the same as conservation of momentum, except
that mass cancels out since m; = m,.)
Viox t Vaox = Vix + Vax
Vioy + Vagy = Uy + Vay
Orrer + Ozpep = 90°
4. Relate the components of the final velocities (vix, V1y, V2x, and vzy) to the final
speeds (v, and v,) and the directions of the final velocities (8, and 6,):
* Fora perfectly inelastic collision, use these equations:

v= fv}-{»vf

v
6 =tan™?! (—y)

X
¢ For an elastic collision, use these equations:

B ) 2 - f 2 2
V= ’vu+v1y . V= |vi + i,

v v
6, = tan™?! (ﬂ) , 0 =tan™?! (ﬂ)

1x



Chapter 24 - Two-dimensional Collisions

Example: A 200-kg bananamobile traveling 30 m/s to the north collides with a 100-kg
bananamobile traveling 60v/3 m/s to the west. The two bananamobiles stick together after
the collision. Determine the speed of the bananamobiles just after the collision and the
direction of the final velocity.

First setup a coordinate system. We choose +x to point east and +y to point north. With
this choice, 8;, = 90° (along +y) and 6,, = 180° (along —x). Resolve the initial velocities
into components:

Viox = V1005019 = 30c0s90° =0 , vzox = V2 COS b0 = 603 cos 180° = —60V3 m/s

Vygy = VyoSinbyp =30sin90° =30m/s , vy, = vy Sinfyy = 60V3sin 180° =
Since the bananamobiles stick together, use the equations for a perfectly inelastic collision.
They have the same final velocity:
MyVy0x + MaVa0x = (My + M)V
200(0) + 100(—60\/3) = (200 + 100)v,
—6000V3 = 300v,
_ —6000V3 _

U = 300 - —20\/§m/s

My V1gy + MyVygy = (Mg + M3V,
200(30) + 100(0) = (200 + 100)v,,

6000 = 300v,
6000
vy = W =20 m/s

Use the components of the final velocity to determine the final speed and the direction of
the final velocity.

v= ’v,? +vi= (—20\/5)2 + (20)? = V1200 + 400 = V1600 = 40 m/s
e () = =t (=20 ) =t (L) = -1(_L£)_ —1(_@)
6 = tan (vx) = tan (—20\/5) = tan ( \/5) = tan Ga) - tan 3

The reference angle is 30° but the reference angle isn't the answer. The direction of the
final velocity lies in Quadrant Il because v, is negative and v, is positive. The Quadrant II

angle corresponding to a reference angel of 30° is:
0y = 180° — 0,y = 180° — 30° = 150°
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Example: A billiard ball traveling 4.0 m/s collides with another billiard ball of equal mass
that is initially at rest. After the collision, the second billiard ball travels 2.0 m/s along a
line that is tilted 60° relative to the initial velocity of the first billiard ball. The collision is
elastic. Determine the magnitude and direction of the final velocity of the first billiard ball.

First setup a coordinate system. We choose +x to point along the initial velocity of the first
billiard ball and +y to be perpendicular to that. With this choice, 8;, = 0° (along +x).
Observe that vy, = 0 since the second billiard ball is initially at rest. Resolve the initial
velocities into components:
Vigx = V19C0S01p =4cos0° =4m/s , vy, = Vyc0sby =0
Vigy = V1o Sinfyp =4sin0°=0 , vy, = vypsinfy, =0
According to the problem, the collision is elastic and the billiard balls have equal mass
(m; = my = m). Use the appropriate equations:
Viox t V20x = Vix + U2y
44+0=4=v), + vy
Vigy + Vaoy = Viy + Vay
0+0=0=uvyy +vy,
Vyy = —Vyy
glref 2z 92ref =90°
60° + O2,cr = 90°
92re[ =30°
Since this problem gives us the final speed and the direction of the final velocity of the first
billiard ball, we will resolve these into the components of that ball’s final velocity:
Viy =V, cos; = 2cos60° = 1.0m/s
vy, = vysinf; = 2sin60° = ‘f?:m/s
Plug these values into the equations above:
4 =01, + Uy
4=1+v,,
Vyy =4—1=3.0m/s
Vay = —Vyy = —3m/s
Use the components of the final velocity to determine the final speed and the direction of
the final velocity for the second billiard ball.

v, = ’v§x+v§y= ’(3)2+(—®2=\/9+ =V12 = /@) (3) =23 m/s

6, = tan™? (ﬁ) = tan™! (_—ﬁ)

Vox 3
The reference angle is 30° but 8, lies in Quadrant IV since v,, is positive and vy, is
negative: 6, = @, = 360° — 0,..; = 360° — 30° = 330°.
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Chapter 24 - Two-dimensional Collisions

147. A 300-kg bananamobile traveling 20 m/s to the north collides with a 200-kg
bananamobile traveling 40 m/s to the east. The two bananamobiles stick together after the
collision. Determine the speed of the bananamobiles just after the collision.

Want help? Check the hints section at the back of the book.
Answer: 20 m/s
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8. Two bananamobiles of equal mass collide at an intersection and stick together. O
nanamobile is traveling 20 m/s to the south prior to the collision. After the collision, tl
'0 bananamobiles travel 10y/Z m/s to the southwest. Determine the initial speed and t|
rection of the initial velocity of the other bananamobile prior to the collision.

ant help? Check the hints section at the back of the book.
Answers: 20 m/s to the we



Chapter 24 - Two-dimensional Collisions

149. A billiard ball traveling 6V3 m/s collides with another billiard ball of equal mass that
is initially at rest. After the collision, the first billiard ball travels 3v/3 m/s along a line that
is deflected 60° relative to its original direction. The collision is elastic. Determine the
magnitude and direction of the final velocity of the second billiard ball.

Want help? Check the hints section at the back of the book.
Answers: 9.0 m/s, 330°
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25 ROCKET PROPULSION

televant Terminology

ropulsion - the act of being propelled by a force. Rocket propulsion refers to the thrus
reated from Newton’s third law by ejecting gases. (See the essential concepts below.)
nertial reference frame - a coordinate system that travels with constant velocity. (If :
ocket accelerates, a coordinate system attached to the rocket would not serve as a
nertial reference frame.)

"hrust - the force exerted on the rocket as a reaction to ejecting the gases.

ree fall - the state of a rocket that isn't ejecting gases (to apply thrust). A rocket is in :
ree fall orbit when the only forces acting on the rocket are gravitational.

ayload - the mass of the rocket without any fuel.

Jurn time - the time the rocket spends burning its fuel.

Jurnout - the point when all of the rocket’s fuel has been burned.

ssential Concepts

ocket propulsion works according to Newton'’s third law (Chapter 13): When the rocke
jects gases, the gases exert a force on the rocket which is equal in magnitude and opposit
n direction to the force that the rocket exerts on the gases. At its most basic level, this i
he same principle with which you walk or drive a car. When you walk, your shoe exerts :
orce on the ground backward, and the ground pushes your shoe forward through an equa
orce in the opposite direction.

lewton’s second law takes on a different form in the context of rocket propulsion. I

hapters 13-14, we set the net force (Z?) equal to mass (m) times acceleration (@)
lowever, that's only true for an object with constant mass. A rocket continually change
nass when it ejects gases, so it would be incorrect to set net force equal to mass time
cceleration when a rocket ejects gases. In this case, we must apply the more general forn
f Newton’s second law:
Z # = 9Peo
dt

lere, Poe is the total momentum of the system. Recall from Chapters 23-24 tha
nomentum (P) equals mass (m) times velocity (¥): p = mv.

Ve can see that the general form of Newton's second law reduces to the more commo

orm of Newton's second law in the special case of an object with constant mass. Whei
. d dv sesty : 4
nass is constant, d—': =m Ty = md. However, m isn’t constant in rocket propulsmn.
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Chapter 25 - Rocket Propulsion

- 1+ b

Reference Frames

<U

Rocket problems involve two different reference frames:
¢ Aninertial reference frame is a coordinate system with constant velocity.
¢ The reference frame of the rocket is non-inertial for a rocket that either changes
speed or direction.
Measurements of velocity depend on not only which object we're talking about (the rocket
or the gases), but also which reference frame it is relative to:
e visthe instantaneous velocity of the rocket relative to the inertial reference frame.
e 1is the instantaneous velocity of the ejected gases relative to the rocket.
e V-1 is the instantaneous velocity of the ejected gases relative to the inertial
reference frame. See the diagram above.

Newton'’s Second Law for Rocket Propulsion

We define the system to include the rocket plus the unburned fuel plus the ejected gases.
Newton’s second law relates the net external force acting on the rocket to the total

momentum of the system:
dp,
? - tot
2re

Note that the momentum of the system isn’t conserved in general. Rockets are under the
influence of external gravitational forces created by planets, moons, stars, etc. In terms of
the instantaneous velocity of the rocket and the instantaneous velocity of the ejected gases
(see the previous discussion of reference frames), Newton’s second law is:

Fe dv ﬁdm
z =ma i

The thrust (F,) of the rocket equals:

Using the equation for thrust, Newton’s second law can be written in the following form:

F,+Z?=mg

The burn rate (R;,) of a rocket is the instantaneous rate at which fuel is burned:
- dm
b= [de |

Burn Rate
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Payload Equations

The payload (m,,) refers to the mass of the rocket without any fuel. The payload is often
expressed as a ratio compared to the initial mass m, of the rocket including all fuel.

my
The initial mass m, equals the payload (m,,) plus the initial mass of the fuel (my,):
my = my + Myo
The final mass m equals the payload (m,,) plus the mass of any remaining fuel (m;):
m=m, +my
The ratio of the final mass to the initial mass is:
m my, +my

my  my +myo
The above ratio becomes 7, in the limit that all of the fuel is spent (when m; — 0).

Special Case: Uniform Gravity and Constant Burn Rate

In an approximately uniform gravitational field with a constant burn rate, Newton's second
law becomes:
dv,
Fr—=mg=m s
Using the definition of thrust (F, =-u i—':), this can be expressed as:

dm _ dv,,
u T mg =m it

The solution to this differential equation is:*
my
vy = Vyo — gty + uln (F)
The burn time (t;) is related to the burn rate (R;) by:
m—=mgy = Ryt

Special Case: Zero-gravity

In an approximately zero-gravity region, Newton's second law simplifies to:
dm dv,
—u ? =m T
The solution to this differential equation is:"

vy = vy tuln (%)

* This book is focused on how to solve the problems. If you would like to see the calculus involved in solving
these differential equations, consult a sufficiently advanced calculus-based physics or mechanics textbook.
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Chapter 25 - Rocket Propulsion

Symbols and Sl Units
Symbol Name Sl Units
my initial mass of the rocket (including all of the fuel) kg
meo mass of the initial fuel of the rocket kg
m mass of rocket plus the mass of any unburned fuel kg
my mass of the fuel remaining in the rocket kg
my, the payload (the mass of the rocket without any fuel) kg
[ the ratio of the payload (m,,) to the initial mass (m,) unitless
y position coordinate m
Vyo initial y-component of the rocket’s velocity m/s
vy y-component of the rocket's velocity m/s
3 instantaneous velocity (?f the rocket m/s
relative to the inertial reference frame
d instantaneous vlelocity of the ejected gases i
relative to the rocket
bt instant-aneous ve'locity of thAe ejected gases m/s
relative to the inertial reference frame
Peoe the total momentum of the system kg:m/s
g gravitational acceleration m/s?
a, y-component of acceleration m/s?
F force N
?z the rocket’s thrust N
Ry the instantaneous rate at which the rocket burns fuel kg/s
t time s
ty burn time (the time spent burning fuel) s
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Strategy for Solving a Rocket Propulsion Problem

Most rocket propulsion problems in first-year physics courses fall into one of the two
classes listed under Step 2 below. To solve a rocket propulsion system like those, follow
these steps:

1. Make a list of the known quantities, and identify the desired unknown(s). Consult
the table of symbols on the previous page (also pay attention to the SI units). Read
the question carefully to help distinguish among similar quantities (like the five
different symbols for mass).

2. Find and use the relevant equations. Think about the unknown(s) you are solving
for and which quantities you know. We will first list equations that apply to all
rocket propulsion problems and then we will consider two common special cases.
The following equations relate the five different kinds of masses.

m, m m, +my
= a mo—mp+m,0 " m—mp+m, B m—o—m
The burnrate (R;) in kg/s (not to be confused with the mass ratio r,) is defined as:
_|dm
» = ae
If the burn rate (R},) is constant, the burn rate is related to the burn time (t;,) by:
m—my = —Rpty
The thrust of the rocket (i"t) is defined in terms of the velocity (u) of the gases
relative to the rocket (not relative to the inertial reference frame).

Following are equations that apply to two special cases:
¢ For one-dimensional rocket propulsion in an approximately uniform gravita-
tional field with a constant burn rate, the final velocity (v,) is related to the
burn time (t,) via the velocity of the ejected gases (u) relative to the rocket
according to the following equation:
my
vy = Vyo — gty +uln (7)
In this case, Newton's second law takes on the form:
Fenust —Mg = ma,,
¢ For one-dimensional rocket propulsion in an approximately zero-gravity
region of space, the final velocity (v,) is related to the velocity of the gases
(u) relative to the rocket according to the following equation:
my
vy = Uy +uln (;)
For the zero-gravity problem, Newton’s second law is:

Fiprust = ma,
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speed of 200 m/s relative to the rocket with a constant burn rate of 50 kg/s. Burnout
occurs 10 s after launch. Determine the velocity and acceleration of the rocket when
burnout occurs, assuming that g = const.

Choosing +y to point upward, the y-component of the velocity when burnout occurs is

mg 1
vy (tp) = Vyo — gty +uln (;) =0 - (9.81)(10) + (200) In (;)

The payload is 20%, so 1, = % As usual, we approximate g = 10 m/s?. At burnout,

Uy (tpurnout) = —(10)(10) + (200) In (i) = —100 + (200) In(5) = 222 m/s

1/5
(You need a calculator to find the natural log of 5.) The thrust of the rocket is
dm
F = —uT = —(200)(—=50) = 10 kN

Note that ‘:—':' is negative because the rocket loses mass (so m is a decreasing function of
time). The acceleration of the rocket can be found from Newton’s second law:

Fthmst —mg = may
At burnout, the mass of the rocket equals the payload:

Fthrust
a,(t =—-
y( burnaut) mp
We must determine the mass of the payload before we can find the acceleration. Since the
burn rate is constant, m —my = —Rt, and my, — my = —Rptyymowe- The initial mass of

the fuel was myso = mg — mp = Rptpuroue = 50(10) = 500 kg. The payload is 20% or é



150. A 2,000-kg rocket (not including the fuel) in deep space - i.e. where gravity is
negligible compared to the thrust of the rocket - has a payload of 25% and an initial speed
of 200 m/s relative to the nearest (yet quite distant) star. Fuel is ejected with an exhaust
speed of 1500 m/s relative to the rocket at a constant burn rate of 50 kg/s in order to
accelerate the rocket to a final speed of 600 m/s.

Note: This problem requires a calculator in order to evaluate the natural logarithm.

(A) What percentage of the mass of the fuel is spent to accomplish this?

(B) How much time does this take?

Want help? Check the hints section at the back of the book.
Answers: 31%, 37 s
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Chapter 25 - Rocket Propulsion

151. A 3,000-kg rocket (not including the fuel) has 6,000 kg of fuel and an initial speed of
100 m/s as it accelerates upward away from earth. With a constant burn rate, the rocket
accelerates to 500 m/s in 12s. The exhaust speed is 2000 m/s relative to the rocket.
Assume that the rocket’s initial altitude is low enough that any variation in gravitational
acceleration from 9.81 m/s? may be neglected during this time interval.

Note: This problem requires a calculator in order to evaluate the natural logarithm.

(A) What percentage of the mass of the fuel is spent to accomplish this?

(B) What is the burn rate?

(C) What is the thrust?

(D) What is the initial acceleration?

(E) What is the final acceleration?

Want help? Check the hints section at the back of the book.
Answers: 34%, 171 kg/s, 342 kN, 28 m/s?, 39 m/s?
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26 TECHNIQUES OF INTEGRATION
AND COORDINATE SYSTEMS

Strategy for Integrating by Substitution

To integrate via a substitution, follow these steps:

15

Visualize a substitution of the form x = x(u), meaning that the old variable x is a
function of the new variable w, which will transform the integral from f:_x f(x)dx
e )

to the form f:_u g(u) du in such a way that you can perform the new integral (in
o |

terms of the variable u) with a known technique (see Chapters 2 and 9). Two
common substitutions are:
« Polynomial substitutions. Example: [(6x +4)*dx. Tryu = 6x + 4.
o Trig substitutions. This is common with quadratic functions in squareroots.
The idea is to make a substitution that collapses two terms down to a single
term through the trig identities sin®u + cos? u = 1 ortan?u + 1 = sec’ u.
o Example: [va? —x?dx. Try x = asinu because 1 — sin® u = cos® u.
o Example: [VxZ +a?dx. Try x = atanu because tan® u + 1 = sec? u.
o Example: [vxZ —a?dx. Try x = asecu because sec’u — 1 = tan® u.
Implicitly differentiate the function x = x(u) in order to write du in terms of dx. On
one side, take a derivative with respect to u and multiply by du, and on the other
side, take a derivative with respect to x and multiply by dx. See the examples.
Solve for dx from the equation in Step 2.
Determine the new lower and upper limits of integration for the variable u which
correspond to the old limits of integration for the variable x. Use the equation from
Step 1 to determine the new limits from the old ones.
Make three substitutions in the original integral:
¢ Firstreplace x with the function of u from Step 1.
¢ Next replace dx with the equation from Step 3. Don't forget the du.
* Replace the old limits of integration with the new ones for w.
You should now be able to do the new integral in terms of u. Occasionally, the
substitution that you try in Step 1 doesn’t pan out as you expect. When this
happens, you just need to start over with a different substitution. If you think about
what went wrong, it may help you revise your original substitution in order to make
one that works better. Study the examples and practice working out exercises and
thinking through the logic in order to become more adept at the integration.
Carry out the new integral over the variable u. Review Chapters 2 and 9, if needed.
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Chapter 26 - Techniques of Integration and Coordinate Systems

Example: Perform the following definite integral: f:=1(8x —4)3dx
We make the substitution u = 8x — 4. Take an implicit derivative

On the left-hand side E(u) = 1. Multiply by du to get 1 du = du

On the right-hand side: :—x (8x — 4) = 8. Multiply by dx to get 8 dx

The implicit derivative of u = 8x — 4 is therefore du = 8 dx. Solve for dx to get dx

du
u=8x—-4 , dx= B
Now we must adjust the limits. Plug each limitintou = 8x — 4

u(x=1)=8(1)-4=8-4=4
u(x=3)=8(3)-4=24-4=20
The integral becomes:

20

f(sx—4)3dx=f du_1f

x=1

ud S J' ud du
u=4 u=4
We can integrate this following the method from Chapter 2
20
1

j Sdu =3 cad ) u4 B 1(20)‘ LA _ 5000 - 8 = 4992
8 ] ™7 8l3w1], g =

u=4 =4

Example: Perform the following definite integral f

: n
Sl ? sin (2x + Z) dx.
We make the substitution u = 2x + %. Take an implicit derivative:
e Onthe left-hand side H(u) = 1. Multiply by du to get 1 du = du

e Onthe right-hand side: :—x (2x + E) = 2. Multiply by dx to get 2 dx.

The implicit derivative of u = 2x + % is therefore du = 2 dx. Solve for dx to get dx

T du
u=2x+- , dx= -5
Now we must adjust the limits. Plug each limitintou = 2x + m/6

u(x—O)—2(0)+——"

(D2 s

6
o " m_4n+m Sm
3 376 36 6 6 6 6
The integral becomes:
n/3 Sm/6 5n/6
j sin (2x + E) dx = f sin(u) — =
6
x=0

3 f sin(u) du
u=m/6 u=n/6
We can integrate this following the method from Chapter 9. These angles are in radians.
sm/6
1 i 1[ Jsare 1 5my 1 T 1J‘ 1( V3
3 J‘ sin(u) du =5 [=cosulyrys = 2(—cos 6)—2(—c056) =53t =79
u=r/6
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Example: Perform the following definite integral:
3

f dx
Esz +9
x=y
Write x? + 9 as x? + 3%. Now it looks like x* + a® with a = 3. Following the suggestion in

the strategy, we make the substitution x = 3 tan u. Take an implicit derivative:
¢ On the left-hand side: :—x (x) = 1. Multiply by dx to get 1 dx = dx.
¢ On the right-hand side: :—u (3tanu) = 3 sec? u. Multiply by du to get 3 sec’ u du.

The implicit derivative of x = 3 tanu is therefore dx = 3sec?u du. (If you need to review
your trig derivatives, see Chapter 9.) We will make the following pair of substitutions in
the original integral:

x=3tanu , dx=3sec’u du

Now we must adjust the limits. Solve for u to obtain u = tan™! G)
V3
- = tan~1 [ =) = 200
u(x =v3) = tan (3)_30

3
u(x =3) =tan™ (5) = tan"(1) = 45°
The integral becomes
15°
3sec?u du 3sec’u du secZu du

I Vxz+9 f J(Btanu)2 +9 v9tan2u+

Factor out the 9 to write v9 tan2 u+9=/9(tanu + 1) = 3\/tan2 u+1
45°

3
J’ dx j 3sec’u du
2 . 2
x:ﬁ\[x +9 u=30,3~/tan u+1
Use the trig identity tan® u + 1 = sec? u to replace vVtan? u + 1 with Vsec? w.
3 45°

45° 45°
sec?u du sec?u du
f = = f = J- secu du
Vx2+9 VsecZu secu
x=\3 u=30°

We can integrate this following the method from Chapter 9:
45°

u=30°

secu du = [In|secu + tanu|]22;,- = In|sec45° + tan 45°| — In|sec 30° + tan 30°|
u=30°
45°

I secudu =In|VZ+ 1| —1In

u=30°

23 V3| _ [ V241 =ln(ﬁ+1)=ln(ﬁ+ﬁ)

_+__|n
3 W3 V3 V3 3
3T

We used the logarithm identity In G) = Inx — Iny and we rationalized the denominator.
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Chapter 26 - Techniques of Integration and Coordinate Systems

152. Perform the following definite integral.

Answer: 33
153. Perform the following definite integral (where the angles are in radians).
2n
g
f cos(i——)dx =
x=0
Want help? Check the hints section at the back of the book.
Answer: 3
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154. Perform the following definite integral.

V3
] dx _
x_ﬂ\ll+x2_

Answer: In(2 +/3)

155. Perform the following definite integral.

Want help? Check the hints section at the back of the book.
Answer: m
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Chapter 26 - Techniques of Integration and Coordinate Systems

Strategy for Performing Multiple Integrals

To perform a double integral or a triple integral, follow these steps:

1. Feel free to reverse the order of the differentials. For example, it doesn't really
matter whether you write [[ f(x,y) dxdy or [[ f(x,y)dydx. What matters (if there
is a variable limit) is which integral you do first. The order of the differentials does
not tell you which integral to do first. Look at the limits for this (see Step 2).

2. If any of the integrals has a variable limit, you must perform that integration first.
The following examples will help you decide which integral to do first.

¢ In the example below, the upper y-limit is a function of x. Since the y-limit
has a variable, you must integrate over y before integrating over x.

f ff(x.y)dxdy= f (jzf(x.y)dy dx
x=0 =0

x=0y=0
¢ In the example below, the upper x-limit is a function of y. Since the x-limit
has a variable, you must integrate over x before integrating over y.

4y 8 8 4y
f f(x,y)dxdy = f f flx,y)dx |dy
x=0 y=~8 y==8 \x=0

¢ In the example below, all of the limits are constants. In this case, you can do

the integrals in any order.
2 1 2

1 2 1
[ [ ramnaay= | (, [ rendy)ax= [ [reyar)ay
x=0y=~1 x=0 ==1 y==1 \x=0
Note: In the above equations, on the right-hand side the order of the differentials
does matter, as the integrals have been separated (that is, they were reorganized to
show which integral will be performed first).
3. When integrating over one variable, treat the other independent variables as
constants. For example:
e When integrating over x, treat y and z the same way as you would treat any

other constants.

* When integrating over y, treat x and z the same way as you would treat any
other constants.

* When integrating over z, treat x and y the same way as you would treat any
other constants.

4. Evaluate the first integral over its limits before performing the second integral.
5. A triple integral works the same way as a double integral, except that you do it in
three stages, one integral at a time.

The following examples illustrate how to perform a double or triple integral.
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Example: Perform the following double integral
2 VX
x%y3 dxdy

x=0y=0
Since the upper y-limitis a function of x, we must carry out the y-integration first.

[ [ [(] e

x=0 y=0
When integrating over y, we treat x like any other constant. Therefore, we can factor x

out of the y integral (but be careful not to pull x? out of the x integral). We're applying the
same conceptas [ cf(y)dy = c [ f(y)dy.

2 /W
f fxy3dy dx = fxz(yf y3dy |dx

x=0 \y=0
To help make this clear, we will carry out the complete definite integral over y in
parentheses before proceeding. Students who do this tend to make fewer mistakes when

they’re learning how to perform multiple integrals
2 Vx }'gnly:& - f : [X:]ym/;

2
2 34 dx = J’ 2
J.x fy y |dx x [3+1 i
0 x=0 y=
4

((ﬂ e fxz(’;:)dx: [Za

0

2 -
x [ ] dx = 2
x=0 x=0
Now we have a smgle integral wh1ch we can integrate using the method from Chapter 2
2 = =
B e B 2O =S 25 08 32 0328
f4 *=ilaril T35 T20 20 20020 5
x=0 x=0 x=0
Example: Perform the following double integral
3 1
2xy? dxdy

x=0y=~1
Since all of the limits are constants in this example we are free to integrate in any order.

] f 2xy? dxdy = f(yf 2xy*dy |dx

x=0y=~1 =1
When mtegratmg over ¥, we treat x llke a constant. We can factor 2x out of the y integral.
y3P= Fy 13 ( 1)?
Zx f y2dy |dx = 2x dx = 2x dx
3 3
3 3 3 3
4 4[x2]77 4(3)% 4(0)?
J’Zx dx— fo dX—§ J-xdx—il-?] _ET_ET_G

x=0 x=0 x=0 x=0
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Example: Perform the following double integral'

| [ 20

xmyZ ym0
Since the x-limits are functions of y, we must carry out the x-integration first.

6 [
J’ fydxdy J‘ j’ ydx
= |dy
Vx
x=y? y=0 y=0 \x=y?

When integrating over x, we treat y like a constant. We can factor y out of the x integral.

6 [ o 6 4y*

J{ [ &ex)or= [ [ F)e
2 dx - —
s y y N Yy

y=0 \ x=y? y=0 x=y?

As we learned in Chapter 2, we wrlte =as x~1/2. We then compare x~*/2 to ax? to see that

a=1and b= —%. Since the anti-derivative of ax? is 1‘, it follows that the anti-

—1/241 x1/2 x
derivative of x"*/? is % = T = \— =Vx+-= \/_( ) = 2y/x. What this means is

dx

that [ 5= 2Vx.

6 4y? 4 6

x an x=4y?
fy f v fy([Nf]x:yz )dy
y=0 \x=y? y=0

Evaluate the expression 2yx from x = y? to x = 4y2.
6 6

fy([ZJﬂi:;fz)dy= fy(Z 4y? - 2,/y?) dy

y=0 y=0

Factor the 4 out ofthe first squareroot: 2,/4y? = 2\/3,/7 = 2(2)\/-y— = 4\/?.
6

j (Va2 -2/7)dy = [ y(Wy2-27)ay

y=0 y=0
Recognize that /y? = y.
6

6 6 6
f y(4y2-2/y?)dy = f y(y —-2y)dy = f y(2y)dy = f 2y*dy
y=0 y=0 y=0 y=0

Now we have a single integral which we can integrate using the method from Chapter 2.
6

=6 y=6
y2+1)” y? 2(6)°  2(0)*
2 a— = —_— = ——
ny """2[2+1y=0‘2 3 3

y=0
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Example: Perform the following triple integral:
2 x2 ¥
j xydxdydz
x==1y=0 z=0
Since the y- and z-limits both involve variables, we must perform the y and z integrals first.
Furthermore, in this example we must perform the z integral before performing the y
integral. Why? Because there is a y in the upper limit of the z integral, we won't be able to
integrate over y until we perform the z-integration. Thus we begin with the z-integration.
2 x? y
] xydz |dydx
x==1y=0 \z=0
When integrating over z, we treat the independent variables x and y like constants. We can
factor xy out of the z integral. We're left with a trivial integral: [dz = z.

2 x? y 20 “x% 2 x?
f fxy jdz dydx = J‘ jxy([z]ii{)dydx: f fxy(y—O)dydx
x==1y=0 z=0 x==1y=0 x==-1y=0
This simplifies to:
2 x? 2 x*
f ]xy(y)dydx= f fxyzdydx
x==1y=0 x==1y=0

Now we have a double integral similar to the previous examples. We perform the y-
integration next because there is a variable in the upper limit of the y integral.

2 x2
J- fxyzdydx= f(yfxyzdy dx

x==1y=0 x==1
We factor out the x since we treat the independent variable x as a constant when
integrating over y.

2 x? 2 2 2 2
2+417% 3%
]x fyzdy dx = J’x([;_'_l] )dxz fx([y?] )dx
gerie y=0 ity y=0

x--l

2

2
23 (0)? 6 %7
([ l ) X(T—T)dx= J’ x(;)dx: f?dx
1 x==1 1

In the last two steps, we applled the rules (x™)" = x™ and x™x" = x™*",

f i X741 [ ] 28 (-1)® 256 1 255 85
X = ey e i e
@®T+D)__, (28] __,
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Chapter 26 - Techniques of Integration and Coordinate Systems

156. Perform the following double integral.
x!

2
f fxydxdy:

X=0 y=0

Answer: 16

157. Perform the following double integral.

s 4
J- fx3y“ dxdy =
20 y=0

x:

Want help? Check the hints section at the back of the book.
Answer: 32,000

268



158. Perform the following double integral.

4 9
] j\[gdxdy=
x=0y=0

Answer: 96
159. Perform the following double integral.
3 x
] f 6(x —y)dxdy =
x=0y=0
Want help? Check the hints section at the back of the book.
Answer: 27
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160. Perform the following triple integral.

2 x2 ¥
] f f 27z dx dy dz =
=0 y=0 z=0

X

Answer: 128
161. Perform the following triple integral.
z Vx 9
f 14xy? dx dy dz =
x=0y=0 z=0
Want help? Check the hints section at the back of the book.
Answer: 5832
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Essential Concepts

Physics problems are often easier to solve if you work with a coordinate system well-suited
to the geometry. We will see examples of this in Chapters 27 and 32.
o Cartesian coordinates. A problem featuring straight edges and flat sides (such as a
triangle or cube) is often easier to solve using Cartesian coordinates (also called
rectangular coordinates).

o xis measured along the x-axis. In the diagram above, x is out of the page.
o yis measured along the y-axis. In the diagram above, y is to the right.
o zis measured along the z-axis. In the diagram above, z is up.
o Polar coordinates. A problem featuring a circular shape (such as a disc, ring, or
circular arc) is often easier to solve using 2D polar coordinates:

Y
Ly

o rextends radially outward from the origin.
o 6 is measured counterclockwise from the +x-axis.
o Cylindrical coordinates. A problem featuring cylindrical symmetry (such as a
cylinder, cone, or helix) is often easier to solve using cylindrical coordinates:
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o 1. extends horizontally outward from the z-axis (not from the origin).
o @ is measured counterclockwise from the +x-axis.
o zismeasured along the z-axis. In the previous diagram, z is up.
Cylindrical coordinates are merely a combination of 2D polar coordinates and the z-
coordinate.
* Spherical coordinates. A problem featuring a spherical shape (such as a solid sphere
or a hemispherical shell) is often easier to solve using spherical coordinates.

(X.)/-Z)

o r extends radially outward from the origin.

o @ is measured down from the +z-axis.

o ¢ is measured counterclockwise from the +x-axis after projecting down onto
the xy plane. The symbol ¢ is the lowercase Greek letter phi.

Important Distinctions

Note that the r of spherical coordinates is different from the r; of cylindrical coordinates: r
extends outward from the origin, whereas 1. extends horizontally from the z-axis.

The roles of the angles 8 and ¢ are often swapped in physics textbooks compared to math
textbooks. Therefore, if you study physics and vector calculus simultaneously, for example,
you may have an additional challenge of trying to keep these two angles straight.

In physics, setting ¢ constant creates a great vertical circle called a longitude, whereas
setting @ constant creates a horizontal circle called a latitude. As shown below, except for
the equator, all of the latitudes are smaller than the longitudes.

longitude latitude
s s
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Relations between Different Coordinate Systems

The 2D polar coordinates r and 6 are related to the Cartesian coordinates x and y by:
x=rcosf , y=rsinb

-1y
r=yx*+y? , @=tan ‘(;)
The cylindrical coordinates 1, 8, and z are related to the Cartesian coordinates x, y, and z

by (where z is the same in both coordinate systems):
x=r1.cos0 , y=r.sinf

r.=yx?+y? , O=tan"? (%)
The spherical coordinates r, 8, and ¢ are related to the Cartesian coordinates x, y, and z by:
x=rsinfcos¢ , y=rsinfsing , z=rcosb

r=Jyx2+yZ+z2 , 8=cos“(§) " ‘I’=ta"_le)

Differential Elements

The differential arc length is represented in general by ds. If you integrate over ds, you get
afinite length of arc: s = [ ds. The arc length s is finite, whereas ds is infinitesimal.
e For a straight line parallel to the x-axis, use ds = dx. For a straight line parallel to
the y-axis, use ds = dy.
e For a circular arc of radius R, in 2D polar coordinates use ds = Rdf. Notation:
Uppercase R is a constant (the radius), whereas lowercase r is a variable.
The differential area element is represented in general by dA. If you integrate over d4, you
get surface area: A = [ dA. This will be done as a double integral in the examples.
e For a flat surface bounded entirely by straight lines (like a triangle or rectangle)
lying in the xy plane, use dA = dxdy.
* If one of the sides of a flat surface is circular (like a solid semicircle or like a slice of
pizza), in 2D polar coordinates use dA = rdrd®6.
o If the surface is spherical (like a thin hemispherical shell) with radius R, in spherical
coordinates use dA = R? sin 6 df@d¢. Recall that R is a constant (unlike r).
The differential volume element is represented in general by dV. If you integrate over dV,
you get volume: V = [ dV. This will be done as a triple integral in the examples.
* Fora solid consisting of flat sides and straight edges (like a cube), use dV = dxdydz.
e Fora cylindrical solid (like a cylinder or cone), use dV = r.dr.dfdz.
o Fora spherical solid (like a solid hemisphere), use dV = r?sin 6 drd@de.
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Strategy for Integrating over Arc Length, Surface Area, or Volume

To integrate over arc length, surface area, or volume, follow these steps:
1. First make the appropriate substitution for the differential element:
* For astraight line parallel to the x-axis, ds = dx.
e For astraight line parallel to the y-axis, ds = dy.
e Foracircular arc of radius R, ds = Rd#.
e Forasolid polygon like a rectangle or triangle, dA = dxdy.
* Forasolid semicircle or pie slice, d4 = rdrd6.
o For avery thin spherical shell of radius R, dA = R? sin 6 d8dg.
e Forasolid polyhedron like a cube dV = dxdydz.
e Forasolid cylinder or cone, dV = r.dr.dfdz.
o Foraportion of a solid sphere like a hemisphere, dV = r? sin @ drdfd¢.
2. An integral over ds is a single integral, an integral over dA is a double integral, and
an integral over dV is a volume integral.
3. Set the limits of each integration variable that map out the region of integration, as
illustrated in the examples.
4. Perform the integral using techniques from this chapter and also from Chapters 2
and 9.

Example: Find the circumference of a circle by integrating over arc length.

For a circular arc, ds = Rd#. This entails a single integral over 8. For a full circle, @ varies
form 0 to 2m radians.

2n
C=J-ds= f Rd@
6=0

When integrating over a circular arc length, the radius R is constant. (In contrast, when
integrating over a surface area, with dA = rdrd#6, lowercase r is a variable.)

2n
C=R f do = R[G]ﬁ’;u =R(2m - 0) = 2nR
6=0
The result is the usual equation for the circumference of a circle (Chapter 5).
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Example: Find the area of the triangle illustrated below using a double integral.
04

For a triangle, use dA = dxdy. This requires integrating over both x and y. We don’t want
to let x vary from 0 to 2 and let y vary from 0 to 1 because that would give us a rectangle
instead of a triangle. If we let x vary from 0 to 2, observe that for a given value of x, y
varies from 0 to the hypotenuse of the triangle, which is less than 1 (except when x reaches
its upper limit).

To find the proper upper limit for y, we need the equation of the line that serves as the

Pao 10 2 and a y-intercept of 0.

triangle’s hypotenuse. That line has a slope equal to =—— o

Since the general equation for a line is y = mx + b, the equation for this lineisy = ;x +0.

For a given value of x, y will vary from 0 to y = %x, where the upper limit came from the

equation for the line (of the hypotenuse). See the vertical gray band in the previous
diagram. Now we have the integration limits.

x
2 2

A=jd.4= f fdydx
x=0y=0

We must perform the y-integration first because it has x in its upper limit.
X

=f fdy dx-j(ly] )dx-x'j](g_o)dx:xigdx

Of course, we don’t need calculus to find the area of a triangle. We could just use the
formula one-half base times height (Chapter 5): A4 = ébh = i(Z)(l) = 1. However, there

are some integrals that can only be done with calculus. (On a similar note, while area can
be calculated as a single integral, there are some physics integrals that can only be done as
double or triple integrals, so multi-integration is a necessary skill.)
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Example: Find the area of a circle using a double integral.
For a solid circle, use dA = rdrd8. This requires integrating over both r and 6.

Unlike in the previous example, r and 6 each have constant limits:

e 0<r<R

e 0=s60<2nm
Note that R is a constant (the radius of the circle), whereas r is a variable of integratia
For any value of @, the variable r ranges between 0 and R. Contrast this with the previo
example where the upper limit of y depended on the value of x.

Substitute dA = rdrd0 into the area integral.

R 2r
A=fdA= f frdrde
r=06=0
Since all of the limits are constant, we can do these integrals in any order.
R 2r
A= ] f rdf |dr
r=0 \f#=0

When integrating over 8, treat the independent variable r as a constant. This means th
you can pull r out of the @ integral (but be careful not to pull r out of the r integral).

R 21 R R R
A= fr fdﬂ dr = ]r[eg’;odr= fr(Zn—O)dr: errrdr
r=0 §=0 r=0 r=0 r=0
R R
r2* R 02 R?
A= ]Zm‘dr:an.rdr:Zn— =2n|—-—=—)=2n—=nR?
2 2 2 2
r=0 r=o0 T=0

As expected, the area of a circle is A = wR? (Chapter 5).

276



162. Find the area of the triangle illustrated below using a double integral.

(0,3)

(6,0)

Want help? Check the hints section at the back of the book.
Answer: 9
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163. A thick circular ring has inner radius R, and outer radius R,. Find the area of this ring
using a double integral.

Want help? Check the hints section at the back of the book.
Answer: m(R% — R?)
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27 CENTER OF MASS

Strategy for Finding the Center of Mass for a Discrete System

To find the center of mass of a system of discrete objects, follow these steps. (If instead you
have a continuous object like a rod or disc, see pages 287-293.)

1. If they’re not already given, determine the (x,y) coordinates of the center of each
object in the system. For example, if an object has the shape of a circle or a square
and the object is uniform, its center will lie at the geometric center of the circle or
square. For other kinds of shapes, see the strategy on page 287.

2. Plug the mass and (x,y) coordinates of the center of each object into the formulas
below:

myxy + mpXy + -+ myxy
Xem =
my; +my + -+ my
myy; +myy, + o+ myYy
Yem = T my + e+ my
The symbol --- means “and so on” and the subscript N represents the number of
objects in the system.

3. The center of mass of the system lies at (X, Yem)-

4. If there is a z-coordinate, do the same thing to find z.,. The coordinates of the
center of mass will be (X, Yons Zem)-

Symbols and Sl Units

Symbol Name Sl Units

m; mass of object i kg

X; x-coordinate of object i m

Yi y-coordinate of object i m
N number of objects in the system unitless

Xiiia x-coordinate of the center of mass m

Yem y-coordinate of the center of mass m

(Xenis Vo) coordinates of the center of mass m
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Chapter 27 - Center of Mass

Example: A 30-kg monkey stands 12 m away from a 60-kg monkey. Where is the center of
mass of the system?

Setup a coordinate system for this problem. We choose to put the origin on the 30-kg
monkey and orient the +x-axis toward the 60-kg monkey. With this choice, (x, ;) = (0,0)
and (x,y;) = (12 m, 0). Use the formula for the center of mass with N = 2 objects:

_muxg +mexz;  (30)(0) + (60)(12) 720

- = 2280 d =0
B p— 30 + 60 90 m and Yem

Example: Find the center of mass of the system illustrated below, where each square has
uniform density and an edge length of 6.0 m.

y

x

First determine the coordinates of the center of each square, given that each square has
dimensions of 6.0 m X 6.0 m. It may help to visualize the center of each square (or draw a
dot in the center of each square and label tick marks in 6.0-m increments along each axis).

e left square: (3.0 m, 3.0 m)

e right bottom square: (9.0 m, 3.0 m)

e topsquare: (9.0 m, 9.0 m)
Each square has the same mass, which we choose to call m;. Use the formulas for center of
mass with N = 3 objects:
_ muXy + maXp +maxz 3mg + 9mg + Img M _

X = = = 7.0m
T my +m, +my mg + mg +mg 3m,
miy: + mays + mzys  3ms + 3ms+9mg 15mg

em = = =——=50m
my + mz +ms3 ms + mg +ms 3m;

The center of mass of the composite object is located at (7.0 m, 5.0 m).

Example: A 25-kg monkey stands at one end of a 24-m long, 125-kg plank. Where could a
fulcrum be placed below the plank such that the system would be balanced?

It would balance on its center of mass. Setup a coordinate system for this problem. We
place our origin on the free end of the plank with the +x-axis oriented toward the monkey.
With this choice, the center of the plank lies at (x;,¥;) = (12 m,0) and the monkey is at
(x2,¥2) = (24 m, 0). Use the formula for the center of mass with N = 2 objects:

_myxy +myx,  (125)(12) +(25)(24) 2100

my;+m, 125 + 25 150

=14m and y.,,=0

cm
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Example: As illustrated below, a circular hole with a radius of 3.0 m is cut out of an
otherwise uniform circular solid disc with a radius of 6.0 m. Where is the center of mass of
this object?

One way to solve this problem is to visualize the complete circle as the sum of the missing
piece plus the shape with the hole cut out of it:

Let's write an equation for the center of mass of the large circle. (We'll only do this for x,
since all three shapes obviously have y.,, = 0.)
_ myx; + max;
¥em = my +my

Here, x., = 0, since the large circle is centered about the origin. That's the not the center
of mass we're solving for. What we’re solving for is x, (the center of mass of the shape with
the hole cut out of it). The symbol x; represents the center of mass of the small circle:
x; = 3.0 m since the center of the small circle lies 3.0 m from the origin. Let’s plug in these
values for x,,, and x;:

_3my +myx,

T omp+m,
Since these object have uniform density, the masses will be proportional to the areas.
Recall that the area of a circle is pi times radius squared (Chapter 5). The masses of the
small (m;) and large (m,) circles can be expressed as:

281



Chapter 27 - Center of Mass

m, = onR? = on(3)* = 9on

m, = onR} = on(6)? = 360
Notation: We're using a subscript L for the large circle, but subscripts 1 for the small circle
and 2 for the original shape. The Greek symbol lowercase sigma (o) is a constant of
proportionality (mass is proportional to area).

The mass m; of the piece with the hole cut out of it can be found by subtracting the mass of
the small circle (m,) from the mass of the large circle (m;):
m, =my —my = 360m — 9on = 270w
Substitute these expressions for mass into the previous equation for the center of mass of
the large circle:
_ 3(90m) + (270m)x; _ 3(90m) + (270m)x,
e 9om + 270m - 360m
Multiply both sides by the denominator 36om: It cancels on the right side and vanishes on
the left side (since it's multiplying zero). The concept behind this algebra is the following:
If you want a fraction to equal zero, just set the numerator equal to zero (since zero out of
anything equals zero).

0 = 3(90m) + (270m)x,
0 =270m + 270mx,
Divide both sides by om and these constants will cancel out, too:
=27+ 27x,
=27 = 27x,
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164. A 150-g banana lies 250 cm from a 350-g bunch of bananas. Where is the center of
mass of the system?

Answer: 175 cm from the 150-g banana (75 cm from the bunch of bananas)

165. Three bananas have the following masses and coordinates. Find the location of the
center of mass of the system.

e 200gat(7.0m,1.0m)

e 500gat(6.0m,3.0m)

e 800gat(2.0m,-4.0m)

Want help? Check the hints section at the back of the book.
Answer: (4.0m,-1.0m)
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Chapter 27 - Center of Mass

166. The T-shaped object shown below consists of a 20.0-cm long handle and a 4.0-cm
wide end. Each piece has uniform density (but the densities of the two pieces differ). The
mass of the handle is 6.0 kg, while the mass of the end is 18.0 kg. Where could a fulcrum be
placed below the object such that the object would be balanced?

4.0cm

20.0 cm

Want help? Check the hints section at the back of the book.
Answer: 1.0 cm left of where the handle meets the end
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167. Find the center of mass of the system illustrated below in gray, where each gray
square has the same uniform density and an edge length of 20 m.

Want help? Check the hints section at the back of the book.
Answer: (22 m, 30 m)
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Chapter 27 - Center of Mass

168. As illustrated below, a circular hole with a radius of 2.0 m is cut out of an otherwise
uniform circular solid disc with a radius of 8.0 m. Where is the center of mass of this
object?

Want help? Check the hints section at the back of the book.
Answer: (0, —§ m)
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Strategy for Performing the Center of Mass Integral

To find the center of mass of a continuous object like a rod or triangle, follow these steps:

1. Draw the object. Draw and label a representative dm somewhere within the object.
Don’t draw dm at the origin or on an axis (unless the object is a rod and every point
of the rod lies on an axis, then you have no choice). Visualize integrating over every
possible dm in the object. Draw a horizontal line connecting dm to the y-axis and
label this distance as x. Similarly, draw a vertical line connecting dm to the x-axis
and label this distance as y. See the diagrams in the examples that follow.

2. Begin with the following center of mass integrals:

1 1 1
xm=;fxdm ) ycm=;fydm , zm=;fzdm

3. Make one of the following substitutions for dm, depending on the geometry:
e dm = Ads for an arc length (like a rod or circular arc).
e dm = odA for a surface area (like a triangle, disc, or thin spherical shell).
e dm = pdV for a 3D solid (like a solid cube or a solid hemisphere).
4. Choose the appropriate coordinate system and make a substitution for ds, d4, or dV
from Step 3 using the strategy from Chapter 26:
* Forastraight line parallel to the x-axis, ds = dx.
* For astraight line parallel to the y-axis, ds = dy.
e Foracircular arc of radius R, ds = Rd#.
* Forasolid polygon like a rectangle or triangle, dA = dxdy.
e Forasolid semicircle (not a circular arc) or pie slice, dA = rdrd6.
o Foravery thin spherical shell of radius R, dA = R? sin 6 d0d¢.
* Forasolid polyhedron like a cube, dV = dxdydz.
e Forasolid cylinder or cone, dV = r.dr.dfdz.
e Fora portion of a solid sphere like a hemisphere, dV = r? sin 8 drdfd¢.
5. Is the density uniform or non-uniform?
* Ifthe density is uniform, you can pull 4, g, or p out of the integral.
« Ifthe density is non-uniform, leave 4, , or p in the integral.
6. Which coordinate system did you choose in Step 4?
e C(Cartesian coordinates: Leave x, y, and z as they are.
e 2D polar coordinates: Replace x and y with the following expressions:

x=rcosf , y=rsinf
e Cylindrical coordinates: Replace x and y with the following expressions:
x=r.cosf@ , y=r1-sinf
* Spherical coordinates: Replace x, y, and z with the following expressions:
x=rsinfcosg¢ , y=rsinfsing , z=rcosb

287



Chapter 27 - Center of Mass

7. An integral over ds is a single integral, an integral over dA4 is a double integral, and
an integral over dV is a triple integral. Set the limits of each integration variable
that map out the region of integration, as illustrated in Chapter 26. Perform the
integral using techniques from this chapter and also from Chapters 2, 9, and 26.

8. Perform the following integral to determine the total mass (m) of the object:

m= fdm

Make the same substitutions as you made in Steps 3-6. Use the same limits of
integration as you used in Step 7.

9. When you finish with Step 8, substitute your expression for m into your original
center of mass integrals. Simplify the resulting expression.

10. The center of mass of the system lies at (X, Yem, Zem)-

Symbols and Sl Units
Symbol Name Sl Units
dm differential mass element kg
m total mass of the object kg
xX,y,z Cartesian coordinates of dm m, m, m
r,0 2D polar coordinates of dm m, rad
1,0,z cylindrical coordinates of dm m, rad, m
r,0,¢ spherical coordinates of dm m, rad, rad
A linear mass density (for an arc) kg/m
o mass density for a surface area kg/m?
p mass density for a 3D solid kg/m?3
ds differential arc length m
dA differential area element m?
av differential volume element m?
X x-coordinate of the center of mass m
Yem y-coordinate of the center of mass m

Note: The symbols 4, &, and p are the lowercase Greek letters lambda, sigma, and rho.
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Example: A non-uniform rod has one end at the origin, the other end at (3.0 m, 0), and non-
uniform density 2 = fx, where f is a constant. Where is the center of mass of the rod?

14

(0,0)
(3.0m,0)

Begin with a labeled diagram. Draw a representative dm. Label x for that dm. When we
perform the integration, we effectively integrate over every dm that makes up the rod.
Begin with the center of mass integral:

1
Tom =;J.xdm

i
m =;]x11ds

For a rod lying along the x-axis, we work with Cartesian coordinates and write the
differential arc length as ds = dx. The limits of integration correspond to the length of the
rod: 0 <x <3.0m.

For a thin rod, we write dm = Ads.

3
1
om = fxldx
x=0

Since the rod has non-uniform density, we can’t pull A out of the integral. Instead, we
substitute the equation for A given in the problem: 4 = fix.
3

1
om = f x(Bx) dx
Since f8 is a constant, we can pull it out of the integral.

et o2 -2(3-9)-2

Now integrate to find the total mass of the rod using the same substitutions as before:

m= fdm f/lds— J.(ﬁx)dx—ﬁ f(x)dx—ﬁ[ l (—_02—2)=¥

Substitute this expression for m into the equation for x,,.

Xem = ?ﬁ 98 +m=98+ (p) 9ﬁ(ﬁ)—2.0m
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Chapter 27 - Center of Mass

This result, x., = 2.0 m, should make sense conceptually. If the rod were uniform, the
center of mass would be at its geometric center, 1.5 m from the origin. However, the rod is
non-uniform. Since the non-uniform density is proportional to x (according to 4 = fx),
there is more mass at the right end of the rod (where x has a larger value). Therefore, the
center of mass should be to the right of the geometric center. Indeed, the center of mass
(Xem = 2.0 m) is to the right of the geometric center, as expected.

Example: Find the location of the center of mass of the uniform solid triangle illustrated
below.

¥
4 (9.0m,3.0m)
dm

¥
1 x
__T_J

% (9.0m,0)

Begin with a labeled diagram. Draw a representative dm. Label x and y for that dm. When
we perform the integration, we effectively integrate over every dm that makes up the solid
triangle. Begin with the center of mass integrals:

1 1
m=;jxdm , ym=;fydm

For a solid triangle (as opposed to a wire bent into a triangle), we write dm = adA.

=—fxadA 5 ——[ycrdA

For a triangle, we work with Cartesian coordinates and write the differential area element
as dA = dxdy. As with the example involving a triangle from Chapter 26, if we let x vary

from 0 to 9.0 m, we need to find the equation of the hypotenuse for the upper limit of y.

That line has a slope equal to 22— Z‘ = ﬁ =§ and a y-intercept of 0. Since the general
. o-

equation for a line is y = mx + b, the equation for this line is y = ix +0= § For a given
value of x, y will vary from 0 to y = § See the vertical gray band in the diagram above.

Since the problem states that the triangle has uniform density, we can pull o out of the
integrals.

= £
9 3 9 3
s f dyd —if] dyd
xcm—m xaydx em = 11 ydx
x=0y=0 x=0y=0

We must perform the y-integration first because y has x in its upper limit. In the double
integral for xm, we can pull x out of the y-integral, but not the x-integral.
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xcm=%fx fdydx:% fx(fd/ =%f ([y];:é)dx
a

x=0 y=0 x=0
[ ] (93 03) o 8lo
—_——— =92 =
m|(3)(3) 9 9 m m

In the similar double integral for y,,, we must again integrate over y first. This double
integral has y in the integrand, and y can’t come out of the y-integration. Compare these

two similar double integrals closely.
L

x
93dda93dda9y2,=§d
ffyyx—mf fyy x_mfz *
x=0y=0 x=0 x=0 y=0

9 >
o a f x? d o [ /9% 03\ 27q
= — dx = — —_—dx = —|— =——-— )= ——
m m J (9)(2) 18m| 3 m\54 54 2m
x=0 x=0
Now mtegrate to find the total mass of the triangle, using the same substitutions as before:
X

AN

Wlk

o 3 9f 3 9 .
m=fdm=fadA=af fdydx=6 f fdy dx=af([y];:§)dx
X=0 y=0 x=0 x=0

y=0

9 9
"""f(x O)dx—oJ’xd “’_ 92 02\ 8lg 270

> 3 - 3 (3)(2) 6 6] 6 2

x=0 x=0
Substitute this expression for m into the equations for Xem and Yo,
8lo 270 2
xm=T—8la+m=816+(2)—810’( ) (3)(2) =6.0m
270 270 270 (270 270 2 X
Y= 2m™ 2z T 2 *( 2 )‘ 2 (27a)‘1‘ "

The center of mass of the triangle lies at (6.0 m, 1.0 m). If you mark this location on the
diagram on the previous page, it should agree with your expectations.
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Chapter 27 - Center of Mass

Example: A solid uniform semicircle (i.e. one-half of a solid circle) with a 3.0-cm radius has
its straight side lying in the xy plane and extends in the positive y-direction. The center of
the “full” circle would be at the origin. Determine the location of its center of mass.

y

(15

b 4

X

Begin with a labeled diagram. Draw a representative dm. Label x and y for that dm. When
we perform the integration, we effectively integrate over every dm that makes up the solid
semicircle. It should be clear from the symmetry of the semicircle that x.,, = 0. Begin with
the center of mass integral:
1
m ;J’ ydm

For a solid semicircle (as opposed to a semicircular arc), we write dm = odA.

1
Yem = EJ‘ yodA

For a solid semicircle, use dA = rdrd@. This requires integrating over both r and #. Unlike
in the previous example, r and @ each have constant limits:

e 0=r<30cm

e 0 <@ < m (sinceit’s only half of a circle)
For any value of 6, the variable r ranges between 0 and 3.0 cm. Contrast this with the
previous example where the upper limit of y depended on the value of x. Substitute
dA = rdrd@ into the center of mass integral. We can pull ¢ out of the integral because the

problem declares the density of the semicircle to be uniform.
3

=—jy¢rdA=—fydA f jy(rdrdB):—f fyuird()

r=06=0
We can'’t pull y out of the integration because y is a variable: The value of y is different for
every dm that we integrate over (see the picture above). Instead, we use the substitution
y = rsin @ for 2D polar coordinates from Chapter 26. Since all of the limits are constant,
we can do these integrals in any order.

3 m 3 n
m=% j f(rsinﬂ)rdrd@:% f frzsinl)dﬂ dr
r=06=0 r=0 \=0

When integrating over 8, treat the independent variable r as a constant. This means that
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you can pull r out of the @ integral (but be careful not to pull r out of the r integral).

3 T
o 2 )
y,,,,:; T sin@dé |dr
r=0 6=0

The integral over the sme function is given in Chapter 9.

o
Yom = — r%[—cos 03 odr——f r?[—cosm — (—cos0)] dr

r=0 r=0

3 3 3
=2 2 _,o_f 2 __f 2 _2_”f 2
—mfr[ (-1) + 1) dr = r¥(1+1)dr 2rédr el K dr

r=0 =0 r=0

) 3_3 v\ 20 2, 100
3 3 m(3)_m()_m

Now integrate to find the total mass of the semicircle, using the same substitutions as

before:
3

3 bid
m—fdm fadA—af frdrds—afr fde dr=dfr[0]g=odr

r=080= =0 =0 r=0
o 2 213 32 2
m=afr(7r—0)dr=afm* r—aﬂjrdr—anlzl =a1r(—2-——2—)
r=0 r=0 r=0
_ (9)_91&1
m=on(;]=—

Substitute this expression for m into the equation for y,,,.

_18.:;_18 cm=18 7(9110)_18 (2)_4
LT T A T T el T

We can check whether or not this result (y., = :—l cm) seems reasonable. Look at the
diagram on the previous page. There is clearly more mass near the bottom than at the top,
so yt.,,l should be less than half the radius. Half the radius is 2 === 1.5 cm. Compare that
with 2 Zcm, which is 1.27 cm when expressed as a decimal. ]ndeed, 1.27 cm is less than 1.5

cm, as expected.
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Chapter 27 - Center of Mass

169. A non-uniform rod has one end at the origin, the other end at (0,5.0 m), and non-
uniform density 1 = ﬁﬁ, where £ is a constant. Where is the center of mass of the rod?

Want help? Check the hints section at the back of the book.
Answer: (0,3.0m)
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170. Find the location of the center of mass of the uniform solid triangle illustrated below.

y
(0,3m)

(6m,0)

Want help? Check the hints section at the back of the book.
Answer: (2.0 m, 1.0 m)

295



Chapter 27 - Center of Mass

171. A thin uniform ring with a 6.0-cm radius lies in the xy plane centered about the origin.
A monkey cuts the thin ring in half along the x-axis and discards the negative y-portion,
such that only a thin semicircular arc remains. Determine the location of its center of mass.
Note: Unlike the similar example, this is an arc length (one-half the circumference of a
circle), and not a solid semicircle.

24

Want help? Check the hints section at the back of the book.
Answer: (0, 1—: cm)

296



172. Monkey Isle is the region bounded by the curve y = x? and the line y = 4. Monkey
Isle has uniform density ¢ = 2. SI units have been suppressed. A monkey pirate buried a
treasure in the center of mass of Monkey Isle. Find the (x,y) coordinates of the buried

treasure.

Want help? Check the hints section at the back of the book.
12
Answer: (0, = m)
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Chapter 27 - Center of Mass

173. The shaded semicircular ring illustrated below has an inner radius of 7.0 cm, an outer
radius of 14.0 cm, and a non-uniform mass density a(r) = fr, where f is a constant. Find

the location of its center of mass.

X

Want help? Check the hints section at the back of the book.
45
Answer: (; cm, 0)
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28 UNIFORM ANGULAR ACCELERATION

Relevant Terminology

Angular velocity - the instantaneous rate at which angle is swept out as measured from the
center of a circle.

Tangential velocity - the component of velocity tangential to a curved path.

Arclength - the distance traveled along a curved path.

Angular acceleration - the instantaneous rate at which angular velocity is changing.
Tangential acceleration - the instantaneous rate at which speed is changing.

Centripetal acceleration - the instantaneous rate at which the direction is changing.
Acceleration - the instantaneous rate at which velocity is changing.

Uniform angular acceleration - motion for which the angular acceleration is constant,
meaning that the angular velocity changes at a constant rate.

Important Distinctions

Angular and tangential quantities have different units. Pay attention to the units to
distinguish between similar quantities:

« Angular displacement (A#) is in rad while arc length (As) is in m.
« Angular velocity () is in rad/s while tangential velocity (vy) is in m/s.
e Angular acceleration () is in rad/s? while tangential acceleration (ay) is in m/s?.

Equations of Uniform Angular Acceleration

The equations of uniform angular acceleration are:

1
A0=wot+5at2 , w=wyt+at , w?=wi+2ahd
In terms of the tangential quantities:
1
As = vpot + zartz , Vr=vprtart , vi=vZ +2arls

Angular and tangential quantities are related by the radius (R) of the circle:
As=RA0 , vy=Rw , ar=Ra
Tangential acceleration describes how speed changes, whereas centripetal acceleration
(Chapter 16) describes how the direction of velocity changes. Recall the equation for
centripetal acceleration:
v2

a. =—

R
The magnitude of the total acceleration is found from its components:

= fz
a= |a}+a?
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Chapter 28 - Uniform Angular Acceleration

Calculus-based Equations for Angular Acceleration

In terms of calculus, angular velocity (@) and angular acceleration («) are given by:

dé dw
I T
Symbols and Sl Units
Symbol Name Sl Units
AG angular displacement rad
wy initial angular velocity rad/s
w final angular velocity rad/s
a angular acceleration rad/s?
t time s
As arc length m
Vro initial tangential velocity m/s
v final tangential velocity m/s
ar tangential acceleration m/s?
a, centripetal acceleration m/s?
a acceleration m/s?

Note: The symbol for angular acceleration (@) is the lowercase Greek letter alpha.

Notes Regarding Units

The units can help you determine which quantities are given in a problem. For example,
only the symbol a can be expressed in rad/s?, and a quantity expressed in m/s is limited to

the symbols vy and vy.

In the three equations involving radius (As = RAO, vy = Rw, and a; = Ra), the angular
quantity must be expressed in radians (Af in rad,  in rad/s, and « in rad/s%). However, in
the equations of uniform angular acceleration, the units are more flexible: There you may
use radians or revolutions, provided that you're consistent. Recall that 1 rev = 2m rad.
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Uniform Angular Acceleration Strategy

An object experiences uniform angular acceleration if its angular acceleration remains
constant throughout its motion. To solve a problem with uniform angular acceleration,
follow these steps:
1. Identify the unknown symbol and known symbols.
2. Choose the right equations to solve for the unknown. Think about which symbol
you're solving for and which symbols you know to help you choose the right
equations.

The equations of uniform angular acceleration are:

1
A0 = wyt +Eat2

W = w, + at
w? = wi + 2ald0d
The above equations are handy when you know multiple angular quantities
(A8, wy, w, and @).
The same equations can be written in terms of tangential quantities:
As = vpot + %a-,tz
Vp = Vg + apt
v? = v¥, + 2arAs
The above equations are handy when you know multiple tangential
quantities (As, vpq, v7, and arz).
When you need to mix and match angular and tangential quantities, the
following equations are helpful:

As = RAO
vy = Rw
ar = Ra

These three equations only work when radians are used. If the angular
quantity involves revolutions, convert revolutions (rev) to radians (rad)
first: 1rev = 2w rad.

If a question asks you to solve for the number of revolutions, solve for A8 and,
if necessary, convert from radians to revolutions.

To find “the” acceleration (as opposed to angular acceleration, tangential
acceleration, or centripetal acceleration), use the following formula:

a= ’a%+a§

Recall the formula for centripetal acceleration:

U2

a. =—

R
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Chapter 28 - Uniform Angular Acceleration

Example: A monkey runs in a circle with uniform angular acceleration. Beginning from
rest, the monkey completes 4.0 revolutions in a total time of 8.0 s. What is the monkey’s
angular acceleration?

The unknown we are looking for is a. List the knowns. Note that 4.0 revolutions refers to
Af, since angle can be measured in revolutions (or degrees or radians). It's not necessary
to convert to radians if we only use the three purely angular equations (but if we use any
equation with radius, we will need to convert to radians first).

a=? , A@=40rev , wy=0 , t=80s
(We also know that vy, = 0, since vyy = Rw,.) Based on this, it would be simplest to use
the first equation of uniform angular acceleration:

1 5
Af = wyt + Eat
Plug the knowns into this equation. To avoid clutter, suppress the units until the end.
1
4=0(8) + 501(8)z
4=32a
1
a=g rev/s?
The answer came out in rev/s? (instead of rad/s?) because we put A@ in revolutions
(rather than radians). When working with purely angular equations, you can get away
with this, as long as you're consistent (use all revolutions or all radians; don’t mix and

match). However, with some equations (like those involving an R), you must use radians.
When in doubt, use radians, not revolutions.

Example: One monkey gets inside of a 50-cm diameter vertical tire. Another monkey gives
the tire a push and lets go. The tire completes 6.0 revolutions before it topples over. Its

uniform angular deceleration is — = rev/s?. What is the initial speed of the tire?

The unknown we are looking for is vyg. List the knowns. Note thatR = g =25cm = % m.
1 1
vpp=? , R=zm , A =60rev , w=0 , ¢1=—§rev/s2

First solve for w,:
®? = wk + 2aAd

1
O=w5+2(—§)6=wg—4

wy = VArev/s = 2.0 rev/s = 4m rad/s
Use the radius to find the initial tangential velocity (where w, must be in rad/s):

1
vro = Rwy = Z(‘i—n) =nm/s
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174. A monkey drives a bananamobile in a circle with an initial angular speed of 8.0 rev/s
and a uniform angular acceleration of 16.0 rev/s2, completing 6.0 revolutions.

Based on the questions below, list the three symbols that you know along with their values
and SI units.

(A) How much time does this take?

(B) What is the final angular speed?

Want help? Check the hints section at the back of the book.
Answers: %s, 16 rev/s
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Chapter 28 - Uniform Angular Acceleration

175. A monkey drives a bananamobile in a circle with an initial angular speed of% rev/s

o 5 1 .
and a uniform angular acceleration of 55 rev/s? for one minute.

Based on the questions below, list the three symbols that you know along with their values

and SI units.

(A) How many revolutions does the bananamobile complete?

(B) If the radius of the circle is 15 m, what is the final speed of the bananamobile?

Want help? Check the hints section at the back of the book.
Answer: 102 rev, 96m m/s
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29 THE VECTOR PRODUCT

Relevant Terminology

Matrix - an array of numbers arranged in (horizontal) rows and (vertical) columns.
Determinant - an operation applied to a matrix resulting in a single number (see below).
Cofactor - the number in a matrix where a particular row and column intersect. One
cofactor of a 3 X 3 matrix is demonstrated visually in the next section.

Determinants

To find the determinant of a 2 X 2 matrix, multiply the numbers on the main diagonal (top
left times bottom right) and subtract the product of the numbers on the cross diagonal (top
right times bottom left) as follows:*

|ZX¢I;| =ad — bc

One way to find the determinant of a 3 X 3 matrix is to use the method of cofactors. The
elements of the top row of the matrix serve as cofactors. Blocking out the row and column
of a cofactor yields its submatrix. For example, we have illustrated the submatrix of the

cofactor a in the 3 X 3 matrix below:
alb ¢
(d e f)
g'h i

The determinant of a 3 x 3 matrix can be found by treating each element of the top row as a
cofactor, multiplying each cofactor by the determinant of its corresponding 2 x 2
submatrix, and adding these factors together with alternating signs.
a b c
d e f
h i
An alternative method for finding the determinant of a 3 X 3 matrix involves adding two
columns to the right of the matrix by repeating the two leftmost columns, multiplying down
the three diagonals to the right and then down the three diagonals to the left, and adding
the terms together with negative signs for the leftward multiplications as follows:
a~_p e, a
v

[ A

e d d e ; ’
=a|h {l—b'g {|+c|g h|=aet—afh—bdl+bfg+cdh—ceg

= aei + bfg + cdh — ceg — afh — bdi

' It's a good habit to work top down across both diagonals, writing ad — bc, as opposed to multiplying up the
cross diagonal and writing ad — cb. With numbers, it doesn't matter, since bc = cb. However, in higher-level
math courses, you encounter differential operators in determinants, and then it does matter.
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Chapter 29 - The Vector Product

Vector Product Equations

Recall from Chapter 10 that any vector can be expressed in terms of its components (4.,
Ay, and A;) and Cartesian unit vectors (%, §, and Z) in the following form:

A=AR+AY+ A2
The vector product (or cross product) A x B is defined according to a 3 X 3 determinant
formed by placing the Cartesian unit vectors along the top row, the Cartesian components
of the first vector along the middle row, and the Cartesian components of the second vector
along the bottom row:

&N ey 2,9 =2 A, A A, A
AxB=|4: 4y 4 =ﬁ|8y Bz —9:;" Igz +in By
B, B, B, 'y Bz x Dz x Dy

AxB=(A,B, —A,B,)x— (AB, — A,B)Y + (A.B, — A,B,)Z
AxB=A,BX—A,BX+A,BY—ABY+AMBZ—AB37
The magnitude of the vector product, ||K x B]|, turns out to have a form that is similar to
the scalar product (Chapter 20), except involving a sine instead of a cosine:
|a x B|| = ABsing
The angle 6 is the angle between the two vectors Aand B.

Essential Concepts

The vector product A xB between two vectors A and B represents the area of the
parallelogram formed by joining Aand B tip-to-tail, as illustrated below. Whereas the
scalar product A-B results in a scalar (meaning that A-B has no direction, only a
magnitude), the vector product A x B results in a vector (meaning that A x B includes
direction). The direction of the vector product is perpendicular to the plane containing A
and B (the plane of the parallelogram illustrated below).

-

A

Bsin@

e
Bcos@ Bcosf

By dividing the parallelogram illustrated above into two right triangles and the thin
rectangle between them, it can be seen that the area of the parallelogram is:

1
A, =24+ A = ZE(B cos @)(Bsin@) + (A — B cos @)(Bsinf) = ABsinf
This area, AB sin 6, equals the magnitude of the vector product: ||K X §|| = ABsin6.
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Notation

The cross (X) is used to designate the vector (or cross) product, as in A x B, which results

in a vector, whereas the dot (*) is used to designate the scalar (or dot) product, as in A-B.
When multiplying ordinary numbers, we use the cross and dot interchangeably. For
example, 3 X 2 = 32 = (3)(2) = 6. However, you may not swap the cross and dot in the

context of vector multiplication: A x B is much different from A - B.

Anti-commutativity of the Vector Product

The vector product is anti-commutative because BxA=-AxB. Its also helpful to

remember that the vector product of any vector with itself equals zero: A X A = 0.

Vector Product between Unit Vectors

The vector product & X § can be performed by identifying A = % and B = §. Compare the
general expression A = A,X + A,¥ + A,Z to the special case A = R to see that in this case
Ay =1and A, =4, =0. Similarly, for B= ¥, B, =B, =0 and B, = 1. We can evaluate
X X ¥ in determinant form using these components:

Xy z Ry z
gx§=|4c A, A|=[1 0 0|=2
B, B, B lo 10

You can similarly work out the vector product between other pairs of Cartesian unit
vectors:

XxX=0 , §yxy=0 , ZIxZ=0
Xxy=%2 , §xZ=R , ZXR=§
§yXxx=-Z , IXy=-% , XXZ=-§

Memorization Tip

Here is one way to remember which of the cross products among unit vectors are positive
and which are negative. The vector product is said to be cyclic. That is, the unit vectors
follow a circular order, according to the following sequence, X,¥,Z X, ¥ ... What this means
is that X X ¥ equals +%, § X Z equals +X, and Z X X equals +¥ because they follow this cyclic
order (where X comes after Z). If the unit vectors proceed in the reverse order, the result is
negative,asinZx y = — X.
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Chapter 29 - The Vector Product

Strategy for Finding the Vector Product

To compute the vector product C = A x B, follow these steps:
* Ifyou know the components of the given vectors, find the following determinant.

£ 9 2
R Ay Al (A A 1A A
C=AxB=|a 4, 4=z Pl-9[5 Flezly B
'y 'z x 'z X 'y

B, B, B,

Once you find the vector product, if you would like to determine the magnitude of
the vector product, you can use the three-dimensional generalization of the
Pythagorean theorem:

c=|AxB| = fcg+c,2+c,z

(C, is the coefficient of &, Cy, is the coefficient of §, and C, is the coefficient of Z in the
expression for c resulting from the determinant.)
* If you know the magnitudes of the given vectors along with the angle between the
two vectors, you can find the magnitude of the vector product using trig:
€ =||AxB| =A4Bsing

Example: Find the vector product between A = 28 —§+3ZandB =%+ 4§ — 22
Compare A= 2%—-§+3Z to K:A,)‘(+A,9+Azi to see that A, =2, A, =—1, and

A, = 3. Similarly, B, = 1, B, =4, and B, = —2. Plug these values into the determinant
form of the vector product:

- X2 ¥V ozl & ¢ 2 i y 31
AxB= ‘;: :’i ';:=§ —41 _32 =x|41 _3|—Y|i _32|+zﬁ 4.1|

AxB=£[(-1)(-2) - B)®)] - 9[(2)(=2) = R)(D)] +2[(2)(4) = (-1)(D)]
AxB=%(2-12)-§9(-4-3)+2(8+1)
AxB=-10%— (-7)§ + 92
AxB=-108+7§ + 92
Example: Ahasa magnitude of 4 and Bhasa magnitude of 8. The angle between Aand B
is 60°. Find the magnitude of €, where C = A x B.

Use the trigonometric form of the vector product.
€ =||AxB| =ABsing

€ = (4)(8) sin 60° = 32 (\/;) =163
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76. Find the vector product between A= 5%+ 2§ +4ZandB=3%+ 4§+ 62

Answer: —4X— 18§ + 14

77. Find the vector product between A=3%-22andB=8%— V—4zZ

Vant help? Check the hints section at the back of the book.
Answer: —2X—4§—3
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Chapter 29 - The Vector Product

=l

178. GivenA = —§ + Zand B = & — 2, find € where € = A x

Answer: C=R+§+2

179. A has a magnitude of 3 and B has a magnitude of 4. The angle between A and B is
150°. Find the magnitude of C, where C = A x B.

Want help? Check the hints section at the back of the book.
Answer: 6
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30 TORQUE

Relevant Terminology

Lever arm - the perpendicular distance connecting the line of force to the axis of rotation
(see the illustration below).

Rigid body - an object which preserves its shape when it rotates.

Torque - the vector product between T (see the illustration below) and force. A net torque
causes a rigid body to change its angular momentum.

Fulcrum - a point of support upon which a rigid body may rotate.

Hinge - a joint upon which a rigid body may pivot (allowing the rigid body to rotate).

r
fulcrum

Essential Concepts

Torque (%) is the vector product (Chapter 29) between the vector ¥ and force (F).
t=txF
In the torque equation, r extends from the axis of rotation to the point where Fis applied
(as shown below). The magnitude of the torque is given by the appropriate equation from
Chapter 29, where £ is the angle between ¥ and F.
T=rFsin@

Torque depends upon the lever arm.
¢ Geometrically, lever arm is found like the top illustration above. Imagine a long line
extending along the force. Connect the axis of rotation to the line of force with a
perpendicular line. This perpendicularly connecting line is termed the “lever arm.”
e Practically, lever arm can be found by multiplying r (the magnitude of F in the
diagram above) by the sine of # (the angle between ¥ and F).
lever arm = rsin@
A net force causes an object to change momentum (resulting in acceleration). A net torque
causes a rigid body to change angular momentum (resulting in angular acceleration).

311



Chapter 30 - Torque

Strategy to Find Torque

How you find torque depends on whether you're working with vector expressions or if

you're just working with the magnitudes of the vectors:
e If you know the components of ¥ and F (in the form ¥ =xX+ y§+ zZ and
F= ER + F,§ + F,Z), find the following determinant (from Chapter 29).

a2 o wn Xy z |y z RIS 22 Xy
teixfe|r ¥ ;=X|r, E|~9E EI*Z|E R
a; Ty &

Once you find the vector product, if you would like to determine the magnitude of
the torque, you can use the three-dimensional generalization of the Pythagorean

T=|[fxF|| = fr§+r)2.+r§

(7, is the coefficient of %, 7,, is the coefficient of §, and 7, is the coefficient of Z in the

theorem:

expression for T resulting from the determinant.)
o If you know the magnitudes of ¢ and F along with the angle between t and F, you
can find the magnitude of the vector product using trig. Draw both r and F, where:
o T extends from the axis of rotation to the point where Fis applied.
o Fisthe force that is exerting the specified torque.
Use the following equation to find the magnitude of the torque.
T= ||F>< F‘" =rFsind

In the above equation, @ is the angle between ¥ and F.

Symbols and Units

Symbol Quantity Units

distance from the axis of rotation to
the point where the force is applied

F force N
0 the angle between fand F °orrad
T torque Nm

Note: The symbol for torque (7) is the lowercase Greek letter tau.
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Notes Regarding Units

The SI units of torque are Nm (a Newton times a meter). It's best not to reverse the order,
since if you write mN (instead of Nm) it may be confused with milliNewtons.

Although a Nm equals a Joule, we don’t express torque in Joules since torque is not a
measure of work or energy. (The distinction has to do with radians. If a torque acts on a
rigid body that rotates, the torque times the angle equals rotational work. Rotational work
is measured in Joules, and the radians from the angle make the difference. Unlike
rotational work, torque is measured in Nm, not Joules.)

The SI units of torque can be broken down into kg-m?/s?, since a Newton equals a
kg -m/s2.

Example: In the diagram below, a 20-kg box is atop a plank. The box is 4.0 m from the
fulcrum. What torque does the weight of the box exert on the plank?

r
mg 1
Draw a picture showing r and F. The specified force is the weight (mg) of the box, while ¢
extends from the fulcrum to the white box. In this example, r =40 m, F=mg =

(20)(9.81) = (20)(10) = 200 N, and # = 90° (r and mg are perpendicular):
7=7rFsin6 = (4)(200) sin 90° = (4)(200)(1) = 800 Nm

Example: In the diagram below, a monkey hammers a nail into a horizontal pole 3.0 m to
the right of the fulcrum. The monkey ties a string around the nail and pulls with a force of
80 N in the direction shown. What torque does the monkey exert on the pole?

Draw a picture showing r and F. The specified force is the monkey’s pull (i-'). In this
example,r = 3.0m, F =80 N,and 8 = 30:

7 =r Fsind = (3)(80) sin 30° = (3)(80) (%) =120 Nm
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Chapter 30 - Torque

Example: As shown below, one end of a 4.0-m long, 9.0-kg rod is connected to a floor by a
hinge, which allows the rod to rotate. (The rod won't stay in the position shown: It will
rotate until it reaches the ground, where the rod will be horizontal.) Find the instanta-
neous torque exerted on the rod due to the weight of the rod in the position shown below.

Draw a picture showing F and F. The specified force is the weight (mg) of the rod, while ¢
extends from the fulcrum to mg. In this example, r = 12; = % = 2.0 m (the distance from the
hinge to the center of the rod, since the center of the rod is the point where gravity acts “on
average”), F = mg = (9)(9.81) = (9)(10) = 90 N, and 6 = 90° + 60° = 150°. It's easier to

get @ correct when you draw F and F tail to tail (see the right diagram above):

T =rFsin = (2)(90) sin 150° = (2)(90) (%) =90 Nm

Example: The force F = 4% — 3§ + 2 Z exerts a torque for which ¥ = 5% + 2 § + 2. Find
the torque vector.

Compare F=5%+2§+Z to Fr=xX+yy+2Z to see that x=5, y=2, and z=1.
Similarly, compare F=42-3 y+2Zto F=FEX+ F,¥ + F,Z to see that F, = 4, F, = -3,
and F, = 2. Plug these values into the determinant form of the vector product:

. Xy z Xy zZ
T=ftxF=|x y 2z|=|5 2 1
E K E[l 14 -3 2

2_ol2 1 4|5 1 al5 2
t="|_3 2|—y|4 2|+z|4 _3|
T=x[(2)(2) = (1(=3)] = F[(5)(2) = (D] + Z[(5)(=3) = (2)(4)]
F= R(4 + 3) — §(10 — 4) + 2(—15 — 8)
%=7%—-6§ - 232
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180. As illustrated below, a 30-kg white box is at the very right end of a 60-kg plank. The
plank is 20.0 m long and the fulcrum is 4.0-m from the left end.

e—

(A) Find the torque exerted on the system due to the weight of the white box.

(B) Find the torque exerted on the system due to the weight of the plank.

Answers: 4800 Nm, 3600 Nm
181. As illustrated below, one end of a 6.0-m long, 7.0-kg rod is connected to a wall by a
hinge, which allows the rod to rotate. (The rod won't stay in the position shown: It will
rotate until it reaches the wall, where the rod will be vertical.) Find the instantaneous
torque exerted on the rod due to the weight of the rod in the position shown below.

inge

30°

Want help? Check the hints section at the back of the book.
Answer: 105 Nm
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Chapter 30 - Torque

182. As illustrated below, a 60-kg monkey hangs from one end of a 12.0-m long rod, while
an 80-kg monkey stands 4.0 m from the opposite end. A fulcrum rests beneath the center
of the rod.

fulcrum

(A) What torque is exerted by the hanging monkey?

(B) What torque is exerted by the standing monkey?

Want help? Check the hints section at the back of the book.
Answers: 18003 Nm, —800v3 Nm
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183. A door is 200 cm tall and 50 cm wide. One vertical side of the door is connected to a
doorway via hinges. The doorknobs are located near the other end of the door, 45 cm from
the hinges. The door is presently ajar (partway open). Consider the following ways that a
monkey might attempt to close the door.

(A) A monkey grabs the two doorknobs (one in each hand) and pulls with a force of 90 N
directly away from the hinges. What torque does the monkey exert on the door, if any?

(B) A monkey pushes with a force of 60 N on one doorknob, pushing perpendicular to the
plane of the door. What torque does the monkey exert on the door, if any?

(C) A monkey pushes on the geometric center of the door with a force of 80 N, pushing in a
direction 30° from the normal (that is, the line perpendicular to the plane of the door).
What torque does the monkey exert on the door, if any?

Want help? Check the hints section at the back of the book.
Answers: 0,27 Nm, 10\[3_‘ Nm
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Chapter 30 - Torque

184. The force F=3% +2 ¥ + 4 Z exerts a torque for which F = 6 X+ § — 5Z. Find the
torque vector.

Want help? Check the hints section at the back of the book.
Answer: T=14%X-39§+9%
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31 STATIC EQUILIBRIUM

Essential Concepts

Static equilibrium means that the system is stationary (at rest). Since the system isn't
moving, all components of the acceleration equal zero (a, = 0 and a,, = 0) and the angular
acceleration equals zero (a). We solve static equilibrium problems by setting acceleration
equal to zero in Newton’s second law (recall Chapter 14) and also setting the sum of the
torques equal to zero (torque was the subject of Chapter 30). Conceptually, the reasons for
this are:
* Setting the net force equal to zero (¥ F; = 0 and ¥ F, = 0) ensures that the center of
mass of the system doesn’t accelerate.
e Setting the net torque equal to zero (¥ 7) ensures that the system doesn’t acquire
angular acceleration.
If there is a hinge in the problem, the hinge may experience a force. From an engineering
perspective, it's important to calculate things like the tension in a cord or the force exerted
on a hinge in order to ensure that the materials (the cord or hingepin, for example) can
withstand those forces. We call Fy and 6y the magnitude and direction of the hingepin
force, which can be related to horizontal (H) and vertical (V) components. It's easier to
work with H and V when solving a problem, and to find Fy and 8y later using the
Pythagorean theorem and an inverse tangent (see below).

Static Equilibrium Equations

For a system in static equilibrium, set the components of acceleration equal to zero in
Newton’s second law and also set the net torque equal to zero:

Z;;:o ) ZFY=0 ) Zr:O
Recall that torque (7) is defined by the equation below. See Chapter 30 for a description of
how to find r, F, and 6.
T=rFsing
If you know the horizontal (H) and vertical (V) components of the hingepin force, you can
find the magnitude of the hingepin force (Fy) from the Pythagorean theorem and the
direction of the hingepin force (#y) with an inverse tangent:

4
Fy=\H?+V? , 6, =tan"? (ﬁ)
If you know Fy and @y, you can find H and V using trig.

H=Fycos@y , V =Fysinby
The two pairs of equations above are vector equations from Chapter 10.
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Chapter 31 - Static Equilibrium

Symbols and Units

Symbol Quantity Units

. distance from the axis of rotation to i
the point where the force is applied

F force N
a the angle between I and F ®orrad
T torque Nm
Fy magnitude of the hingepin force N
Oy direction of the hingepin force °orrad
H horizontal component of the hingepin force N
4 vertical component of the hingepin force N

Strategy for Static Equilibrium Problems

To solve a problem with a system in static equilibrium, follow these steps:

1.

Draw an extended free-body diagram (FBD). Unlike the FBD's that we drew in
Chapter 14, an extended free-body diagram shows the rigid body’s shape (for
example, a rod) and shows where each force acts on the object. This is helpful for
working out the torques. Draw and label forces like we did in Chapter 14, but draw
each force where it acts on the object. Label the direction for positive torques.

If there is a hingepin, draw the horizontal (H) and vertical (V) components of the
hingepin force. This is done in one of the examples that follow.

Identify the axis of rotation. This point is needed to determine the torques. Since
the object isn't rotating, you can actually choose the axis anywhere you want.

. Set the sums of the forces and torques equal to zero:

YE=0:y YB=0; Yrei

Rewrite the left-hand side of each force sum (¥ F, and %, F,) in terms of the x- and y-
components of the forces acting on each object, like we did in Chapter 14.

Rewrite the left-hand side of the torque sum (¥, 7) in terms of the torques, using the
equation 7 = r Fsin#. See Chapter 30. Note that torques causing clockwise rota-
tions will have a different sign than those causing counterclockwise rotations.

. Carry out the algebra to solve for the unknown(s).
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Example: As illustrated below, a 20-kg white box rests on a plank, 6.0 m to the right of the
fulcrum. The fulcrum rests beneath the center of the plank. Where should a 30-kg black
box be placed in order for the system to be in static equilibrium?

myg

m,g mpE

Begin by drawing an extended free-body diagram for the plank. See the diagram at the top
right. In the extended free-body diagram, we draw the forces (the weight of each block)
where they act on the plank. The fulcrum exerts an upward support force, V, which
prevents the system from falling. Sum the forces and torques for the system. Note that
1y = 0 and 1, = 0 since V and m,,g (the weight of the plank) act on the axis of rotation (on
average, in the case of the plank’s weight), such that V and m, g do not exert torques on the
system. For the torques exerted by the two weights, & = 90° since r is horizontal and
weight is vertical. We choose clockwise to be the positive rotation direction, such that the
torque exerted by myg is negative. The torques exerted by the three forces are:
Ty =1y Fysin@ = (0)Vsinf =0
T, = 1f,sin@ = (0)m,gsinf =0
Tp = —1F, sin@ = —rym, g sin 90°
Ty = hyF, sin@ = n,m,, g sin 90°
Note that no forces have x-components in this example (neither 1y nor r,, is a force).

Z@:o ; Zr:O

V-m,g—-m,g—-m,g=0 , n,m,gsin90°—r,m,gsin90°=0
We can answer the question by solving for r:
TwMyg = TpMpg
My, (6)(20)
=—=———=40
" my, 30 m
The black block should be placed 4.0 m to the left of the fulcrum.
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Chapter 31 - Static Equilibrium

Example: As illustrated below, a mallet is balanced on a fulcrum in static equilibrium. The
mallet has a 30.0-cm long handle and a 6.0-cm wide end. Each piece has uniform density
(but the densities of the two pieces differ). The total mass of the mallet is 12.0 kg. The
fulcrum is 3.0 cm from the right edge of the handle. A monkey saws the mallet in two
pieces at the fulcrum. Determine the mass of each piece.

mpg

Begin by drawing an extended free-body diagram for the mallet. See the diagram at the top
right. It's very similar to the previous example, since there is a weight on each side. We use
my, and r, for the handle and m, and 7, for the end (but as we'll see later, m;, and m,, are
not the two masses that the problem asks for). Sum the forces and torques for the system.
For the torques exerted by the two weights, & = 90° since F is horizontal and weight is
vertical. We choose clockwise to be the positive rotation direction, such that the torque
exerted by m,g is negative. The torques exerted by the three forces are:

Ty = 1yFysin@ = (0)Vsinf =0

Ty = =Ty F, sin@ = —rpmy g sin 90°

T, = 1.F, sin@ = r,m,gsin90°

Note that no forces have x-components in this example (neither rj, nor r. is a force).

ZF,:O , Zr=o

V-myg-m,g=0 , rmgsin90°—1rm,gsin90° =0
The second equation will help us solve the problem:
ThMpy = TeM,
The quantity r;, is measured from the fulcrum to the center of the handle: It's half the
length of the handle minus 3.0 cm. The quantity while 7, is measured from the fulcrum to
the of the mallet's end: It's half the width of the mallet plus 3.0 cm.

L 30
T=5-3=5-3=15-3=12cm

w 6
re=—+3=5+3=3+3=6.0cm

2
Plug these values into the prior equation:
12my = 6m,
_6bm, m,
™ 2

Now we use the fact that the two masses, my and m,, add up to the total mass of the mallet,
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given as 12.0 kg in the problem:
my+m,=m=12
Substitute the expression m;, = ? that we found previously into the above equation:

me
T+"le=12
me 2m, 3m,
2 2 2

2
me=§12=8.0kg

Since the total mass is 12.0 kg, the handle’s mass must be:

mp=12-m,=12-8 =4.0kg
However, m;, and m, are not the masses of the two pieces. They are the masses of the
handle and the mallet’s end, but part of the handle is to the right of the fulcrum. When the
monkey saws the mallet into two pieces at the fulcrum, he creates a left piece of mass m;
which will have less mass than the handle and a right piece of mass my which will have
more mass than the mallet’s end (because a piece of the handle is attached to the mallet’s
end to form the right piece). The fulcrum is 3.0 cm from the right end of the handle, and
the handle is 30.0 cm long. This means that the left piece has 90% of the mass of the handle
(divide 27.0 cm by 30.0 cm to come up with 90%), while the right piece has 10% of the
mass of the handle (3.0 cm divided by 30.0 cm makes 10%) plus the mass of the mallet’s
end. Recall from math that 90% equals 0.9 when expressed as a decimal, and similarly
10% is 0.1. Therefore, m; = 0.9 m;, represents that 90% of the handle lies to the left of the
fulcrum, and my = 0.1 m;, + m, represents that 10% of the handle plus the mallet’s end lie
to the right of the fulcrum.

my, = 09m;, =(09)(4) =3.6kg

mg =0.1my, +m, =(0.1)(4) +8=04+8 =84kg

As a check, we can confirm that m; + mg = 3.6 + 8.4 = 12.0 kg add up to the total mass of
the mallet. The left end has a mass of 3.6 kg, while the right end has a mass of 8.4 kg. These
are the final answers.

Are you surprised that the two ends don’t have the same mass? The notion that the masses
“should” be the same is a common misconception among physics students. The weights
aren’t equal. Instead, the torques are equal. The system is balanced when the two torques
cancel out. Each torque involves an expression of the form rmg (with different r's and
m'’s). Since the left end has a larger r and the right end has a smaller r, the masses must be
different in order for the torques to be equal: The left piece must have a smaller mass to
compensate for its larger r, while the right piece has a larger mass because it is closer (on
average) to the fulcrum.
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Chapter 31 - Static Equilibrium

Example: As shown below, a 20-kg box of bananas is suspended from a rope in static
equilibrium. The vertical rope is connected to two other ropes which are supported from
the ceiling. Determine the tension in each cord.

The trick to this problem is to draw a FBD for the knot (where the three cords meet). Since
the system is in static equilibrium, we don’t need to know the mass of the knot (the right-
hand side of Newton’s second law equals zero since the acceleration is zero).

Since the system is in static equilibrium, it’s not rotating, so we are free to choose the axis
of rotation anywhere we like. Let's choose the axis of rotation to pass through the knot,
perpendicular to the page. With this choice, all of the torques are zero since each force
pulls directly away from the knot (it's like pushing on the hinges to try to open a door).
The sum of the torques simply states that zero equals zero in this problem.

Resolve each force into components following the technique from Chapter 14. In this
problem, the two tensions are equal since the FBD is symmetric (both angles equal 30°).

ZE, =0 , Z F=0
Tcos30°—=Tcos30°=0 , Tsin30°+ Tsin30°-mg =0
In this example, the left equation is just an identity (T = T). Use the right-hand side to
solve for tension.
T'sin30° + T'sin30° = mg
2Tsin30°=mg
2 T% =mg
T =mg = (20)(9.81) = (20)(10) = 200 N
There are three answers to this problem:
e The top left tension equals 200 N.
e The top right tension equals 200 N by symmetry.
* The bottom tension also equals 200 N. It equals the weight of the box of bananas:
mg = (20)(9.81) = (20)(10) = 200N
If you draw a FBD for the box of bananas, there will be an upward tension (T,) and a
downward weight (mg). These must be equal for the box to be in static equilibrium.
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Example: As illustrated below, a uniform boom (the object that looks like a rod or pole) is
supported by a horizontal tie rope that connects to a wall. The system is in static
equilibrium. The boom has a mass of 50 kg and is 10-m long. The lower end of the boom is
connected to a hingepin. The tie rope can sustain a maximum tension of 750y3 N. (A)
What maximum load can the boom support without snapping the tie rope? (B) Find the
magnitude and direction of the maximum force exerted on the hingepin.

=3l
=3l

mpg

(A) Begin by drawing an extended free-body diagram for the boom. See the center diagram
above. In the extended free-body diagram, we draw the forces where they act on the boom.
Tension pulls to the left, along the tie rope. The weights pull downward. The weight of the
boom effectively acts at the center of the boom (on average). In the diagram, H and V are
the horizontal and vertical components of the hingepin force. The values of r and # needed
in the torque equations are tabulated below (join each T to its corresponding force tail to
tail to see the angles correctly).

mgg

=0 , =0 , rg=g=—0 =50m , r»=L=100m , 1 =L=100m

g = 180° — 60° = 120° , 67 =90°+60°=150° , @, =180°—60°=120°
Sum the forces and torques for the system. We choose clockwise to be the positive rotation
direction, such that the torque exerted by the tension is negative.

Z):;=o , Zpy=0 , Zr:O

H=T=0, V-mgg—mg=0, rgmggsin120°+r,m; gsin120° — r;T sin150° = 0
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Chapter 31 - Static Equilibrium

We can answer the first question by solving for m, in the torque sum:
rgMmpg sin 120° + r,m; g sin 120° — ;T sin 150° =
r,mygsin120° = rpT sin 150° — rgmgg sin 120°

Use the maximum tension (750\/5 N) to find the maximum load that the boom can support:

(10)m,(9.81) (?) = (10)(750v3) (%) — (5)(50)(9.81) (?)

3 1 3
(10)m, (10) (g) ~ (10)(750v3) (5) — (5)(50)(10) (‘9

50v3 m;, = 3750v3 — 12503 = 2500V3
2500V3 2500
my, ~ ==— =50k
T s50v3 50 €
The boom can support a maximum load of 50 kg.

(B) Solve for the horizontal and vertical components of the hingepin force from the
expressions that we obtained previously from summing the forces:
H=-T=0, V-mgg—-mg=0
Use the maximum tension and maximum load to find the maximum components of the
hingepin force.
H=T=750V3N
V =mgg +myg = (50)(9.81) + (50)(9.81)
V = (50)(10) + (50)(10) = 500 + 500 = 1000 N
Use the Pythagorean theorem to find the magnitude of the maximum hingepin force:
Fy = VH? + V2 = /502 + 502 = 50412 + 12 = 50V2 N
Use an inverse tangent to determine the direction of the maximum hingepin force:

(v _1(50 -i
0y = tan (ﬁ)=tan (§)=tan (1) = 45°
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185. In the diagram below, a 60-kg black box rests on a plank, 5.0 m to the left of the
fulcrum. The fulcrum rests beneath the center of the plank. Where should a 75-kg white
box be placed in order for the system to be in static equilibrium?

S R

186. In the diagram below, a 20-kg white box rests on a plank, 2.0 m to the right of the
fulcrum, while a black box rests 5.0 m to the left of the fulcrum. The fulcrum rests beneath
the center of the plank. The system is in static equilibrium. Find the mass of the black box.

A

Want help? Check the hints section at the back of the book.
Answers: 4.0 m to the right of the fulcrum, 8.0 kg

327



Chapter 31 - Static Equilibrium

187. In the diagram below, a 100-kg black box rests on a plank, 4.0 m to the left of the
fulcrum, and a 50-kg white box rests 16.0 m to the left of the fulcrum. The fulcrum rests
beneath the center of the plank. Where should a 60-kg gray box be placed in order for the

system to be in static equilibrium?

188. In the diagram below, a 30-kg white box rests on a plank, 2.5 m to the left of the
fulcrum, and a 40-kg black box rests 7.5 m to the right of the fulcrum. The fulcrum rests
beneath the center of the plank. Where should a 25-kg gray box be placed in order for the

system to be in static equilibrium?

Want help? Check the hints section at the back of the book.
Answers: 20.0 m to the right of the fulcrum, 9.0 m to the left of the fulcrum
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189. As illustrated below, a 40-kg monkey is suspended from a rope in static equilibrium.
The monkey’s rope is connected to two other ropes which are supported from the ceiling.
Determine the tension in each cord.

Want help? Check the hints section at the back of the book.
Answers: 200 N (left), 2003 N (right), 400 N (bottom)
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Chapter 31 - Static Equilibrium

190. As illustrated below, a uniform boom is supported by a tie rope that connects to a
wall. The system is in static equilibrium. The boom has a mass of 50 kg and is 10-m long.
The lower end of the boom is connected to a hingepin. The tie rope is perpendicular to the

boom and can sustain a maximum tension of 600 N.

(A) What maximum load can the boom support without snapping the tie rope?

(B) Find the maximum horizontal and vertical components of the force exerted on the

hingepin.

Want help? Check the hints section at the back of the book.
Answers: 23 kg, 300V3 N, 430 N
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32 MOMENT OF INERTIA

Relevant Terminology

Momentum - mass times velocity.

Rigid body - an object that doesn’t change shape when it rotates.

Inertia - the natural tendency of any object to maintain constant momentum.

Moment of inertia - the natural tendency of a rigid body to maintain constant angular
momentum.

Essential Concepts

The moment of inertia of a rigid body is a measure of its tendency to resist changes to its
angular momentum. An object’s moment of inertia depends on how its mass is distributed
about the axis of rotation:
¢ More mass further from the axis of rotation results in a larger moment of inertia, as
illustrated in the following conceptual example.
e The greater an object's moment of inertia, the harder it is to change the object’s
angular momentum.

Conceptual Example

Consider three different ways of rotating a rod illustrated below.

<o 2

‘D
i

In which case is it easier to change the angular speed of the rod? Grab a rod or yardstick
and test it out.

o left figure: It is hardest to change the angular speed in this case. See how long it
takes you to complete one revolution. More mass is far from the axis of rotation in
this case. The moment of inertia is greatest for this axis of rotation.

* middle figure: This case is in between the other two. You can spin it faster than you
can in the left picture, but not as fast as in the right picture.
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Chapter 32 - Moment of Inertia

o right figure: It is easiest to change the angular speed in this case. If you grab the rod
between your hands and give your hands a quick flick, you can easily make it spin
rapidly, completing multiple revolutions per second. All of the mass is very close to
the axis of rotation in this case. The moment of inertia is smallest for this axis of
rotation.

Parallel-Axis Theorem

Sometimes, an object isn’t rotating about an axis listed in a table of moments of inertia.
When that’s the case, you may be able to apply the parallel-axis theorem. If you know the
moment of inertia of an object about an axis passing through its center of mass, you can use
the parallel-axis theorem to find the moment of inertia (/) about an axis parallel to the axis
that passes through the center of mass.

parallel
CM axis axis

%(_}
h
The equation for the parallel-axis theorem is:
I, = Iy + mh?
Here is what these symbols mean:
o Igy is the moment of inertia of the object about an axis passing through its center of
mass. You might find this in a table of moments of inertia (see pages 333-336).
¢ I, is the moment of inertia of the object about an axis that is parallel to the axis used
for Icp.
* mis the mass of the object.
e his the distance between the two parallel axes, as illustrated above.
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Moment of Inertia Equations

The equation for moment of inertia (I) depends on:

* the shape of the object

* the axis about which the object is rotating
For a pointlike object traveling in a circle, use the following equation for moment of inertia,
where R is the radius of the circle that the object is traveling in:

I = mR?
For a system of objects that share a common axis of rotation, find the moment of inertia of
each object and then add the moments of inertia together.
I=h+L+-+Iy
The following pages of tables show a variety of common geometric objects about common
axes of rotation. Note: If the axis you need is parallel to an axis that passes through the
center of mass of the object, you can apply the parallel-axis theorem (discussed on the
previous page).
I, = Iy + mh?

thin rod (flipping mode) thin rod (flipping about end)

I
u

; L
mL? i mlL?
T 12 -3

solid disc (flipping mode)

&>

mR?
I=—

4
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Chapter 32 - Moment of Inertia

thin ring (flipping mode)
thin ring (rolling mode) @

mR?
I=—

2

thick ring (flipping mode)

&>

solidcylinder (rolling modei) thin hollow cylinder (rolling mode)
a’ ? ’
/
f g \/JH/

2
1:% I =mR?
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solid sphere (rolling mode)

thick hollow cylinder (rolling mode)
a@’

L RAR
. 5
thick hollow sphere (rolling mode)

&S

_ 2mR?

thin hollow sphere (rolling mode)

s>

&

&>

solid cube about an axis through its
center and perpendicular to a face

2mR? _2mR°-R§
b= T S R3-R}
solid rectangle about an axis through

its center and perpendicular to the
rectangle

&=
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Chapter 32 - Moment of Inertia

solid cone about its
solid rectangle (flipping mode)

symmetry axis
E‘ =i -
—
H
_ 3mR?
To10
solid single-holed ring torus
(rolling mode) solid ellipse about a symmetric

bisector
@S

S
- &

2

i L
4R? + 3R? 4

4

For a shape or axis of rotation that you don’t find in the table, you can derive an equation
for the moment of inertia by applying calculus:

I=frfdm

Here, 2 is the shortest distance from each dm to the axis of rotation. See pages 343-354.

Notes Regarding Units

The Sl units of moment of inertia (I) follow from the equations for moment of inertia. All of
2

the equations involve mass and a distance squared, such as [ = mR?, I = EmRZ, orl = %

Since the SI unit of mass is the kilogram (kg) and the SI unit of distance is the meter (m), it
follows that moment of inertia’s SI units are kg'm? (since distance is squared in the
formulas).
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Symbols and Sl Units

Symbol Name Sl Units
m mass kg
R radius m
Ry inner radius m
L length m
w width m
1 moment of inertia kg'm?
moment of inertia about an axis 2
Ieu 4 kg'm
passing through the center of mass
moment of inertia about an axis 2
I, kg'm

parallel to the axis used for I

distance between the two parallel
h m
axes used for Iy and I,

Strategy for finding the Moment of Inertia of a System of Objects

How you find moment of inertia depends on the situation:

1. For a single pointlike object traveling in a circle (or for an object that is small com

pared to the radius of the circle it is traveling in), use the following formula:
I = mR?

2. For a common geometric shape like a disc, rod, or sphere, see if you can find th
formula in a table (see pages 333-336). Otherwise, see pages 343-354.

3. If the axis you need is parallel to an axis that passes through the center of mass o
the object, you can apply the parallel-axis theorem (see page 339):

I, = Iy + mh?

4. If there are two or more objects that share a common axis of rotation, find the

moment of inertia of each object and then add the moments of inertia together:
I=h+L++Iy
If all of the objects are pointlike and share a common axis of rotation, the formul:
for the moment of the inertia of the system becomes:
I =myR? + myR? + -+ myR}
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Chapter 32 - Moment of Inertia

Example: As shown below, four 5.0-kg masses are joined together in the shape of a square
with approximately massless rods. The 5.0-kg masses are small in size compared to the
length of the rods. Determine the moment of inertia of the system about the y-axis.

y

2

i2.0m

1 40m

40m

: 2.0m

Since the rods are very light (approximately massless compared to the 5.0-kg masses), we
can neglect them. Since the masses are small compared to the length of the rods, we can
treat them as pointlike objects. Use the formula for the moment of inertia of four pointlike
objects sharing a common axis of rotation (the y-axis):

I = myR? + myR% + m3R? + myR}
All of the masses are the same (5 kg). Each R is the distance of the corresponding mass
from the axis of rotation (the y-axis). The left two masses are 2.0 m from the y-axis, while
the right two masses are 2.0 m + 4.0 m = 6.0 m from the y-axis:

1=(5)(2)?+ (5)(6)% + (5)(2)* + (5)(6)> = 20 + 180 + 20 + 180 = 400 kg'm?

Example: The yo-yo illustrated below consists of a hollow cylinder with a mass of 50 g and
a radius of 3.0 cm between two solid discs. Each solid disc has a mass of 25 g and a radius
of 8.0 cm. Determine the moment of inertia of the yo-yo about its natural axis.

All three objects share the same axis of rotation (the axis of the cylinder). Look up the
moments of inertia for a hollow cylinder and solid disc in rolling mode in the table on pages
333-336: I, =m.RZand Iy = %deﬁ. Add these moments of inertia together.
1 1 1 1
I=mR?+ Edeﬁ + Edeﬁ = (50)(3)* + 5(25)(8)2 + 2(25)(8)2 = 2050 g-cm?
Note: If you leave mass in grams (g) and radius in centimeters (cm), moment of inertia
comes out in g-cm? instead of kg'm?. If you want SI units, convert g to kg and cm to m first.
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Example: The uniform rod shown below rotates about the axis p. The rod has a mass of%

kg and a length of 2.0 m. Determine its moment of inertia about the axis p.

Lilasiiiing

R s

|

by

25cm
The strategy for this problem is to first look up the formula for the moment of inertia about

the axis through the center of the rod and then apply the parallel-axis theorem. According
to the table, the moment of inertia about the axis c is:

Now we apply the parallel-axis theorem with h = 25cm = 0.25m = i m:

5 i h2_1+(1)(1)2_1+1_16+3_19
p=lemTMA=ET12 “67327 96796 9

2

1 kg'm
Example: The diagram below shows a uniform rod that is welded onto a solid sphere. The
rod has a mass of 9.0 kg and length of 6.0 m, while the sphere has a mass of 5.0 kg and a
radius of 2.0 m. Determine the moment of inertia about the axis shown.

The rod is rotating about its end. This moment of inertia is listed in the table:
1 1

I, = gmrl,z = 5(9)(6)2 =108 l(g'm2

We first find the solid sphere’s moment of inertia about an axis through its center:
2 2

I = -s-mst = 5(5)(2)2 = 8.0 kg'm?
Now we apply the parallel-axis theorem where h = L + R = 6.0 + 2.0 = 8.0 m (that’s the
distance between the desired axis and the center of the sphere):

I, = Iy +mgh? = 8 + (5)(8)? = 328 kg'm?

Add the moments of inertia of the rod and sphere (both about axis p) together:

I'=1+1I, =108 + 328 = 436 kg'm?

339



Chapter 32 - Moment of Inertia

191. As illustrated below, three 6.0-kg masses are joined together with approximately
massless rods in the shape of an equilateral triangle with an edge length of L = 4.0 m. The
6.0-kg masses are small in size compared to the length of the rods. Determine the moment
of inertia of the system about (A) the x-axis, (B) the y-axis, and (C) the z-axis (which is
perpendicular to the page and passes through the origin).

4
A

Want help? Check the hints section at the back of the book.
Answer: 72 kg'm?, 120 kg'm?, 192 kg'm?
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192. Three bananas are joined together with approximately massless rods. The banana:s
ire small in size compared to the length of the rods. The masses and the (x, y) coordinates
of the bananas are listed below. Determine the moment of inertia of the system about (A)
he x-axis, (B) the y-axis, and (C) the z-axis (which is perpendicular to the page and passes
hrough the origin).

e A 400-gbanana has coordinates (3.0 m, 0).

e A 300-gbanana has coordinates (0, 2.0 m).

e A 500-g banana has coordinates (-4.0 m, 1.0 m).

Vant help? Check the hints section at the back of the book.
Answer: :—g kg'm?, 55—8 kg'm?, % kg'm’
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Chapter 32 - Moment of Inertia

193. The diagram below shows a uniform rod that is welded onto two hollow spheres. The
rod has a mass of 6.0 kg and length of 8.0 m, the left sphere has a mass of 9.0 kg and a
radius of 2.0 m, and the right sphere has a mass of 3.0 kg and a radius of 1.0 m. Determine
the moment of inertia about the axis shown, which bisects the rod.

Want help? Check the hints section at the back of the book.

Answer: 457 kg'm?
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Strategy for Performing the Moment of Inertia Integral

To find the moment of inertia of a continuous object like a rod or disc, follow these steps:

1.

Draw the object. Draw and label a representative dm somewhere within the object.
Don’t draw dm at the origin or on an axis (unless the object is a rod and every point
of the rod lies on an axis, then you have no choice).
Draw and label the specified axis of rotation.
Draw the shortest possible line connecting dm to the specified axis of rotation.
(This line will be perpendicular to the axis of rotation). Label the length of this line
as r;. See the diagrams in the examples that follow.
Begin with the formula for the moment of inertia integral: I = [r?dm
Make one of the following substitutions for dm, depending on the geometry:

e dm = Ads for an arc length (like a rod or circular arc).

e dm = odA for a surface area (like a triangle, disc, or thin spherical shell).

e dm = pdV for a 3D solid (like a solid cube or a solid hemisphere).
Choose the appropriate coordinate system and make a substitution for ds, d4, or dV
from Step 3 using the strategy from Chapter 26:

e For astraight line parallel to the x-axis, ds = dx.

e For astraight line parallel to the y-axis, ds = dy.

e Foracirculararc of radius R, ds = Rd#.

e Forasolid polygon like a rectangle or triangle, dA = dxdy.

¢ Forasolid semicircle (not a circular arc) or pie slice, dA = rdrd#.

e Foravery thin spherical shell of radius R, dA = R? sin 6 d0d¢.

¢ Forasolid polyhedron like a cube, dV = dxdydz.

¢ Forasolid cylinder or cone, dV = r.dr.dfdz.

o Fora portion of a solid sphere like a hemisphere, dV = r?sin @ drdfd¢.
Is the density uniform or non-uniform?

o Ifthe density is uniform, you can pull 4, g, or p out of the integral.

¢ Ifthe density is non-uniform, leave 4, g, or p in the integral.
Look at the r, that you drew in Step 3. Express r, in terms of coordinates listed in
Step 6. Study the examples that follow to learn how to write this equation.
Which coordinate system did you choose in Step 67

e Cartesian coordinates: Leave x, y, and z as they are.

e 2D polar coordinates: Replace x and y with the following expressions:

x=rcos@ , y=rsinf
e Cylindrical coordinates: Replace x and y with the following expressions:
x=r1.cos@ , y=rnsinf
e Spherical coordinates: Replace x, y, and z with the following expressions:
x=rsinfcosg , y=rsinfsing , z=rcosb
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Chapter 32 - Moment of Inertia

10. An integral over ds is a single integral, an integral over d4 is a double integral, and
an integral over dV is a triple integral. Set the limits of each integration variable
that map out the region of integration, as illustrated in Chapter 26. Perform the
integral using techniques from this chapter and also from Chapters 2, 9, and 26.

11.Perform the following integral to determine the total mass (m) of the object:
m = [ dm. Make the same substitutions as you made in Steps 5-9. Use the same
limits of integration as you used in Step 10.

12.When you finish with Step 11, substitute your expression into the equation from
your original moment of inertia integral. Simplify the resulting expression. Your
final answer should involve the mass of the object and a distance squared.

Symbols and Sl Units
Symbol Name Sl Units
dm differential mass element kg
m total mass of the object kg
. shortest distance from dm to the axis of rotation m
X, ¥,z Cartesian coordinates of dm m, m,m
r,0 2D polar coordinates of dm m, rad
1,0,z cylindrical coordinates of dm m, rad, m
r,0,¢ spherical coordinates of dm m, rad, rad
A linear mass density (for an arc) kg/m
o mass density for a surface area kg/m?
p mass density for a 3D solid kg/m?
ds differential arc length m
dA differential area element m?
dv differential volume element m?
1 moment of inertia kg:m?

Note: The symbols 4, &, and p are the lowercase Greek letters lambda, sigma, and rho.
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Example: The rod illustrated below has non-uniform linear mass density A(x) = fx, where
B is a positive constant. Derive an equation for the moment of inertia of the rod about the

linex = éin terms of the total mass of the rod, m, and the length of the rod, L.

y )

(Ly)

Draw a representative dm. Label r, for that dm (where r| is the shortest distance from dm
to the axis of rotation). When we perform the integration, we effectively integrate over
every dm that makes up the rod. Begin with the moment of inertia integral.

1= f ridm
For a thin rod, we write dm = Ads.

1= f ridds
Since the rod has non-uniform density, we can’t pull A out of the integral. Instead, we
substitute the equation for A given in the problem: 1 = fx.

1= jrfﬁx ds

We can pull § out of the integral since f is a constant. For a rod lying along the x-axis, we
work with Cartesian coordinates and write the differential arc length as ds = dx. The
limits of integration correspond to the length of the rod: 0 < x < L.

L

I=8 f rixdx
x=0
Looking at the diagram above, it should be clear thatr;, = x — § for the representative dm.
Note that if we had drawn dm to the left of the axis of rotation, we would have found that
L

2 2
= g— x. This distinction is not important since r, is squared: (x - g) = (; - x) .

L 73
I=p f(x—i) xdx
x=0

2
One way to perform this integral is to foil out (x - g) .
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Chapter 32 - Moment of Inertia

2xL  L?
I=p j -—+—)xdx
9
Now multiply by the x.

2x2L s ¥t 2x3L  x212]"
I=p dx =p|—— +—

9 4 9 18

x=0
‘. oo o (9 st 21t 3pL prr
=B\T"9 "1 36 36 136)" 36 ~ 12

Now integrate to find the total mass of the rod using the same substitutions as before:

m= fdm J-/]ds— f(ﬁx)dx—ﬁ j(x)dx—/?[ ] (E—-O;):‘?TLZ

Solve for § in terms of m in the above equation.
_2m
-
Substitute this expression for f# into the equation for moment of inertia.
_BLY2M\ LY MI?
=== Fn%
Example: The right triangle illustrated below has uniform density. Derive an equation for
its moment of inertia about the y-axis in terms of b, h, and /or m.

@2

y
(0,h)

x
(b,0)

Draw a representative dm. Label r; for that dm (where r| is the shortest distance from dm
to the axis of rotation). Begin with the moment of inertia integral.

I= f ridm
For a solid triangle (as opposed to a wire bent into a triangle), we write dm = gdA.
I= f rio dA

Since the triangle has uniform density, we can pull o out of the integral.
I=0o f rZdA
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“or a triangle, we work with Cartesian coordinates and write the differential area element
1s dA = dxdy. As with the example involving a triangle from Chapter 26, if we let x vary
rom 0 to b, we need to ﬁnd the equation of the hypotenuse for the upper limit of y. That

ine has a slope equal to i‘ = :—Z =-t and a y-intercept of h. The equation for this line
1
s therefore y = — ;x + h. For a given value of x, y will vary from0toy = — ; + h.
hx
b= th
I=o f f rZdxdy
x=0 y=0

As illustrated on the previous page, every dm lies a distance r, = x from the axis of
‘otation (the y-axis).
hx
p~ ot
I=0c f f x% dxdy

x=0 y=0
We must perform the y-integration first because y has x in its upper limit. In the double
ntegral, we can pull x out of the y-integral (but not out of the x-integral).

hx
b =ph b b
hx
I=r:rJ-x2 f dy dx=afx2(—7+h = f(——+hx2)d
x=0 y=0 x=0 x=0
i hx*  hxd)’ hbt mb3\ o 1, 1) _ohb?
N BTN P U T (-3+3)=1
Now integrate to find the total mass of the triangle, using the same substitutions as before:
b ~B+h b /‘%"" \ b i
x
m=jdm=fad.4=aj j dxdy:a[ f dy dx:a[(—;-{»h)dx
x=0 y= x=0\ y=0 x=0
+hx £ i ( hb+hb)—6hb
. 2b =0\ 2 ~2
solve for ¢ in terms of m in the above equation.
_2m
7= hb

substitute this expression for ¢ into the equation for moment of inertia.
ahb? 2my\ hb*  mb?
A (hb) 6
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Example: Derive an equation for the moment of inertia of a solid uniform sphere about an
axis that passes through its center in terms of its radius, R, and total mass, m

@S
z

1

Draw a representative dm. Label r, for that dm (where r, is the shortest distance from dm
to the axis of rotation). Begin with the moment of inertia integral.

I= frf dm
For a solid sphere (as opposed to a very thin hollow sphere), we write dm = pdV.
1= frfp dv
Since the solid sphere has uniform density, we can pull p out of the integral.
Ti= pjrf av
For a solid sphere, use dV = r?sin @ drdfd¢ (Chapter 26). This requires integrating over
r, 0, and ¢. Unlike in the previous example, r, 8, and ¢ each have constant limits:
e 0<r<RrR
e 0=sfO=sm
e 0=s¢=<2nm
Integrating over 0 < r < R sweeps out a line from the origin. Integrating over 0 < ¢ < 2m
sweeps the line (from the r-integration) into a cone. It's then only necessary to integrate

over 0 <60 <m (and not up to 2m) to sweep the cone into a full sphere. Substitute
dV = r?sin 0 drdfdy into the moment of inertia integral.
R 2n n
I=p f f rir?sin6 drdfde
r=0@=0 =0
As illustrated above, every dm lies a distance r; = rsin @ from the axis of rotation (the z-
axis). Find the right triangle above: r is the hypotenuse and r, is opposite to 8.

R 2m m R 2 m
I=p f j f (r?sin? 0)r?sin 0 drdfde = p j f f r*sin® 0 drdfde
r=0¢=0 6=0 r=0¢=0 =0

We can do these integrals in any order since all of the limits are constants. We can pull »
out of the angular integrals (but not the r-integral), and we can pull sin @ out of the r and ¢
integrals (but not the 6-integral).
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2mpR°®

R T
I=p f rtdr fsm 0do ]d(p p[ ] (073 P fsm 0do = fsin30d8
r=0 6=0 =0 6=0
The ‘trick’ to performing the 8 -integration is to use the following substitution:
sin® @ = sinf sin? @ = sin (1 — cos? 0)

(Here, we used the fact that sin? 6 + cos? @ = 1 to write sin? @ = 1 — cos® 0.) After we plug
this expression into the previous integral, we will separate the integral into two terms.
T n n
fsin39d6= fsianG— fsinBcoszedG

8=0 6=0 8=0
Recall from Chapter 26 that an integral can often be made simpler with a substitution.
With the second integral, we define u = cos @ such that du = —sin8 df. When 6 = 0, the

_ 2mpRS 2mpR®

new variable u equals cos 0 = 1, and when 6 = m, the variable u equals cosm = —1.
-1
2mpRS 2mpR® W)™
I= g [—cosO]f., + f u?du | = Z (— cosm + cos 0 + [-3;-
u=1 uml
2mpRS -1)* (1)?] 2nrpRS 11 2mpR54 8mpR®
Pt _(_1)+1+()_Q= P ( ) 2mpR° 4 _ 8mp
5 3 3 5 373 "5 3 15
Now integrate to find the total mass of the sphere, using the same substitutions as before:
R 2r m R b4 2n
m= fdm p f ] [r sin@ drdedf = p fr dr fsml?dﬂ [ do
r=0 =0 6= r=0 =0 =

r 2npR? 2mpR3
m=p [?] [— cos 9]§=0[<p]§,’;o = T[— cosm — (—cos0)] = T(l +1)
r=0

4mpR?

m=

Solve for p in terms of m in the above equation.
3m

P= ks
Substitute this expression for p into the equation for moment of inertia.
811'pR5 3m \8mR® 2mR?
BEGE (41:123) 15 5
We could have found this answer, I = T‘ from the table on pages 333-336. However,

you can’t always find the formula for the moment of inertia that you need from a table, so
it's a valuable skill to be able perform the moment of inertia integral.
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Chapter 32 - Moment of Inertia

194. A rod with endpoints at the origin and the point (0, L) has non-uniform linear mass
density A(y) = Bﬁ, where f is a positive constant. Derive an equation for the moment of
inertia of the rod about the x-axis in terms of the total mass of the rod, m, and the length of
therod, L.

Want help? Check the hints section at the back of the book.
3mL?

Answer: | = 7
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195. The right triangle illustrated below has uniform density. Derive an equation for its
moment of inertia about the x-axis in terms of b, h, and/or m.

(b, h)

(6,0)

Want help? Check the hints section at the back of the book.

mh?
Answer: [ = =
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Chapter 32 - Moment of Inertia

196. Derive an equation for the moment of inertia of a solid uniform disc lying in the xy
plane and centered about the origin about the y-axis in terms of its radius, R, and total
mass, m

Want help? Check the hints section at the back of the book.
2
Answer: | = %
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197. Derive an equation for the moment of inertia of a solid sphere with non-uniform
density p = fr, where f8 is a positive constant, about an axis that passes through its center
in terms of its radius, R, and total mass, m.

Want help? Check the hints section at the back of the book.
Answer: | = %
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Chapter 32 - Moment of Inertia

198. Derive an equation for the moment of inertia of a very thin uniform hollow sphere
about an axis that passes through its center in terms of its radius, R, and total mass, m.

Want help? Check the hints section at the back of the book.
Answer: | = ngz
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33 APULLEY ROTATING WITHOUT SLIPPING

Essential Concepts

When we first encountered pulley problems back in Chapter 14, we ignored the rotational
inertia of the pulley. We solved the problems in Chapter 14 as if the cord slipped over the
pulley without friction, which isn’t too realistic. In this chapter, we will explore the more
realistic case where the cord rotates with the pulley without slipping. The way to solve a
problem where the cord rotates with the pulley without slipping is to sum the torques in
addition to applying Newton's second law. The sum of the torques equals moment of
inertia times angular acceleration (see below).

Relevant Equations

A net force causes acceleration (this is Newton's second law, discussed in Chapter 14).
Similarly, a net torque causes angular acceleration. The net torque (} 7) acting on the
system equals moment of inertia (/) times angular acceleration (a).

Z"}='71ﬂx A ZFJ,=may g ZT=I(I

Recall the equation for torque () from Chapter 30, where r extends from the axis of
rotation to the point where Fis applied and @ is the angle between r and F.
T=rFsin@

Symbols and Units

Symbol Name Units
m mass kg
a acceleration m/s?
F force N
I moment of inertia kg'm?
a angular acceleration rad/s?
T torque N'm
Y distance from the axis of rotation to F m
o0 the angle between ¥ and F °orrad
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Strategy for a Pulley that Rotates without Slipping

To solve a problem where a cord rotates with a pulley without slipping, follow these steps:

1. Draw an extended free-body diagram (FBD) for the pulley (as we did in Chapter 31),
and also draw a FBD for any other objects in the problem (like we did in Chapter
14). Draw and label forces like we did in Chapter 14 and Chapter 31. On any
ordinary FBD's, draw and label +x in the direction of the object’s acceleration and
make +y perpendicular to +x. For the pulley’s extended FBD, draw and label the
direction for positive rotation that is consistent with your choice of +x in your other
FBD'’s (see the example that follows).

2. Sum the torques for the pulley and also sum the components of the forces acting on
any other objects in the problem:

ZFL,r mya, , ZFI),:mlay 5 ZFZ,(:mzax A ZFzy=m2a}, ) Zr:la

Rewrite the left-hand side of each force sum (¥ F; and } F,) in terms of the x- and y-
components of the forces acting on each object, like we did in Chapter 14.

4. Rewrite the left-hand side of the torque sum (¥ 7 = 0) in terms of the torques, using
the equation 7 =r Fsin#, like we did in Chapter 31. Note that torques causing
clockwise rotations will have a different sign than those causing counterclockwise
rotations. Whether clockwise or counterclockwise is positive should be consistent
with your choice of +x in the other FBD's (see the example that follows).

5. Substitute the correct expression for moment of inertia from Chapter 32 for / in the
torque sum.

6. Replace R,a with a, in the torque sum (R, is the radius of the pulley) using the
equation a, = R,a. Since the cord is tangential to the pulley, this is really the
equation ar = R,a that we learned in chapter 28, where ar = a, since the cord is
moving along the x-axis with the same acceleration as the objects attached to it
(assuming that the cord doesn’t stretch).

7. Include any substitutions that we learned in Chapter 14 which may be relevant to
the problem. For example, for a problem with friction, f = uN.

8. Carry out the algebra to solve for the unknowns.

Tip for Finding the Torques Exerted by Tension

When applying the torque equation (7 = r F sin #) to determine the torques exerted by the
tension forces, the angle @ will always equal 90° regardless of the orientation of the cord
since tension always pulls on the pulley along a tangent (see below).

o 9 o
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ixample: Atwood’'s machine, shown below, is constructed by suspending a 60-g banan:
'on the right) and a 30-g banana (on the left) from the two ends of a cord that passes over :
yulley. The cord rotates with the pulley without slipping. The pulley is a solid disc with :
nass of 20 g. Determine the acceleration of the system and the tension in each cord.

= = F,
T, Ty Y
xXs A e
pulley +
m.g
mgg T,

Ty
Jraw and label a FBD (free-body diagram) for each banana. Each banana has weigh
yulling downward and tension pulling upward. The tensions are different due to frictior
yetween the pulley and cord. Newton’s third law still applies:
e The left weight exerts a tension T, on the pulley, and the pulley exerts an equal force
in the opposite direction back on the left weight.
 The right weight exerts a tension Ty on the pulley, and the pulley exerts an equa
force in the opposite direction back on the right weight.
hese equal and opposite forces are shown in the extended FBD for the pulley, which alsc
ncludes the weight of the pulley and a support force. Since the right banana is heavier, we
hoose +x down for the right banana and up for the left banana. For consistency, the
yulley must have clockwise rotation as its positive direction of motion. Apply Newton's
second law to each banana:

ZFLX =mpay , Z Frx = mgax
T,—myg=ma, , mgpg—Typ=mga,
sum the torques for the pulley. The pulley’s weight and the support force don’t exer!
orques (they don’t affect the pulley’s rotation). The right tension creates a positive torque
vhile the left tension creates a negative torque (counterclockwise). For the tensions
) = 90° in the torque equation (7 = r F sin ) since tension pulls tangentially to the pulley

ince the pulley is a solid disc, its moment of inertiais [ = %m,,R,Z, (Chapter 32).

Z‘r=la

1
R,Tpsin90° — R, T, sin90° = Em,,Rf,a

1
R,Tr — R,T, = Em,,R,fa

Divide both sides by R,:
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Chapter 33 - A Pulley Rotating without Slipping

1
Te—T, ==

2 myR,a

Use the substitution a, = R,a to eliminate a:
Tg=Ty, = L
r=lhi=7
We are now in a position to combine the equation from summing the torques with the two
equations from summing the components of the forces. Below are the three equations that
we have obtained thus far:

m,a,

T, —myg =m.a,

mpg — Tp = mpa,
1

TR - TL = me,ax

Add all three equations together to cancel tension:

1
T, —mpg +mpg —Tgp + T — T, = mya, + mpa, + Em,,a,

1
—mpg + mpg = Mpay + Mray + Em,,ax
m
(mg —m;)g = (mL +mg + Tp) ay
i L 0= oanw (L) o e a0y i B0 s
a, = =9 = =3.0m/s
my + mp + 2 60+30+220 60+30+10 100
Plug the acceleration into the previous equations to solve for the tension forces:
Ty —mg=ma, , mpg—Tg=mga,
Ty=ma,+myg , mpg—mgay, =Ty

Convert the masses from grams to kilograms (since the SI unit of kg is needed to help make
a Newton for force):

60g=60gx—&_ 0,060 kg
1000 g
1kg

30g=30g X 1550 ; = 0030 kg

Plug the masses and accelerations into the tension equations:
T, = mya, +myg = my(a, + g) = (0.03)(3 + 9.81) = (0.03)(3 + 10) = 0.39N
Tr = mpg — mpa, = my(g — a,) = (0.06)(9.81 — 3) = (0.06)(10 —3) = 0.42N
We can check our answer for consistency by plugging these into the pulley equation:
1
Tp—=T, = Empa,
The left-hand side equals Ty — T, = 0.42 N — 0.39 N = 0.03 N. The right-hand side equals
%mpax = %(0.02)(3) = 0.03 N (after converting the pulley’s mass from 20 g to 0.02 kg).

Since both sides equal 0.03 N, everything checks out.
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199. As illustrated below, a 50-kg monkey is connected to a 40-kg box of bananas by a cord
that passes over a pulley. The 20-kg pulley is a solid disc. The cord rotates with the pulley

without slipping. The coefficient of friction between the box and ground is %

(A) Draw and label a FBD for the monkey and box of bananas, and draw an extended FBD
for the pulley. Also label x- and y-axes, and the positive sense of rotation, on your FBD's.

(B) Sum the x- and y-components of the forces acting on the monkey and box of bananas.
Rewrite each sum in symbols in terms of the forces labeled in your FBD's.

(C) Sum the torques acting on the pulley in symbols in terms of the forces labeled in your
extended FBD.

(D) Solve for the acceleration of the system.

Want help? Check the hints section at the back of the book.
Answers: 3.0 m/s?
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Chapter 33 - A Pulley Rotating without Slipping

200. As illustrated below, two monkeys are connected by a cord. The 20-kg pulley is a
solid disc. The cord rotates with the pulley without slipping. The surface is frictionless.

(A) Draw and label a FBD for each monkey and draw an extended FBD for the pulley. Also
label x- and y-axes, and the positive sense of rotation, on your FBD's.

(B) Sum the x- and y-components of the forces acting on each monkey. Rewrite each sum
in symbols in terms of the forces labeled in your FBD's.

(C) Sum the torques acting on the pulley in symbols in terms of the forces labeled in your
extended FBD.

(D) Solve for the acceleration of the system.

Want help? Check the hints section at the back of the book.
Answer: §m/s2
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34 ROLLING WITHOUT SLIPPING

Relevant Terminology

Kinetic energy - work that can be done by changing speed. Kinetic energy is considered to
be energy of motion because all moving objects have kinetic energy.

Translational kinetic energy - The kinetic energy that results from the motion of the center
of mass of an object. This is the type of kinetic energy that we considered in Chapter 22.
Rotational kinetic energy - The kinetic energy that results from rotation.

Essential Concepts

Rotating objects can have two different kinds of kinetic energy:

» Translational kinetic energy (KE,) from the motion of the center of mass.

* Rotational kinetic energy (KE,.) from the rotation.
Rolling objects have both kinds of kinetic energy because in addition to its rotation the
center of mass of the object is moving.

Kinetic Energy Equations

Translational kinetic energy (KE,) is proportional to speed (v) squared:
1 1
KEy = Emug , KE, = Emv2
Rotational kinetic energy (KE,) is proportional to angular speed (w) squared:
1 1
KB = Elw% , KE,= Elwz
The total kinetic energy (KE) includes both translational and rotational kinetic energy:

1 1 1 1
KEy = KEeo + KEro = smvg + 21§, KE = KE + KE, = smv? + - la?

We use the above equations in the context of conservation of energy (Chapter 22).
PEy + KEy + W, = PE + KE
Recall a few of the equations relevant to conservation of energy:
e Gravitational potential energy is proportional to height (h). For a non-astronomical
change in altitude:
PEgy =mghy , PE; =mgh
¢ Spring potential energy is proportional to the square of the spring’s displacement
from equilibrium (x), where k is the spring constant:

1 2 1 2
PEq=3kx§ , PE =Zkx
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Chapter 34 - Rolling without Slipping

Symbols and Sl Units
Symbol Name Sl Units
PE, initial potential energy J
PE final potential energy J
KE, initial (total) kinetic energy J
KE final (total) kinetic energy J
KE; initial translational kinetic energy J
KE, final translational kinetic energy J
KE,, initial rotational kinetic energy J
KE, final rotational kinetic energy J
W nonconservative work ]
m mass kg
g gravitational acceleration m/s?
hy initial height (relative to the reference height) m
h final height (relative to the reference height) m
vy initial speed m/s
v final speed m/s
1 moment of inertia kg'm?
wq initial angular speed rad/s
w final angular speed rad/s
Ik spring constant N/m (or kg/s?)
Xp initial displacement of a spring from equilibrium m
x final displacement of a spring from equilibrium m
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strategy for Rolling without Slipping Problems

"0 solve a problem where an object rolls without slipping, follow these steps:

1.

9.

Apply the law of conservation of energy unless the problem asks for (or gives you
the acceleration. (If you need to find acceleration, see Step 10.) It may be helpful tc
review the strategy for conservation of energy in Chapter 22.
Draw a diagram of the path. Label the initial position (i), final position (f), and the
reference height (RH).
Is there a spring involved in the problem? If so, also mark these positions in you
diagram: equilibrium (EQ), fully compressed (FC), and fully stretched (FS).
Write out the law of conservation of energy in symbols:

PEy + KEy + Wy = PE + KE
Rewrite each term of the conservation of energy equation in symbols as follows:

¢ [Initial potential energy may include both gravitational and spring potentia
energy: PEy = mghy + %kxf,!.

e At the initial position (i), is the object moving? If so, then replace KE, witl
%mvf, +%Iwg. Otherwise, if at the initial position (i) the object is at rest
then KE, equals zero.

e For an object that rolls without slipping, there is friction (otherwise the
object would slip), but W,. = 0 because when an object rolls (as opposed tc
an object that slides) the friction force does not subtract energy from the
system. See the note on the following page.

¢ Final potential energy may include both gravitational and spring potentia
energy: PE, =mgh + %kxz.

e At the final position (f), is the object moving? If so, then replace KE witl
%mv2 + %lwz. Otherwise, if at the final position (f) the object is at rest, ther
KE equals zero.

It may help to think of the conservation of energy equation as looking like this:
mgh +lkx2 +lmv2 +llau2 = mgh + 1k)t2 + lmv2 + 1Iau2
gho %0, T 5 M T 51400 g 2 2 2
In practice, one or more of these terms will be zero (as we learned in Chapter 22).
Substitute the correct expression for moment of inertia from Chapter 32 for I.
Rewrite w, and w using the equations w, = % andw = ’%. (We used this equation ir

Chapters 16 and 28.)
Use algebra to solve for the desired unknown.

10.1f you need to find acceleration (or if you're given acceleration), sum both the

components of the forces and the torques using the strategy from Chapter 33.
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Chapter 34 - Rolling without Slipping

Note Regarding Friction

Although there must be friction in order for an object to roll without slipping, W,,. = 0 since
friction doesn’t subtract mechanical energy from the system. To see this, compare the
sliding block to the rolling ball shown below. For the sliding block, friction decelerates the
block, converting mechanical energy into heat and internal energy. In contrast, for the
rolling ball, a friction force opposite to velocity actually creates a forward torque which
would not oppose the angular velocity to create angular deceleration. The difference is that
W, = 0 for a ball that rolls perfectly without slipping, whereas W, is nonzero for a block
that slides with friction.

7y

<!

-y

You can see this firsthand with a hockey puck or other object with a similar shape (as long
asitrolls well):
e When the hockey puck slides along concrete or any surface with significant friction,
the hockey puck comes to rest quickly.
* When you change the orientation of the hockey puck such that it rolls, it travels
much further in comparison.
This simple experiment demonstrates that friction doesn’t have nearly the significant effect
on rolling as it has on sliding. In the case of perfect, idealized rolling without slipping,
W, = 0, whereas W, is significant in the case of sliding.

The main effect of friction on rolling without slipping is actually indirect. Friction helps a
round object roll, which enhances the inertia of the object. An object has translational
inertia, which resists translational acceleration. A rolling object also has rotational inertia
(moment of inertia), which resists angular acceleration. If a round object rolls down an
incline, for example, gravity must overcome both types of inertia, and it is essentially this
additional inertia that results in a lower acceleration compared to sliding without friction.

A round object that rolls up an incline without slipping is even more instructive. With
enough friction to roll without slipping, the object actually rolls farther up the incline than
it would without friction. That’s because gravity must overcome two kinds of inertia (the
translational inertia is overcome by the sum of the forces and the moment of inertia is
overcome by the sum of the torques).
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Example: A solid sphere rolls without slipping down an incline starting from rest. The
solid sphere reaches the bottom of the incline after rolling 56 m along the incline. Deter-
mine the speed of the solid sphere as it reaches the bottom of the incline.

i

30°

Draw the path and label the initial position (i), final position (f), and reference height
(RH). The initial position (i) is where it starts, while the final position (f) is just before the
sphere reaches the bottom of the incline (the final speed is not zero). We choose the
reference height (RH) to be at the bottom of the incline. Write out conservation of energy:
PEy + KEy + W, = PE + KE

Let's analyze this term by term (we’ll ignore the spring equations since they don’t apply):

e PE, = mgh, since i is not at the same height as RH.

e KE, = 0since the solid sphere is at rest at i.

e Wy = 0 for rolling without slipping problems (even though there is friction - see

the note on the previous page).
e PE = Osince f is at the same height as RH.
e KE= %mv2 + %lw2 since the solid sphere is both translating and rotating at f.

Make the above substitutions into the conservation of energy equation:
1 1
mghy = zmv2 + Elw2
Look up the equation for the moment of a inertia of a solid sphere (Chapter 32):

1 1,2
i 2kio [ e D2 ) 72
mghy va +2(5mR )m
Divide both sides by the mass m. Use the equation w = % (after which R? will cancel).
1 1/2 rn? 1 1 1 1 5 2 7
homimp? —(—RZ) L G S . 2=(_ _) z=(_ _) I
gho=3v"+3GR)R) =37 +57°=(3+3)"" = (%5 +10)”" = 1"

The problem gave us the total distance (s = 56 m) traveled down the incline, but we need
the initial height (ho). We can solve for hy using trig. See the diagram above.

: hy ) s 56
sin30° = e suchthat hy = ssin30° = St 28 m
Plug the initial height into the equation we arrived at from conservation of energy:
10 10 10
v= jTgho = j7(9.81)(28) = j7(10)(28) =+/400 = 20 m/s
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Chapter 34 - Rolling without Slipping

Example: Determine the acceleration of a solid sphere as it rolls without slipping down a
30° incline.

-~y

Since the problem asks for acceleration, we should sum the components of the forces and
the torques. Draw and label an extended FBD for the solid sphere. This means to draw the
shape of the object and draw each force where it effectively acts on the object (Chapter 33).
Weight pulls downward, normal force pushes perpendicular to the surface, and friction
pushes up the incline. (Although the problem didn't explicitly mention friction, it's implied
since the solid sphere “rolls without slipping.”) As we learned in a similar example in
Chapter 14, the x-component of weight has a sine since x is opposite to 30°, while the y-
component of weight has a cosine since y is adjacent to 30°. See page 135. Friction is the
only force that exerts a torque (since the other forces point to or from the axis of rotation).

The moment of inertia of a solid sphereis [ = EmR2 (Chapter 32).

ZF_,‘.:ma“r v ZF),:may ¥ Z‘r:lu

2
mgsin30°—f =ma, , N-—mgcos30°= , Rfsin90°=§mRza
Use the substitution a, = Ra:

2
Rf sin90° = nga,

f= gmax
Plug this equation in for friction in the x-sum:

mgsin30° — f = ma,

2
mgsin30° — gmax =ma,

1 2 2 2¢ b 7
9(3) =5er+ar=(5+1) e = (5+5) e =5u
5 (1)_5 _5(9.81) 5(10) 25
%“=79G)" 9" "1 ~T1& -7

366



201. A hollow sphere rolls without slipping down an incline from rest. The hollow sphere
reaches the bottom of the incline after descending a height of 75 m. Determine the speed of
the hollow sphere as it reaches the bottom of the incline.

Want help? Check the hints section at the back of the book.
Answer: 30 m/s
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Chapter 34 - Rolling without Slipping

202. A donut for which I = 3"‘:—’?2 rolls without slipping up a 30° incline with an initial speed

of 40 m/s. How far does the donut travel up the incline?

Want help? Check the hints section at the back of the book.
Answer: 280 m
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35 CONSERVATION OF ANGULAR MOMENTUM

Relevant Terminology

Momentum - mass times velocity.

Angular velocity - a combination of angular speed and direction, where angular speed is the
instantaneous rate at which the angle changes (as measured from the center of the circle).
Moment of Inertia - the natural tendency of a rigid body to maintain constant angular
momentum.

Angular momentum - moment of inertia times angular velocity.

Essential Concepts

Objects have inertia, which is a natural tendency to maintain constant momentum. A net
external force is needed for an object to change its momentum. Similarly, rigid bodies
(those that don’t change shape during rotation) have moment of inertia (or rotational
inertia), which is a natural tendency to maintain constant angular momentum. A net
external torque is needed for an object to change its angular momentum.

More mass further from the axis of rotation results in a larger moment of inertia, which
makes the rigid body more resistant to changes to its angular momentum.

The angular momentum of a system is conserved when the net torque acting on the system
equals zero. In practice, students tend to have trouble telling whether or not the net torque
acting on a system is zero. It may be easier to study the variety of examples and problems
that you can find that involve conservation of angular momentum to help develop a feel for
the kinds of problems where the law of conservation of angular momentum should be
applied.

Angular Momentum Equations

Angular momentum (L) equals moment of inertia (/) times angular velocity (@):
L=Iw
Conservation of angular momentum can be expressed in the form:
Lg@yg + Ipg@so = ;& + 1w
To calculate how much Kinetic energy the system gains or loses, compare the final kinetic
energy (KE = %llwf + %Izwg) to the total kinetic energy (KE, = %lmwfo + %lzowgn).
|KE — KE,|

% change = TXE X 100%
0
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Chapter 35 - Conservation of Angular Momentum

Symbols and Sl Units
Symbol Name Sl Units
L angular momentum kg'm?/s
1 moment of inertia kg:m?
w angular velocity rad/s
w angular speed rad/s
Lo initial moment of inertia of object 1 kg-m?
Ly initial moment of inertia of object 2 kg-m?
I final moment of inertia of object 1 kg-m?
I, final moment of inertia of object 2 kg-m?
Wy initial angular velocity of object 1 rad/s
Wy initial angular velocity of object 2 rad/s
W, final angular velocity of object 1 rad/s
w, final angular velocity of object 2 rad/s
m, mass of object 1 kg
m, mass of object 2 kg
R,y radius of object 1 m
R, radius of object 2 m

Notes Regarding Units

The SI units of angular momentum are kg-mz/s. This follows from the equation for angular
momentum:

L=Iw
The SI units of moment of inertia (kg'm?) times the SI units of angular velocity (rad/s)
make the SI units of angular momentum (kg-m?/s). (As usual, the radians disappear in the
context of meters, as a radian represents a fraction of the way around a circle. For example,
in the arc length equation, s = R, a meter equals a meter times a radian.)
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Angular Vectors

An arrow above a symbol, as in @, reminds you that a quantity is a vector: It includes
direction. For an object moving in a circle, clockwise rotations and counterclockwise
rotations will involve a different sign for @.

More complex rotations (compared to an object rotating in a circle in a plane) involve
vector products (Chapter 29):

-

b=@x¥ , L=Fxp , T=FxF

Z_,_dl'
b

Strategy for Applying the Law of Conservation of Angular Momentum

To apply the law of conservation of angular momentum, follow these steps:

1.

The total angular momentum of a system is conserved if the net torque (X, 7) acting
on the system equals zero.
Declare your choice of the positive sense of rotation. For example, if you declare
clockwise rotations to be positive, any object rotating counterclockwise would then
have a negative angular velocity (@).
Express conservation of angular momentum for the system by writing the following
equation.

L@ + L@y = 6, + @,
(If there is just one object in the system, like a spinning ice skater, then you only
need one term on each side of the equation instead of two.)
Substitute the correct expression for moment of inertia from Chapter 32 for I, I,
I;,and I,.
Is there a pointlike object in the problem? (An object is “pointlike” if it is small in
size compared to the radius of the circular motion that it is making.) If the problem
involves a pointlike object and you're solving for (or you're given) its speed v (as
opposed to its angular speed w), it may be helpful to use the equation w = % to

relate its speed to its angular speed. (If you recall from Chapter 32 that the moment
of inertia of a pointlike object is I = mR?, you can write the angular momentum for
a pointlike object either as L = mR*w or as L = mvR.)
If the problem asks you to determine the percentage of Kinetic energy lost or gained
in the process, first find KE = %l,wi’ - %Izwg and KE, = %Imwﬁ, - %lzowgo:

|KE — KE|

% change = kB X 100%
0
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Chapter 35 - Conservation of Angular Momentum

Example: A monkey is performing her exercise in the ice skating competition of the Winter
Monkolympics. In one part of her routine, she spins while standing tall, with her arms
straight up in the air and her legs straight down, maintaining excellent balance by
positioning her center of gravity above the point of contact between her skate and the ice.
Her angular speed is 12.0 rev/s during this part of her routine. Then she quickly stretches
her arms horizontally outward, extends one of her legs horizontally backward, and leans
her torso and head horizontally forward, effectively increasing her moment of inertia by a
factor of 3 - still maintaining her balance exquisitely. What is her final angular speed?

This problem involves a redistribution of mass without any net torques acting on the ice
skater. Since the net torque is zero, angular momentum is conserved for the system. There
is just one object in the system: the monkey. So there is just one term on each side:
lyw, =lw
We don't need to worry about what expression to use for moment of inertia since the
problem tells us that it increases by a factor of 3. Thatis, I = 31,
lyw, = 3@

e

“=73

12
w=?=40rev/s

Example: A 4.0-kg solid disc with a radius of 50 cm is spinning with an initial angular speed
of 24 rev/s on horizontal frictionless ice. A 2.0-kg thin ring with a radius of 50 cm is gently
lowered onto the spinning solid disc. There is friction between the ring and the disc. What
is the final angular speed of the system?

No net torque is acting on the system, so we conserve angular momentum for the system:
Lo@io + @0 = L6, + Lw,

From Chapter 32, the moment of inertia of the solid disc is %mle and the moment of

inertia of the thin ring is m,R?. The thin ring isn’t spinning initially so @,, = 0. The solid

disc and thin ring spin together afterward so @, = @, = . Convert the radius from

centimeters to meters: R = 50 cm = 0.50m = %m.
1 2 2 1 2 2 1 2
EmIR wyo + myR (0)=(§m1R + myR )w: (iml +m2)R w
La (1)2 24 —[1 4 +2](1)2
s@(5) en=@+2|(3) @
1
12'= 4(4—)0} =w

@ = 12rev/s
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Example: A horizontal record (a solid disc) is held in place by a small vertical axle. A
hamster climbs onto the record. The system is initially at rest. There is friction between
the record and hamster, but not between the record and the surface upon which it rests.
(Also neglect any friction with the axle.) The 250-g hamster runs 40 cm/s (relative to the
table) in a circle with a radius of 6.0 cm centered about the axle. The 500-g record has a
diameter of 18 cm. What is the angular speed of the record while the hamster runs?

Since the net torque acting on the system (the record plus the hamster) equals zero, we
may apply the law of conservation of angular momentum:

L@y + L@y = L&, + L&,
From Chapter 32, the moment of inertia of the solid disc is %mlRf and the moment of
inertia of the pointlike hamster is m,R%. The record and hamster are both initially at rest:
@,y = Wy, = 0. Convert the radii from centimeters to meters:

R_Dl_18cm_90 0 9
1= =—75—=90m=009m=_"m
3
R2—6.0cm—0.06m—mm—§m

Convert the masses from grams to kilograms:
m; =500g = 0.500 kg = % kg
m, = 250g = 0.250kg = % kg
Also convert the speed from cm/s to m/s:
v, =40cm/s = 040 m/s = ; m/s
Use the equation w = Eto solve for the final angular speed of the hamster:

=25
wz_Rz_i
50

Now we're prepared to use the conservation of angular momentum equation.

2 3 2 50 20

=3*5°5%3 =?rad/s

1 2 2 1 2 2
EmlR (0) + myR°(0) = EmlRl w; + myR5w,
2

11/ 9 1y /3% /20
=36 (@) « @) )
81 3
0=10,000“* * 500
_ 3 40,000 80
“1=7500 81 27
The minus sign signifies that the record rotates opposite to the motion of the hamster.
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Chapter 35 - Conservation of Angular Momentum

203. A 30-kg monkey is placed at rest at the center of a merry-go-round. The merry-go-
round is a large solid disc which has a mass of 120 kg and a diameter of 16 m. A gorilla
spins the merry-go-round at a rate of% rev/s and lets go. As the merry-go-round spins, the
monkey walks outward until he reaches the edge. Find the angular speed of the merry-go-
round when the monkey reaches the edge. Neglect any resistive forces like friction with
the axle.

Want help? Check the hints section at the back of the book.
Answer: irev/s
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204. A monkey is SO frustrated with his slow internet connection that he picks up his
laptop, slams it against a brick wall, and then jumps high into the air and stomps on it. At
that exact moment, the earth suddenly contracts until it has one-third of its initial radius.
How long will a ‘day’ be now?

Want help? Check the hints section at the back of the book.
Answers: g hr
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Chapter 35 - Conservation of Angular Momentum

205. As illustrated below, a 200-g pointlike object on a frictionless table is connected to a
light, inextensible cord that passes through a hole in the table. A monkey underneath the
table is pulling on the cord to create tension. The monkey is initially pulling the cord such
that the pointlike object slides with an initial speed of 5.0 m/s in a circle with a 50-cm
diameter centered about the hole. The monkey increases the tension until the pointlike
object slides in a circle with a 20-cm diameter. Determine the final speed of the pointlike
object.

Want help? Check the hints section at the back of the book.
Answers: 22—5 m/s
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HINTS, INTERMEDIATE ANSWERS, AND EXPLANATIONS

How to Use This Section Effectively

Think of hints and intermediate answers as training wheels. They help you proceed with
your solution. When you stray from the right path, the hints help you get back on track.
The answers also help to build your confidence.

However, if you want to succeed in a physics course, you must eventually learn to rely
less and less on the hints and intermediate answers. Make your best effort to solve the
problem on your own before checking for hints, answers, and explanations. When you
need a hint, try to find just the hint that you need to get over your current hurdle. Refrain
from reading additional hints until you get further into the solution.

When you make a mistake, think about what you did wrong and what you should have
done differently. Try to learn from your mistake so that you don’t repeat the mistake in
other solutions.

It's natural for students to check hints and intermediate answers repeatedly in the
early chapters. However, at some stage, you would like to be able to consult this section
less frequently. When you can solve more problems without help, you know that you're
really beginning to master physics.

Would You Prefer to See Full Solutions?

Full solutions are like a security blanket: Having them makes students feel better. But full
solutions are also dangerous: Too many students rely too heavily on the full solutions, or
simply read through the solutions instead of working through the solutions on their own.
Students who struggle through their solutions and improve their solutions only as needed
tend to earn better grades in physics (though comparing solutions after solving a problem
is always helpful).

It's a challenge to get just the right amount of help. In the ideal case, you would think
your way through every solution on your own, seek just the help you need to make
continued progress with your solution, and wait until you've solved the problem as best
you can before consulting full solutions or reading every explanation.

With this in mind, full solutions to all problems are contained in a separate book. This
workbook contains hints, intermediate answers, explanations, and several directions to
help walk you through the steps of every solution, which should be enough to help most
students figure out how to solve all of the problems. However, if you need the security of
seeing full solutions to all problems, look for the book 100 Instructive Calculus-based
Physics Examples with ISBN 978-1-941691-17-5. The solution to every problem in this
workbook can be found in that book.
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Hints, Intermediate Answers, and Explanations

How to Cover up Hints that You Don’t Want to See too Soon

There is a simple and effective way to cover up hints and answers that you don’t want to
see too soon:

Fold a blank sheet of paper in half and place it in the hints and answers section. This
will also help you bookmark this handy section of the book.

Place the folded sheet of paper just below your current reading position. The folded
sheet of paper will block out the text below.

When you want to see the next hint or intermediate answer, just drop the folded
sheet of paper down slowly, just enough to reveal the next line.

This way, you won't reveal more hints or answers than you need.

You learn more when you force yourself to struggle through the problem. Consult the hints
and answers when you really need them, but try it yourself first. After you read a hint, try
it out and think it through as best you can before consulting another hint. Similarly, when
checking intermediate answers to build confidence, try not to see the next answer before
you have a chance to try it on your own first.

Chapter 1: Algebra Essentials

1. Apply the rule x™x™ = x™*",

Add the exponents together.
X2x3xt = y2+3+4

The answer is x°.

2. Apply the rules x™x™ = x™*" and ’:—:l =xmn,

When multiplying, add the exponents together. When dividing, subtract them.
x*x5 = x**5 and i—: =x9"6,

The answer is x°.

3. Apply the rule ’;—': =

n

Subtract the exponents.

When you subtract a negative number, the two minus signs make a plus sign.
-7

xTE = x~7-(=8) — x=748,

X

The answer is x. (It's the same thing as x'.)
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. Apply the rules x™x™ = x™*" and ):—:l =X

¢ When multiplying, add the exponents together. When dividing, subtract them.

-
- - - - X -Fe!

o X0 =20 xR = x T and 5 = xR

e Theanswerisx®.

w

. Apply the rules x1/2 = /x, x! = x, and x™x" = x™*",

¢ Add the exponents together.
o xyx = xlxl/2 = x141/2,
¢ Add fractions with a common denominator: 1+%=§+%=2+—1=3.

e The answeris x3/2,

. Apply the rules x*/? = yx and ’;—,: =%l

n

e Subtract the exponents.
xZ/Z x!/!

VX xiz
e Notethat®-1=1.
2 2

. = x3/2-1/2,

o The answeris x. (It's the same thing as x'.)

~

. Apply the rule x~%/2 = - =

1
TV
» W=
« Rationalize the denominator. Multiply the numerator and denominator by V4x.

. 11 Vax _ VEx

VA T VaxVax T ax’
o Apply the rule Vax = vayx.
o Vix=Vayx= 2Vx. Notethat%=3£=£.

L VT
e Theansweris el

. Make a common denominator.

e Multiply xiz by f
22X

« ====
x?  x*x

= i—’; Now subtract the fractions.

: 2Xx=3
e Theansweris -

. Make a common denominator.

« Multiply V¥ by %
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Hints, Intermediate Answers, and Explanations

Vx = £§ = ‘,L-. ow add the fractions.

You should ge XT It's the same thing as T

Rationalize the denominator, Multiply the numerator and denominator by vx.
x4l _ xlVE VT

VI VXN x

Distribute the vx.

(x + DVx = xvx + V.

. +
The answer is nanfx ‘/;.
x

10. Distribute the 6x.

6x(x +9) = 6x(x) + 6x(9).
The answer is 6x + 54x.

11. Distribute the —3x2.

Two minus signs make a plus sign: —3x%(—2x*) = 3x%(2x*).
—3x2(5x% — 2x*) = —3x%(5x%) + 3x2(2x*).

Apply the rule x™x™ = x™*",

The answer is —15x® + 6x°.

12. Distribute the vx.

VE(x + VE) = VE() 4 VEVE.
Apply the rules x1/2 = \x, Vavx = x, x™x" = x™*", and x! = x.
The answer is x3/2 + x.

1

w

. Think of this problem as 3x(x + 5) + 2(x + 5). Distribute twice.

(Bx + 2)(x + 5) = 3x(x) + 3x(5) + 2(x) + 2(5).
This gives you 3x? + 15x + 2x + 10.

Combine like terms: 15x + 2x = 17x.

The answer is 3x2 + 17x + 10.

14. Rewrite (6x — 4)? as (6x — 4)(6x — 4).

(6x — 4)(6x — 4) = 6x(6x) + 6x(—4) — 4(6x) — 4(—4).

Two negative numbers multiplied together make a positive number.
The intermediate answer is 36x2 — 24x — 24x + 16.

Combine like terms: —24x — 24x = —48x.

The answer is 36x2 — 48x + 16.
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15. Factor outan x.
o Note that x* = x%x.
o x*—4x=x%x—4x
o Theansweris x(x? — 4). You can check your answer by distributing.

16. Factor out 4x8. Apply the rule ';—: = x™",

2"5 125 _ 3 (Note that x = 1.)

o 8x%+12x° = 4x6(2x3) +4x°(3).
o The answeris 4x®(2x* + 3). You can check your answer by distributing.

.

17. Factor out 9x3. Apply the rule ﬂ = x™m ",

. 451 = 5x*, —r L = 2x%,an, 2“ =3.
9x 9x3
o 45x7 —18x° +27x° =9x3(5x‘)—9x3(2x2)+9x3(3).

o Theansweris 9x3(5x* — 2x? + 3). You can check your answer by distributing.

18. Think about the perfect squares: 12 = 1,22 = 4,32 = 9,42 = 16,52 = 25, 6% = 36, etc.
* Whatis the largest perfect square that factors into 18? It's 9.
e Write 18 as (2)(9).
o Apply the rule Vax = vayx.
o VI8=(2)(9) =V2V9

o Theansweris 3v2. (Note that V9 = 3.)

19. Think about the perfect squares: 12 = 1,22 = 4,32 = 9,42 = 16,52 = 25, 6> = 36, etc.
* Whatis the largest perfect square that factors into 108? It's 36.
* Write 108 as (3)(36).
o Apply the rule Vax = vayx.
. V108 =336 = V3VI6
o Theansweris 6y3. (Note that 36 = 6.)

20. This quadratic equation is already in standard form.
« Identify the constants a, b, and c. Include the minus signs.
e Theconstantsarea = 2,b = —2,and ¢ = —40.
e (It would also be okay to divide the equation by 2. Then you would get a = 1,
b = —1, and ¢ = —20. However, if you do this, your intermediate answers will be
different from those that follow.)
o The squareroot works out to y324 = 18.
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Hints, Intermediate Answers, and Explanations

. 2+18 -18
e The two solutions are —= and -

¢ These solutions simplify to 5 and -4.

21. Reorder the terms in standard form.
e Puty? first, then y, followed by the constant.
¢ Identify the constants a, b, and c. Include the minus signs.
e Theconstantsarea = 2,b = 3,and c = —27.
o The squareroot works out to V225 = 15.

=3 lS

L and =2

e The two solutions are -

¢ These solutions simplify to3 and - ;.

22. Bring all three terms to the same side of the equation.
e Use algebra to put t2 first, then t, followed by the constant.
e Theconstantsarea = 2,b = 6,and c = —8.
¢ (Itwould also be okay to use a = —2, b = —6, and ¢ = 8, but don’t mix and match.)
o The squareroot works out to 100 = 10.
o The two solutions are —— and ——
¢ These solutions S|mpllfy to 1and —4.
23. Bring all six terms to the same side of the equation.

» Combine like terms: Combine the two x? terms, the two x terms, and the two
constants.
e Usealgebra to put x? first, then x, followed by the constant.
» Youshould get 0 = 2x? — 17x + 8.
e (It would also be okay to have —2x% + 17x — 8 = 0.)
e Theconstantsarea = 2,b = —17,andc = 8
e (Itwould also be okay touse a = —2, b = 17, and ¢ = —8, but don’t mix and match.)
¢ The squareroot works out to V225 = 15.
17415 17-15
T

and

¢ The two solutions are

¢ These solutions S|mphfy to 8 and i

24. Ifyou solve for y in the top equation, you gety = 19;—3’.

18-3x

« If you substitute this into the bottom equation, you get 8x — 5 ( ) =17.

e Distribute the 5 to get 8x — 45 + ﬁ = 17. When you distribute, the two minus

signs make a plus. Note that (5)(18)/2 =(5)(9) =45and (-5)(-3)/2=15/2.
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Combine like terms to get 323 = 62. (To combine the x terms, you will first need to
make a common denominator.)
Solve the previous equation to find that x = 4.

;3’( to find that y = 3.

Plug thisinto y = e

25. Ifyou solve for y in the top equation, you gety =

10-3z
PR

If you substitute this into the bottom equation, you get 5 (104;32) —-2z=-22.

152 _ 3z=-22. Note that (5)(10)/4 = 25/2 and

Distribute the 5 to get 22—5 e
5(-3)/4=-15/4.

Combine like terms to get —24& = —6?9. (To combine like terms, you will first need
to make a common denominator. Alternatively, you could multiply every term of
the previous equation by 4.)

Solve the previous equation to find that z = 6. (Note that the minus signs cancel.)

10;32 to find that y = —2.

Plug thisinto y =

26. First solve for z in the bottom equation to get z = 13 — 2x.

Plug this into both the top and middle equations to get:

-x—4y =18

-12x + 5y = —49

(You will also need to distribute and combine like terms to arrive at the two
equations above.)

Solve the two equations above just like you solved problems 24 and 25.

If you solve for x in the equation —x — 4y = 18, you get x = —4y — 18. (Add x to
both sides and subtract 18 from both sides. If instead you add 4y to both sides, you
will then need to multiply both sides by -1.)

If you substitute x = —4y — 18 into the equation —12x + 5y = —49, you get
—12(—4y — 18) + 5y = —49.

Distribute the -12 to get 48y + 216 + 5y = —49. When you distribute, two minuses
make a plus.

Combine like terms to get 53y = —265.

Solve the previous equation to find that y = —5.

Plug this into x = —4y — 18 to find that x = 2.

Plug this into z = 13 — 2x to find that z = 9.
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Chapter 2: Calculus Essentials

27. Take the derivative using the formula i (ax?) = bax?~1.

e Compare 6x° to the general form ax?.
e Notethata=6andb =5.
e The answeris 30x*.

28. Take the derivative using the formula i (at?) = bat" .
o Compare t to the general form at®.
e Notethata = 1and b = 1 (since 1t* = t).
e Theansweris 1. (Recall from Chapter 1 that t° = 1.)

29. Take the derivative using the formula i (ax?) = bax?1.

e Compare 2x 3 to the general form ax?.
e Notethata = 2andb = -3.
e Notethath—1=-3-1=-4.

. = 6
e Theansweris —6x~*. The answer can also be expressed as — por

30. Take the derivative using the formula %(at”) = bat?"1.
e Applytherulet™ = th
. Rewrite%as 3t=8
e Compare 3t ~° to the general form at?.
e Notethata=3andb = —6.
e Notethatb—1=-6-1=-7.

. - 18
e Theansweris —18t~7. The answer can also be expressed as — =

dyz | dys o dye

d d
31. Apply therule - (y; + ¥, +y3 + ys) = f s sy

* Take the derivative of each term using the formula ﬁ (ax®) = bax®.

¢ The separate derivatives are:
i(3x8) = 24x7 i(—45x5) = -30x* i(9):2) = 18x i(—4) =0
dx B ©odx - ' odx B '’ dx -

¢ (Recall that the derivative of a constant is zero.)

¢ Combine these derivatives together.
e Theansweris 24x” — 30x* + 18x.
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32. Take the derivative using the formula :—u(au") = bau®~1,
e Apply the rule ﬁ =u"12
o Compare u~*/? to the general form au®.

e Notethata=landbh = —%.

. Notethatb—l:—%—l:—g.

o The intermediate answer is — % u~3/2. However, this answer is not in standard form.
« Rationalize the denominator in order to express the answer in standard form.

e Applytheruleu™™ = L

um’

ite — 2 u~3/2 a5 — ——
* Rewrite —Ju as— =
o Multiply the numerator and denominator by u*/2.
1 ul/? ulf?
o~y mE = 5w Applytheruleu!/? = V.
1/2
e The final answer is — Zl:“; It's the same as — u;;z- (It's also equivalent to — % u~32)
b+1
33. First find the anti-derivative using the formula [ ax® dx = a:ﬂ ;

e Compare 8x3 to the general form ax®.
e Notethata=8andb = 3.

¢ The anti-derivative is 2x*.

o Evaluate 2x* over the limits.

o (2%, = 2(2)* - 2(0)*.

e The answeris 32.

b+1

34. First find the anti-derivative using the formula [ at? dt = 5;—1.

e Compare t* to the general form at?.
e Notethata= landb = 4.

5
e The anti-derivative is %
5
* Evaluate % over the limits.

. [ir _ & _ (8P

slt=s s 5 °
o Note that —(=5)°% = —(=3125) = 3125.
e The answeris 1250.

axb*!

35. First find the anti-derivative using the formula [ ax® dx = —

e Compare 900x ~* to the general form ax”.
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e Notethata =900and b = —3.
e Notethatb+1=-3+1=-2.
o The anti-derivative is —450x 2.
o Evaluate —450x~2 over the limits.
o [—450x7%]3.; = —450(5)"% — [-450(3) 2.
e The two minus signs make a plus sign: —450(5)"% + 450(3)"2
e Notethat52=-+=1and32=—-=2
52 25 32 9
e Theansweris 32.

aub*!

b+l

36. First find the anti-derivative using the formula [ au® du =
e Applytheruleu™ = ,‘Lm
o Rewrite—asu™*.

u'
e Compare 81u"* to the general form au”.
e Notethata =8land b = —4.
e Notethatb+1=-4+1=-3.
o The anti-derivative is —27u">.
o Evaluate —27u"* over the limits.
o [—27u3)l, = —27(3)73 = [-27(1)73).
e The two minus signs make a plus sign: —27(3)7% + 27(1) .
=3l X =3 D Lo
* Notethat3™ == =—and1” =5=7=1
e Theanswer is 26.

axt*!

37. First find the anti-derivative using the formula [ ax® dx = e

1 _x2
* Apply thegrule = X
o 3 -1/2

* Rewrite =as 3x )
e Compare 3x~ /2 to the general form ax”.

e Notethata =3 and b =—§.

. Notethatb+1=—i+l=§.

+ Note thatba: = 137 = 3(2) = 6. (To divide by a fraction, multiply by its reciprocal.)
o The anti-derivative is 6x/2.

o Apply the rule vx = x?/2 to rewrite 6x'/2 as 6v/x.

« Evaluate 6vx over the limits.

o [6va]._, = 6v9 — 6V Note that yG = 3and V4 = 2.

e Theansweris 6.
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b-
38. First find the anti-derivative using the formula [ at? dt = a;:“
e Compare 14t3/* to the general form at®.
e Notethata= 14andb = ;
. Notethatb+1——+1-% %=% (Get a common denominator.)
* Note that —_—= 7% = # = 8. (To divide by a fraction, multiply by its reciprocal.)

e The ann-derlvatlve is 8t7/4,

o Evaluate 8¢t7/* over the limits.

o [8t74]3° = 8(16)7* - B(1)7/4.

o Note that (16)7/* = (161/4)” = (4/16) = 27 = 128. Also, (1)"/* = 1.
o Try entering 16*(7/4) on your calculator to see that (16)7/* = 128.

e Theansweris 1016.

39. Apply therule [(y, + y,) dx = [ y, dx + [ y, dx.

b+1
o Find the anti-derivative of each term using the formula [ ax? dx = **

b+1 "

¢ The separate anti-derivatives are:
] 12x3dx = 3x* f’)x2 dx = 3x3
¢ Combine these anti-derivatives together to make 3x* — 3x%.
o Evaluate 3x* — 3x3 over the limits.
o [3x* = 3x3i, = [3(4)* - 3(4)%] - [3(2)* - 3(2)%).
¢ Distribute the minus sign. Two minus signs make a plus sign.
e Youshould get 3(4)* — 3(4)* — 3(2)* + 3(2).
e The final answer is 552.

40. Apply therule [(y; + ¥, + ya)dx = [ yydx + [y, dx + [y dx.

e Find the anti-derivative of each term using the formula [ ax” dx = a‘: —

b+1

¢ The separate anti-derivatives are:
f12x5 dx =2x% f24x3 dx = 6x* f48xdx = 24x*

¢ Combine these anti-derivatives together to make 2x® + 6x* — 24x%.

o Evaluate 2x® + 6x* — 24x? over the limits.

o [2x5 + 6x* — 24x%)2._; = [2(2)° + 6(2)* — 24(2)%] - [2(-1)° + 6(—1)* — 24(-1)?].
¢ Distribute the minus sign. Two minus signs make a plus sign.

o Youshould get 2(2)° + 6(2)* — 24(2)% — 2(—1)® — 6(—1)* + 24(—-1)%

e The final answer is 144.
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Chapter 3: One-dimensional Uniform Acceleration

41. Two knowns are given as numbers. The word “rest” gives you the third known.
e The three knownsare Ax =90 m, t = 6.0s,and v, = 0.

o Use the equation Ax = vyt + %a,t?
« After plugging in numbers and simplifying, you should get 90 = 18a,.
« Solve this equation to find that a, = 5.0 m/s?.

42. All three knowns are given as numbers. The units should help identify the knowns.

e The three knowns are v,y = 15 m/s, a, = —4.0 m/s?,and t = 6.0 s.
e Use the equation v, = vy, + a,t.
o After plugging in numbers and simplifying, the answer is v, = —=9.0 m/s.

43. All three knowns are given as numbers. The units should help identify the knowns.
e The three knowns are v,y = 10 m/s, v, = 30 m/s, and a, = 8.0 m/s?.
o Use the equation v2 = v, + 2a,Ax.
e After plugging in numbers and simplifying, you should get 800 = 16Ax.
¢ Solve this equation to find that Ax = 50 m.

44. Ignore the 500 g. The mass of the banana doesn'’t affect the answer.
e Two of the knowns are given as numbers. The word “rest” gives you the third
known.
e The three knownsare Ay = —36m, t = 4.0 s, and vy, = 0.
e Ay is negative because the banana finishes below the starting point.
o Use the equation Ay = vt + %aytz.
» After plugging in numbers and simplifying, you should get —36 = 8a,,.

* Solve this equation to find that a, = —% m/s2.

45. Two of the knowns are given as numbers. You should know the third known since the
banana falls near earth'’s surface.
e The three knowns are vy, = 20 m/s, Ay = —60 m, and a,, = —9.81 m/s2.
¢ Ay is negative because the banana finishes below the starting point.
* ay is negative for free fall problems (since we choose +y to be up).
¢ Use the equation Ay = vyt + ia,tz. Round —9.81 to —10 if not using a calculator.
e After plugging in numbers and simplifying, you should get a quadratic equation. Put
the quadratic equation in standard form: 5t? — 20t — 60 = 0. If you're using a
calculator, you should use 4.905t? instead of 5¢2.
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e Theconstantsarea = 5, b = —20, and ¢ = —60. (Using a calculator, a = 4.905.)
e (Itwould also be okay to divide by Sandusea = 1,b = —4,and ¢ = —12.)

e The two solutions to the quadratic are -2 s and 6 s.

e The finalansweris t = 6.0 s. If using a calculator, you should gett = 6.1 s.

46. The ‘trick’ to this problem is to work with only half the trip.
e Work with the trip up. The time will be 0.5 s.
¢ You should know one number since the monkey is near earth’s surface.
* If you work with the trip up, the final speed (at the top) will be zero.
e Thethree knownsaret = 0.5, a, = —9.81 m/s?,and v, = 0.
o Use the equation vy, = vy, + a,t.
¢ The final answer is vy, = 5.0 m/s. If using a calculator, you should get 4.9 m/s.

Chapter 4: One-dimensional Motion with Calculus

47. Choose the appropriate equations from page 48.
* Velocity equals the derivative of position with respect to time.

. dx
¢ Use the equation vy = b

o The derivative is vy = 12t* — 16t.

e (The third term vanishes: Recall that the derivative of a constant equals zero.)
e Plugin the given value for time: t = 5.0 s. (Don’tignore the square in t?).

e The velocity at the specified time is v, = 220 m/s.

o Acceleration equals the derivative of velocity with respect to time.

e Use the equation a, = %.

o Take a derivative of v, = 12t? — 16t with respect to time.
e The derivative is a, = 24t — 16.

e Plugin the given value for time: t = 7.0 s.. (It's not5.0s.)
e The acceleration at the specified time is a, = 152 m/s?.

48. Choose the appropriate equations from page 48.
¢ Netdisplacement is the integral of velocity.

e Use the equation Ax = I:::u v, dt.

¢ Perform the definite integral fts:z V2tdt.

o Apply the rules vax = vayx and x1/2 = V/x.
o Rewrite 2t as 21/2¢1/2,

o Perform the definite integral fts:z 21124172 gt
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X S % Y 23/2t3/2
e The anti-derivative is —

3/2 32 3/2,3/2
. Notethatzl’z(;ﬂ) 21/2 (2=) = 2. Note that 2V/2(2) = 21/2(2%) = 22,

23/243/2 £ s
e Evaluate over the limits.

zz/z‘z/z]e _ 2P 23R
¢ [ 3 lma 3 3
e Apply the rule (x™)" = x™" to write (8)3/2 = (23)3/2 = 292,
o Apply the rule x™x™ = x™*" to write 2/2(2)%? = 25 and 2%/%(2)*?* = 23,
e The net displacement for the specified time interval is Ax = 53—6 m.
o Acceleration equals the derivative of velocity with respect to time.
dve
In
e Take a derivative of v, = 22/2¢'/? with respect to time. (Recall that V2t = 21/2¢1/2))

ivative is a, = 2-1/2¢=1/2 = L 212 S1j2-1 _ =172
e The derivative is a, = 271/%t N Note that 5 2 e L

e Use the equationa, =

e Plugin the given value for time: t = 8.0s.
e The acceleration at the specified time is a, = % m/s?.

49. Choose the appropriate equations from page 48.
« Velocity equals initial velocity plus the integral of acceleration.

e Use the equation v, = v, + f:=k° a, dt.
o Evaluate 18 + [ 24¢2dt.

o The anti-derivative is 8t>.

o Evaluate 8¢* over the limits. Remember to add this to 18.

o 18+ [8t%]3., = 18 + 8(3)* — 8(0)°.

e The velocity at the specified time equals v, = 234 m/s.

¢ Net displacement is the integral of velocity.

o Use the equation Ax = f:::a v, dt.

o The velocity function is 18 + 8t* (because vy = vy + f:::o a, dt).

o (Recall that we found the expression 8t3 in the previous part of the solution.)
e Perform the definite integral fin(18 + 8t*) dt. Integrate each term separately.
o The anti-derivative is 18t + 2t*.

e Evaluate 18t + 2t* over the limits.

o [18t +2t*]3_, = 18(3) + 2(3)* — 18(0) — 2(0)*.

e The net displacement for the specified time interval is Ax = 216 m.

390



Essential Calculus-based Physics Study Guide Workbook

Chapter 5: Geometry Essentials

50. Use the formulas for the perimeter and area of a rectangle.
e TheknownsareL=6mand W =4m.
e Usethe equations P = 2L + 2W and A = LW.
e The perimeter is P = 20 m and the areais A = 24 m®.

51. You need to find the hypotenuse of the triangle before you can find the perimeter.
e The knownsarea =3 mand b = 4 m. (Think “b” for “base.”)
o Use the Pythagorean theorem: a? + b? = ¢
* Plugin the given values to find that c = 5 m.
e Add up the lengths of the sides to find the perimeter of the triangle.
e Usethe formula P = a + b + c. The perimeteris P = 12 m.
e Thebaseis b = 4 mand the heightis h = 3 m.
o Usethe formula A = %bh. The areais A = 6 m?.

52. First solve for the length of an edge.
e Theknownis A = 36 m?.
e Usethe formula A = L? to find that L = 6 m.
e SetW = L in the formula for the perimeter of a rectangle (W = L for a square).
e Usethe formulaP =4LtogetP =24 m.

53. Use the Pythagorean theorem.
e Theknownsarea =5mand b = 12 m. (Think “b” for “base.”)
o Use the equation a® + b? = ¢
* Plugin the given values to find that ¢ = 13 m.

54. Use the Pythagorean theorem.
e Theknownsare b = v3mand ¢ = 2m. (Think “b” for “base.”)
o Use the equation a® + b? = ¢
* Unlike the previous problem, you're given the hypotenuse. Solve for a.
e Plugin the given values to find thata = 1 m.

55. The diagonal divides the rectangle into two right triangles. Work with one triangle.
e Theknownsarea = 6 mand b = 8 m. (Think “b” for “base.”)
o Use the Pythagorean theorem: a? + b? = c2.
* Plugin the given values to find that ¢ = 10 m.
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56. You're given the diameter.
e TheknownisD =6m.
e Usethe equations R = g, C = 2mR,and A = mR2.

e TheanswersareR =3 m,C = 6mrm,and A = 97 m2.

57. First solve for the radius.
e The knownis 4 = 16m m?.
e Use the equation 4 = mR?.
¢ Solve for the radius: R =4 m.
e Use the equation C = 2nR.
e The circumference is C = 8 m.

Chapter 6: Motion Graphs

58. (A) Read the graph.
« For the total distance traveled, find the distance traveled for each segment.
¢ Youshould get 80 m backwards, 40 m forward, and 20 m backwards.
e Add up the absolute values of these distances: TDT = |d,| + |d;| + |dx].
e The total distance traveled is TDT = 140 m.
¢ Read the initial and final values: x; = 20 m and x; = —40 m.
e Use the formula ND = xf — x;.
¢ The net displacement for the trip is ND = —60 m.
(B) Find the slope of the first line segment.
¢ Read off the endpoints: (0,20 m) and (20 s, =60 m).
2=X3

¢ Use the slope formula: slope =: =
2=h

e The velocity is vy = —4.0 m/s during the first 20 s.

59. (A) Find the slope of the second line segment.
¢ Read off the endpoints: (20s,0) and (30 s, =60 m/s).

e Use the slope formula: slope = "i"_:"‘.
2=k
e The acceleration is a, = —6.0 m/s? during the second segment.

(B) Find the area between each solid line segment and the dashed t-axis.
e Make a triangle for the first 20 s, a triangle for the next 10 s, and a rectangle for the
last 20 s.

¢ Find these areas using the formulas 4 = %bh and A = LW.

e The “areas” (they don't actually have units of ordinary “area”) are A; = 200 m,
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A; = =300 m,and A; = —1200 m.
Add these areas together to find the net displacement.
The net displacement is ND = —1300 m. Note that —1300 m = —1.3 km.

60. (A) Find the area between each solid line segment and the dashed t-axis.

.

Make a rectangle for the first 20 s, a triangle from 20 s to approximately 26.5 s, and a
triangle from approximately 26.5 s to 50 s.

Find these areas using the formulas 4 = %bh and A = LW.

The “areas” (they don’t actually have units of ordinary “area”) are A; = —800 m/s,
A; = =130 m/s,and A; = 235 m/s.

Add these areas together to get —695 m/s. Area is not the answer.

Use the equation v, = v, + area. (The initial velocity is given in the paragraph.)
The answer is vy = —545 m/s.

(If you get an answer between -500 and -600, that's probably close enough.)

(B) Read the graph.

.

.

Where does the graph cross the t-axis?

It first crosses at 26.7 s. It crosses again at the very end, at 50.0 s.

(If you get a number between 26 s and 27 s, that's probably close enough. How did
we get 26.7 s? The equation for the line is x = 6t — 160. Set x = 0 and solve for t.)

Chapter 7: Two Objects in Motion

61. Check that your equation of constraint is correct: Ax; — Ax, = d. The distances will
really “add” together, but since they are headed in opposite directions, a minus sign is
needed to make them “add.”

.

.

The second monkey has zero acceleration since his velocity is constant.

The knowns are v, = 0,a; = !_13 m/s?, v, = —15m/s,a, = 0,and d = 1600 m.
Use the equations Ax; = vyt + %a,t2 and Ax, = vyt + %aztz.

After plugging in numbers, you should have Ax;, = %ﬁ and Ax, = —15t.
Substitute these expressions into Ax; — Ax; = d.

You will get a quadratic equation. Put it in standard form: ﬁtz + 15t — 1600 = 0.
The constants are a = ‘1—6, b =15,and ¢ = —1600.

Use the quadratic formula to find that t = 80 s.
The answers are Ax; = 400 m and Ax; = —1200 m.
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62. Check that your equation of constraint is correct: t; = t, + At. The thief runs for 2.0 s
more than his uncle runs, so t; (for the thief) is 2.0 s larger than t, (for the uncle).

The thief has zero acceleration since his velocity is constant.

The knowns are v,y = 9.0 m/s, a; = 0, v,y = 0, a, = 4.0 m/s?, and At = 2.0s.
Use the equations Ax = vty + %altf and Ax = vyt + %azt%.

After plugging in numbers, you should have Ax = 9t; and Ax = 2t3.
Substitute t; = t, + At into the equation Ax = 9¢,.

Set the two Ax’s equal to each other.

You will get a quadratic equation. Put it in standard form: 2t — 9¢, — 18 = 0.
The constantsarea = 2,b = —=9,and ¢ = —18.

Use the quadratic formula to find that t, = 6.0 s. Therefore t; = 8.0 s.

The answeris Ax = 72 m.

63. Check that your equation of constraint is correct: —Ay; + Ay, = d. The distances will
really “add” together, but since the net displacements are opposite (one finished below
while the other above where it starts), a minus sign is needed to make them “add.”

The monkey has zero acceleration since his velocity is constant.

The knowns are vy =—=5.0m/s, a, =0, vy =40m/s, a, =—9.81m/s? and
d =90 m. The sign of vy is negative because the monkey is traveling downward.
The sign of a, is negative because it's freely falling with +y upward.

Use the equations Ay, = vyt + ialtz and Ay, = vyt + %aztz.

After plugging in numbers, you should have Ay, = —5t and Ay, ~ 40t — 5t2.
Substitute these expressions into —Ay; + Ay, = d.

You will get a quadratic equation. Put it in standard form: —5t* + 45t — 90 = 0. If
you have 5t? — 45t + 90 = 0 that’s the same. You may also divide by 5.

The constants are a = —5, b = 45, and ¢ = —=90 (or a = 5, b = —45, and ¢ = 90).
(You may also divide all three constants by 5.)

Use the quadratic formula to find that ¢ = 3.0 s (if youround ay to = —10 m/s?).
The answers are Ay; = —15mand Ay, = 75m.

With a calculator, @ = —4.905 in the quadratic, t = 2.95s,and Ay, = 75.3 m.
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Chapter 8: Net and Average Values

64. Note that west and east are opposite. In the answers below, east is positive.

Add the given distances to find the total distance traveled: TDT = |d,| + |d;| + |d3].
For net displacement, the second displacement is negative: ND = d; —d, + d3.

The answers are TDT = 120 m and ND = —20 m (if you choose east to be positive).
The minus sign means that the net displacement is 20 m to the west.

65. Note that west and east are opposite. In the answers below, east is positive.

Add the times together: TT =t + t,.
The total time is TT = 10.0 s.
Add the given distances to find the total distance traveled: TDT = |d,| + |d,|.

For net displacement, one displacement is negative: ND = —d, + d,.
The answers are TDT =300 mand ND = 60 m to the east.
_TDT ave. ND
Use the formulas spd = and vel ==,
The answers are d =30m/s and * =60 m/s to the east.

66. Note that east and south are perpendicular. This impacts the net displacement.

Add the times together: TT =t + t,.
The total time is TT = 20.0 s.
Add the given distances to find the total distance traveled: TDT = |d,| + |d,|.

For net displacement, apply the Pythagorean theorem: ND = ,/df + d%.
The answers are TDT =140 mand ND = 100 m.

TDT ave. Q

Use the formulas — and =
vel.

spd =

The answers are spd =7.0m/s and? l =5.0m/s.

67. Examine the definition of average acceleration. The solution is simpler than it seems.

Add the times together: TT = t; + t; + t3.

The total time is TT = 20.0 s.

What is the initial velocity? What is the final velocity?

These are given: v; = 5.0 m/s to the east and v; = 0 (the gorilla comes to “rest”).

Use the formula o' o; = 2%
accel T

=1 2 i ; 1 2 “ "
accel = —7 m/s*. The minus sign means ; m/s” to the “west.” The

average acceleration is opposite to the motion because it is deceleration.

The answer is
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Chapter 9: Trigonometry Essentials

68. First use the Pythagorean theorem to find the hypotenuse.
e The knowns are a = 10 and b = 24. (Think “b” for “base.”)
e Use the Pythagorean theorem: a® + b* = c%
¢ Plugin the given values to find that ¢ = 26.
« Identify the opposite to 6, adjacent to 8, and hypotenuse.
* Inrelation to @, the sides are: opp.= 10, adj.= 24, and hyp.= 26.

g opp. adj.

o Use the formulas sin@ = ﬁ, cos6 = - and tan 0 = E’
i 5 10_ 5

e Theanswersaresinf = 3 cos = = and tanf@ = —. (Note, for example: e E)

6

O

. First use the Pythagorean theorem to find the missing side.
e The knowns are ¢ = 8 and b = 4. (Think “b” for “base.”)
e Use the Pythagorean theorem: a® + b? = c2.
 Plugin the given values to find that a = 44/3.
« Identify the opposite to 6, adjacent to 8, and hypotenuse.
¢ Inrelation to 8, the sides are: opp.= 4 adj = 4y/3,and hyp.= 8.

¢ Use the formulas sin@ = eyl -, cosf = =y L andtan@ = np?’.
ing =1 £ e 1 _1Vi_¥5
e Theanswers aresinf = 2, cosf = —,andtanf = (or " since V,_ BG- 3 )
70. Simply read the table on page 85. You can build fluency through practice.
3 2

(A)sin60° =% (B)cos45°=  (C)tan30° = ? (D) sin45° = g

(E) cos 30° = ? (F) tan 60° = \/5 (G) sin90° = (H) cos90° =0

(I) tan 45° = (J) sin30° = i (K) cos 60° = i (L) tan 90° = undef.
i3

(M)sin0° =0 (N)cos0° =1 (0)tan0° =0 (P) sin60° = ‘2—3

@

(Q) cos30° = s (R) tan45° =

71. First find the reference angle. Evaluate the trig function at the reference angle. Next
determine the sign of trig function in the given Quadrant. Combine these two answers.
Note: If you use a calculator, make sure that your mode is set to degrees (not radians).

(A) The reference angle is 30°. The sign is positive. The answer is: sin150° = %
(B) The reference angle is 60°. The sign is negative. The answer is: cos 240° = —%.

(C) The reference angle is 60°. The sign is negative. The answer is: tan300° = —3.
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(D) The reference angle is 45°. The sign is negative. The answer is: sin315° = — g
(E) The reference angle is 45°. The sign is negative. The answeris: cos 135° = —%.
(F) The reference angle is 30°. The sign is positive. The answer is: tan 210° = g
(G) The reference angle is 60°. The sign is negative. The answer is: sin240° = — \2—5
(H) The reference angle is 0°. The sign is negative. The answer is: cos 180° = —1.

(1) The reference angle is 45°. The sign is positive. The answer is: tan225° = 1.

(]) The reference angle is 0°. The answer is: sin180° = 0.

(K) The reference angle is 90°. The answer is: cos270° = 0.

(L) The reference angle is 60°. The sign is negative. The answer is: tan 300° = —/3.
(M) The reference angle is 60°. The sign is negative. The answer is: sin300° = — g

(N) The reference angle is 30°. The sign is positive. The answer is: cos 330° = ?

(0) The reference angle is 0°. The answer is: tan 180° = 0.
(P) The reference angle is 90°. The sign is negative. The answer is: sin270° = —1.

5
(Q) The reference angle is 45°. The sign is negative. The answer is: cos225° = — %

3
(R) The reference angle is 30°. The sign is negative. The answer is: tan 150° = — %

72. First find the reference angle using the chart on page 85. Next look at the sign of the
argument in order to determine which Quadrants the answers lie in. Find the correspond-

ding answers using the equations in Step 3 of page 90.

Note: If you use a calculator, make sure that your mode is set to degrees (not radians).
(Most calculators only give one of the two answers, and you must apply your trig skills to
find the alternate answer. Also note that sometimes you need to add 360° to a calculator’s
answer to check your answer. For example, if a calculator gives you —60°, add 360° to get

300°. The two angles —60° and 300° are really the same.)

(A) The reference angle is 60°. The angles lie in Quadrants IIl and IV.
The answers are: sin™! (—g) = 240° or 300°.

(B) The reference angle is 45°. The angles lie in Quadrants [ and IV.
The answers are: cos™* (g) = 45° or 315°.

(C) The reference angle is 45°. The angles lie in Quadrants Il and IV.
The answers are: tan™*(—1) = 135° or 315°.

(D) The reference angle is 30°. The angles lie in Quadrants [ and Il
The answers are: sin™! G) = 30°or 150°.

(E) The reference angle is 30°. The angles lie in Quadrants Il and IIL
The answers are: cos™* (—?) = 150° or 210°.
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(F) The reference angle is 60°. The angles lie in Quadrants Il and IV.
The answers are: tan™!(—y3) = 120° or 300°.
(G) The reference angle is 45°. The angles lie in Quadrants I and II.
The answers are: sin™* (g) = 45° or 135°.
(H) The reference angle is 60°. The angles lie in Quadrants I and IV.
The answers are: cos™* G) = 60° or 300°.
(1) The reference angle is 60°. The angles lie in Quadrants I and III.
The answers are: tan"(s/i) = 60° or 240°.
() This is one of the special angles. The answer is: sin~*(1) = 90°.
(K) The reference angle is 30°. The angles lie in Quadrants I and IV.
The answers are: cos™! (g) = 30° or 330°.
(L) The reference angle is 45°. The angles lie in Quadrants I and III.
The answers are: tan™'(1) = 45° or 225°.
(M) The reference angle is 60°. The angles lie in Quadrants I and IL
The answers are: sin™! (g) = 60° or 120°.
(N) This is one of the special angles. The answer is: cos~(—1) = 180°.
(0) This is one of the special angles. The answers are: tan~*(0) = 0° or 180°.
(P) This is one of the special angles. The answers are: sin~*(0) = 0° or 180°.

73. First find the anti-derivative.
e The anti-derivative is — cos 6.
* Evaluate the anti-derivative over the limits.
o [—cosB]38% = — cos(360°) — [~ cos(180°)] = — cos(360°) + cos(180°).
e Theansweris —2.

74. First find the anti-derivative.
e The anti-derivative is sin 8.
* Evaluate the anti-derivative over the limits.
o [sinB]3%%,, = sin(240°) — sin(120°).
e Theansweris —y3. Note that —? - ? =—3.
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Chapter 10: Vector Addition

75. Check the signs of your components: M,, M,, and B, are negative.

(A) Use the component equations, such as M, = M cos 0.
Answers: M, = -18 ©,M, = —18Y3©,B, = —9©, B, = 9V3 ©.

(B) Add respective components together. For example, Ry = My + Bs.
Answers: R, = =27 ©, R, = —9y/3 © (or —15.6 ©).

(C) Use the Pythagorean theorem, R = /R + R}, and inverse tangent, 6 = tan™* (%)'
Note that (v3)” = 3. Thus, (9v3)" = 92(3) = 243. Note that 972 = 18Y3.
The reference angle is 30°. Since R, < 0 and R,, < 0, the answer lies in Quadrant I1I.
Answers: R = 18V3 © (or31.2 @), 6 = 210°. (6;;; = 180° + 0,,.)

76. Check the signs of your components: ¥y, ®,, and ®,, are negative.

(A) Use the component equations, such as W, = W cos 8. There are siX equations.
Answers: ¥, = -3N,¥, =3N,®, =—-6N,», =—-6N,Q2, =12N,Q, =0.

(B) Add respective components together. For example, R, = W, + ®, + Q,.
Answers: R, =3 N, R, =—-3N.

(C) Use the Pythagorean theorem, R = \/RZ + RZ, and inverse tangent, 8 = tan™" (I’:—’).
Note that (~3)2 = +9. Note that V18 = /(9)(2) = VOV2Z = 3v2.
The reference angle is 45°. Since R, > 0 and R,, < 0, the answer lies in Quadrant IV.
Answers: R = 3V2 N (or 4.24 N), 0 = 315°. (6, = 360° — Orer.)

77. Check the signs of your components: F, T,, and T, are negative.

(A) Use the component equations, such as T, = T cos 0.
Answers: F, =0,F, =-16m, T, =-8m, T, = -8m.

(B) Subtract respective components. For example, B, = F, — T,. Note that F is first.
Answers: B, =8m,B, = -8m.

(C) Use the Pythagorean theorem, B = \/BZ + B}, and inverse tangent, f; = tan™! (gx)_
Note that (—8)? = +64. Note that V128 = \/(64)(2) = V64V2 = 8V2.
The reference angle is 45°. Since B, > 0 and B,, < 0, the answer lies in Quadrant IV.
Answers: B = 8y2 m (or 11.3 m), 6y = 315°. (6, = 360° — Orer)

78. Check the signs of your components: M,, M, and S, are negative.

(A) Use the component equations, such as M, = M cos 0.

Answers: My = —2V3N, M, = =2 N, S, = —%5 N,Sy=3N.
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(B) Use the equations P, = 3M,. — 25, and P, = 3M,, — 2§,

Answers: P, = -3v3N (or—5.20N), P, = -9 N.

(C) Use the Pythagorean theorem, P = \/P? + P?, and inverse tangent, §, = tan™! (;f).

Note that (v3)" = 3. Thus, (3v3)" = 3%(3) = 27. Note that V108 = 6v3.
The reference angle is 60°. Since P, < 0 and P, < 0, the answer lies in Quadrant III.
Answers: P = 6y3 N (or 10.4 N), 6, = 240°. (6, = 180° + 0,,.)

7

O

. Identify the components of the given vector.

Compare j =V3%-9to f = J:&+ J,§in order to determine the components.

The components are J, = V3 andJ, = -1

(Note that —¥ is the same thing as —1§.)

Use the equation ] = ‘/,%T]yi

The magnitude of the vectoris ] = 2.

Use the equation 6, = tan™* (%)

The reference angle is 30°. The answer lies in Quadrant IV since /, > 0 and J,, < 0.
The direction of the vector is @) = 330°. (8y = 360° — Oref.)

80. Identify the given values.

The known values are K = 4 and 6 = 120°.
Use trig to find the components of the vector: K, = K cos f and K, = K sin 6.

The components of the vector are K, = —2and K, = 2v3.
Substitute these values into the equation K= K&+ K,9.
The answerisK= -28 + 2V39.

81.

Combine like terms together.

Combine the &-terms together to make 8V3%

Combine the y-terms together to make —24 §.

The resultant vector is R = 8V3 & — 24 9.

Use the equationR = \/RZ + RZ.

The magnitude of the resultant vector is R = 16v3.

Use the equation ; = tan™! (::—:).

The reference angle is 60°. The answer lies in Quadrant IV since R, > 0 and R, < 0.
The direction of the resultant vector is 8 = 300°. (6;y = 360° — 0,..f.)
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82. Combine like terms together.

.

First multiplyE by 3 to make 3L=21V28+9v2 9.

Next multiply R by 4 to make 4R = 8Y2 & — 4V2 §.

Substitute these into Q = 3L — 4R. Distribute the minus sign.
Note that —4R = —(8V2 & — 42 9) = —8V2 &+ 442 §.
Combine the &-terms together to make 132 &

Combine the §-terms together to make 132 §.

The vector Q' equals 6 =13V28+13V2 y.

Use the equation Q = JQ}TQ},

The magnitude of § equals @ = 26.

Use the equation 6, = tan™* (gf)
The reference angle is 45°. The answer lies in Quadrant I since @, > 0 and Q,, > 0.

The direction of Q is 8y = 45° (0; = O,¢5.)

Chapter 11: Projectile Motion

83. Check your signs: Ay and a,, are negative.

.

Begin with the trig equations. For example, v, = v, cos ;.

The components of the initial velocity are v,, = 20v/3 m/s and vy =20 m/s.

What are the four known symbols? They are vy, vy, Ay, and a,.

Ay < 0 because the banana finishes below the starting point. a, < 0 in free fall.

You know: vy, = 20vV3 m/s, vy = 20 m/s, Ay = =60 m, and a, = —9.81 m/s?.

Use the equation Ay = vyt + ia},t2 to find the time. You should get 5t — 20t —
60 = 0. Use the quadratic formula with a = 5, b = —20, and ¢ = —60.

The timeist = 6.0 s. (It works outto 6.1 sif you don’t round a, to = —10 m/s2.)
Use the equation Ax = v,y t. The answer is Ax = 120V3 m if you round a,, to
=~ —10 m/s?. (If you use a calculator and don’t round, Ax = 211 m.)

84. Check your signs: Ay and a,, are negative.

.

Begin with the trig equations. For example, v, = v, cos ;.

What is the launch angle?

For a horizontal launch, the launch angle is 8, = 0° (since 6, is the angle that the
initial velocity makes with the horizontal).

The components of the initial velocity are v, = 40 m/s and vy, = 0.

What are the four known symbols? They are vy, vy, Ay, and a,,.
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Ay < 0 because the banana finishes below the starting point. a,, < 0 in free fall.
You know: vy, =40 m/s, vy, = 0,Ay = —80 m, and a, = —9.81 m/s?.

Use the equation vﬁ = v§0 + 2a, Ay to find v,. However, v, is not the answer.
Check your intermediate answer: v, ~ —40 m/s (if you round ay to = —10 m/s?).
Note that 1600 = +40 m/s. Note that (—40)2 = 1600. Choose the negative root.
vy, is negative because it is heading downward.

Use the equation v = ’vfo + vi. Be sure to use vy, (and not vy,).

The final speed is v = 40vZ m/s (or 56 m/s if you don’t round ay).

Use the equation 6,, = tan™?! (:—"') The answer lies in Quadrant IV since v), < 0.
X0

The direction of the final velocity is 8, = 315°. (The reference angle is 45°.)

. Check your signs: Ay, vy, and ay are negative.

Begin with the trig equations. For example, v,, = v, cos 8.

The launch angle 6, lies in Quadrant IV because the textbook is thrown downward.
The launch angle is 8, = 330°. (Using —30° with the minus sign is fine, too.)

The components of the initial velocity are v,, = 10y3 m/s and vy = —10m/s.
vy < 0 because the textbook is moving downward initially.

What are the four known symbols? They are v, vy, Ay, and a,.

Ay < 0 because the textbook finishes below the starting point. a,, < 0 in free fall.
You know: vy, = 10v3 m/s, vy, = —10 m/s,Ay = -=75m, and a, = —9.81 m/sz.
Use the equation Ay = vy,5t + %ay&‘,2 to find the time.

You will get a quadratic equation.

The constants are a = 5, b = 10, and ¢ = =75 (or a = =5, b = =10, and ¢ = 75).
(You may also divide all three constants by 5.)

Thetimeist = 3.0s.

Use the equation Ax = v,t.

The answer is Ax = 30v/3 m. (If you use a calculator and don’t round, Ax = 52 m.)
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Chapter 12: Two-dimensional Motion with Calculus

86. Choose the appropriate equations from page 119.
* Velocity equals the derivative of position with respect to time.
e Use the equation v = %.
e Thederivative is v = 8t3 & — 122 §.
e Plugin the given value for time: t = 3.0 s.
e The velocity at the specified time is ¥ = 216  — 108 §.
* Acceleration equals the derivative of velocity with respect to time.
¢ Use the equationd = Z—:.
o Take a derivative of ¥ = 8t* & — 12t? § with respect to time.
o The derivative is @ = 24t2 X — 24t §.
e Plugin the given value for time: t = 5.0s..
o The acceleration at the specified time is @ = 600 8 — 120 §.

87. Choose the appropriate equations from page 119.
* Netdisplacement is the integral of velocity.
o Use the equation AT = f::n, vdt.

¢ Perform the definite integral ft10(8t3 £ —9t% 9) dt.

o The anti-derivative is 2t* & — 3t3 §.

o Evaluate 2t* & — 3¢* § over the limits.

o [2t4 =367 913, = [2(3)* 2 - 3(3)° 9] — [2(0)* 2 3(0)° 9.

¢ The net displacement for the specified time interval is Af = 162 % — 81 §.
o Acceleration equals the derivative of velocity with respect to time.
¢ Usethe equationd = ‘;—f.

o Take a derivative of ¥ = 8t* % — 9t? § with respect to time.

e The derivative is @ = 24t2 8 — 18t §.

* Plugin the given value for time: t = 6.0 s..

o The acceleration at the specified time is @ = 864 X — 108 §.
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GET A DIFFERENT ANSWER?

If you get a different answer and can’t find your mistake even after consulting the hints and
explanations, what should you do?

How? Visit one of the author’s blogs (see below). Either use the Contact Me option, or click
on one of the author’s articles and post a comment on the article.

www.monkeyphysicsblog.wordpress.com
www.improveyourmathfluency.com
www.chrismcmullen.wordpress.com

Why?
o If there happens to be a mistake (although much effort was put into perfecting the
answer key), the correction will benefit other students like yourself in the future.

o If it turns out not to be a mistake, you may learn something from Dr. McMullen's

reply to your message.

99.99% of students who walk into Dr. McMullen's office believing that they found a mistake
with an answer discover one of two things:
¢ They made a mistake that they didn’t realize they were making and learned from it.
e They discovered that their answer was actually the same. This is actually fairly

common. For example, the answer key might say t = % s. A student solves the

problem and gets t = V% s. These are actually the same: Try it on your calculator
I3 Ic3
and you will see that both equal about 0.57735. Here’s why: \% = \,1—5:7; = \'3—3
Two experienced physics teachers solved every problem in this book to check the answers,
and dozens of students used this book and provided feedback before it was published.
Every effort was made to ensure that the final answer given to every problem is correct.

But all humans, even those who are experts in their fields and who routinely aced exams

back when they were students, make an occasional mistake. So if you believe you found a
mistake, you should report it just in case. Dr. McMullen will appreciate your time.
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Chapter 13: Newton’s Laws of Motion

88. Review Newton's three laws of motion and the related terminology.
(A) What is the definition of acceleration?

Acceleration is the instantaneous rate at which velocity changes.
The answer is: “changing velocity.”

(B) What is Newton'’s first law?

Use the concept of inertia to answer this question.

The banana was initially moving horizontally. It retains this horizontal component
to its velocity because the banana has inertia.

The answer is: “on the X.” The banana’s horizontal velocity matches the train’s
velocity. The banana and train travel the same horizontal distance.

(C) What is Newton's first law?

Use the concept of inertia to answer this question.

The banana was initially moving horizontally. It retains this horizontal component
to its velocity because the banana has inertia.

Whereas the banana’s horizontal component of velocity is constant, the train’s
velocity is decreasing because the train is decelerating.

The answer is: “east of the X.” The banana’s horizontal velocity exceeds the velocity
of the train. (The train is slowing down. The banana is not.)

(D) What is Newton'’s third law?

According to Newton’s third law, the forces are equal in magnitude.
The answeris: “the same.” (“Equal and opposite” would also be okay.)

(E) What is Newton’s second law.

We already reasoned that the forces are equal in part (D).

The net force on either person is mass times acceleration (Newton's second law).
Since the forces are equal, more mass implies less acceleration.

The football player has more mass, so he accelerates less during the collision.
The answer is: “less.”

(F) What is Newton’s first law?

Objects have inertia, which is a natural tendency to maintain constant velocity.
If velocity is constant, acceleration is zero.

Therefore, objects have a natural tendency to have zero acceleration.

The answer is: “zero.”

(G) Which of Newton's laws involves a push backwards?

When the gun exerts a force on the bullet, the bullet exerts a force back on the gun
that is equal in magnitude and opposite in direction.

The shooter experiences this opposite force (push back) due to Newton's third law.
The answeris: “third.”
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(H) What is Newton’s first law?

Use the concept of inertia to answer this question.
This question involves the same reasoning as part (B). Compare these questions.

The cannonball was initially moving horizontally with the same velocity as the ship.
It retains this horizontal component to its velocity because it has inertia.

The answer is: “in the cannon.” The cannonball’s horizontal velocity matches the
ship’s velocity. The cannonball and ship travel the same horizontal distance.

(I) What is Newton'’s third law?

According to Newton'’s third law, the forces are equal in magnitude.
The answeris: “25 N."

89. Review Newton’s three laws of motion and the related terminology.
(A) What happens to mass and weight when the monkey visits the moon?

Mass remains the same, while weight is reduced by a factor of 6.

Which quantity is 24 kg? Look at the units to figure this out.

The SI unit of mass is the kilogram (kg). The SI unit of weight is the Newton (N).
Based on the units, the mass of the monkey is 24 kg.

The monkey has the same mass on the moon.

What is the equation for weight?

Use the equation W, = mg, to find the monkey's weight on the earth.

The monkey’s weight on earth is W, = 240 N (or 235 N if you don’t round gravity).
The monkey weighs 6 times less on the moon.

Divide W, by 6 to find the monkey’s weight on the moon.

The answer is W,, = 40 N (or 39 N you don't round earth’s gravity).

The answers are: “24 kg” and “40 N.” (The mass is 24 kg, the weight is =40 N.)

(B) What is Newton's first law?

Inertia is the natural tendency of an object to maintain constant momentum.
This means that an object resists changes to its momentum.
The answer is: “momentum.” (“Velocity” is also a good answer.)

(C) What is Newton's third law? What is Newton'’s second law?

According to Newton's third law, the forces are equal in magnitude.

The net force on either animal is mass times acceleration (Newton's second law).
Since the forces are equal, more mass implies less acceleration.

The gorilla has more mass, so the gorilla accelerates less during the collision.
The answers are: “the same” and “less.”

(D) Which quantity is defined as mass (m) times velocity (v)?

Consider the equation p = mv. What is p?
P represents momentum. Momentum equals mass times velocity.
The answer is: “momentum.”
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(E) Which quantity is defined as mass (m) times acceleration (a)?

Consider the equation }, F = ma. Whatis ¥ F?

3. F represents net force. Net force equals mass times acceleration.
This is Newton'’s second law.

The answer is: “net force.”

(F) What is Newton's third law?

According to Newton’s third law, the forces are equal in magnitude.
The answer is: “equal to.” (It's more precise to say “equal and opposite to.")

(G) What is the definition of acceleration?

Acceleration is the instantaneous rate at which velocity changes.

How can the monkey change his velocity if his speed is constant?

Velocity is a combination of speed and direction.

Since the monkey’s speed is constant, he must change the direction of his velocity.
The answer is: “change direction.” (It would be okay to say “run in a circle.”)

(H) What is Newton's second law?

According to Newton’s second law, net force equals mass times acceleration.
If the net force is zero, the acceleration must be zero also.

What is the definition of acceleration?

Acceleration is the instantaneous rate at which velocity changes.

Zero acceleration implies constant velocity (that is, velocity doesn’t change).
The answers are: “acceleration” and “velocity.”

(I) Where does the mass of an object factor into the free fall equations?

It doesn’t. Recall the equations from Chapter 3. Mass isn’t in those equations.

In a perfect vacuum, all objects fall with the same acceleration, regardless of mass.
The banana and feather both have an acceleration of a,, = —9.81 m/s”.

Since they have the same acceleration and descend the same height, and since they
are released simultaneously, they reach the ground at the same time.

The answer is: “at the same time.”

(J) What is Newton's third law?

Apply Newton’s third law to the banana.

If the monkey exerts a force on the banana by throwing it, what will happen?
According to Newton's third law, the banana exerts a force back on the monkey that
is equal in magnitude and opposite in direction to the force that the monkey exerts
on the banana.

The monkey should throw the banana directly away from his house so that the equal
and opposite reaction will push the monkey toward his house.

The answer is: “throwing the banana directly away from his house.”
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90. Review Newton's three laws of motion and the related terminology.
(A) What is Newton's first law?

Objects have inertia, which is a natural tendency to travel with constant velocity.
This means to travel with constant speed in a straight line.

After leaving the metal arc, there is no longer a force pushing on the golf ball that
will change the direction of its velocity. After leaving the metal arc, the golf ball’s
path is determined by its inertia.

The golf ball will continue in a straight line tangent to the metal arc (path C).

The answeris: “C."

(B) What is Newton's first law?

The box of bananas has inertia - a natural tendency to maintain constant velocity.
Initially, the box of bananas has a horizontal velocity equal to the plane’s velocity.
When the box of bananas is released, it acquires a vertical component of velocity to
go along with its initial horizontal velocity.

Since we neglect air resistance unless otherwise stated, the horizontal component of
the box's velocity will remain constant due to the box’s inertia. The box’s vertical
component of velocity will increase due to gravity.

Which path begins horizontally (due to the box’s inertia), and tilts more and more
vertically as time goes on? That is path D.

The answer would be the same if a gorilla stood at the top of a tall building and
threw the box of bananas horizontally. The box is a projectile, following the path of
projectile motion (Chapter 11), whether released from a plane or thrown by a gorilla.
The answeris: “D.”

(C) Where does the mass of an object factor into the free fall equations?

It doesn’t. Recall the equations from Chapter 3. Mass isn't in those equations.
Neglecting air resistance, all objects fall with the same acceleration, regardless of
mass. (Even allowing for air resistance, a banana and box of bananas released from
a couple of meters above the ground will strike the ground at nearly the same time.)
The banana and box of bananas both have an acceleration of a,, = —9.81 m/s?.

Since they have the same acceleration and descend the same height, and since they
are released simultaneously, they reach the ground at the same time.

The answer is: “They strike the ground at the same time.”

(D) What determines how much time either bullet will travel through the air?

Gravity! Note that gravity affects both bullets the same way: Both bullets have the
same acceleration, a, = —9.81 m/s?, since both bullets are in free fall.

Both bullets have v, = 0 (the shot bullet has a nonzero v, but its vy, is zero).

The y-equations of projectile motion (Chapter 11) are identical to the equations of
one-dimensional uniform acceleration (Chapter 3). So t will be the same for each.
The answer is: “They strike the ground at the same time.”
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(E) What is Newton’s first law?

Objects have inertia, which is a natural tendency to travel with constant velocity.
The necklace resists changes to its velocity. The necklace resists acceleration.

When the car speeds up, the necklace resists this increase in velocity. The necklace
leans backward when the car speeds up (assuming the car isn't in reverse).

When the car slows down, the necklace resists this decrease in velocity. The
necklace leans forward when the car slows down (assuming the carisn’t in reverse).
When the car travels with constant velocity along a level road, the necklace has
nothing to resist, so it leans straight down.

When the car rounds a turn to the left with constant speed, the necklace wants to
keep going in a straight line due to its inertia, so it leans to the driver’s right. The
necklace leans outward.

Chapter 14: Applications of Newton'’s Second Law

91. Check your FBD'’s. You need three FBD's: one for each object.

i 7, T,
X x x

mg WT, mg WT, msg
Each object has weight (m, g, m,g, and mg) pulling straight down.
Alift force (L) pulls upward on the helicopter.
There are two pairs of tension (Tl and Tz) forces: one pair in each rope.
Label +x up for each object (each object accelerates upward).
Write out the three sums for Newton'’s second law (for example, } F;,, = m;a,):
L-mg-Ti=ma, , Ti—-myg—-To=ma, , T,—m3g=ma,
Add all three equations together in order to cancel the tension forces.
L—myg —mag — mszg = myay + maay + mzay
Plug in numbers and solve for acceleration.
The answer is a, = 5.0 m/s?. (If you don't round gravity, a, = 5.2 m/s?.)
Solve for tension in the equations from Newton's second law (the sums).
Ty=L-mg—-ma, , T,=mza,+msg
Plug numbers into these equations.
The tensionsare T; = 3000 Nand T, = 750 N.
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92. Check your FBD'’s. You need two FBD's: one for each object.

N T
y

-
[}

x
mg myg
¢ Each object has weight (m; g and m,g) pulling straight down.
e Anormal force (ﬁ) supports the box (perpendicular to the surface).
e Friction (f) acts opposite to the velocity of the box of bananas.
e There is a pair of tension (T) forces in the connecting cord.
e Label +x in the direction that each object accelerates. (Think of the pulley as
bending the x-axis.) Label +y perpendicular to x.

e Write out the sums: X F;, = myay,, X Fyy, = mya,, and L B, = mya,.

T—f=ma, , N-mg=0 , myg—T=mya,
¢ a, = 0 because the box doesn’t accelerate vertically. The box has a,, not a,.
* Solve for normal force in the y-sum. Plug in numbers.
e Normal force is N = 200 N (or 196 N if you don’t round g to 10 m/s?).
* Whatis the equation for friction? Use the equation f = uN. Plug in numbers.
o Friction force is f =~ 100 N (or 98 N if you don’t round g to 10 m/s2.)
* Add the x-equations together in order to cancel the tension forces.

myg = f = mya; + myay
¢ Plugin numbers and solve for acceleration.
e Theansweris a, ~ 4.0 m/s?. (If you don't round gravity, a, = 3.9 m/s%.)
* Solve for tension in one of the original equations (from the x-sums).
T =f+ma,

¢ Plug numbers into this equation.
e Thetensionis T = 180 N. (If you don’t round gravity, T = 177 N.)

93. Check your FBD'’s. You need two FBD's: one for each object.

ﬁl ﬁz
)’I b o B
% oo T o
f, »T - -3-0-1{
o v
mg myg
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Each object has weight (m, g and m,g) pulling straight down.
Two different normal forces (ﬁ1 and ﬁz) support the boxes.
Two different friction forces (f, and fz) pull backwards on the two boxes.
There is a pair of tension ('—l") forces in the connecting cord.
The monkey’s pull (P) acts on the right box.
Write out the sums: Y Fy, = myay, X Fyy, = mya,, L F, = myay, and ¥ Fy, = mya,,.
=may , Ny—mig=0, Pcos30°—T — f, =maay , N2+ Psin30°—mpg =0
Since P doesn’t lie on an axis, it goes in both the ¥ F>x and ¥, Fay sums with trig.
The components of P are P, = Pcos 30°and P, = Psin30°.
Solve for the normal forces in the y-sums. Plug in numbers.
The normal forces are N; = 100y3 N and N, = 150y/3 N (if you round g).
Use the equation f = uN. Plug in numbers.
The friction forces are f; = 60 N and f, = 90 N (if you round g).
Add the x-equations together in order to cancel the tension forces.

Pcos30° = f; — fo = mya, + myay
Plug in numbers and solve for acceleration.
The answeris a, = 5;—6 m/s%. (If you don’t round gravity, a, = 4.4 m/s%.)
Solve for tension in one of the original equations (from the x-sums).

T = fi + mya,

Plug numbers into this equation. The tension is T = 135 N.

94. Check your FBD. You just need one for this problem.

Weight (mg) pulls straight down.

Normal force (N) pushes perpendicular to the surface.

Friction (f) acts opposite to the velocity of the box of bananas.

Label +x in the direction that the box accelerates: down the incline. Label +y

perpendicular to x: along the normal.

Write out the sums for Newton's second law: ¥, F, = ma, and }, F, = ma,.
mgsin30°—f=ma, , N-—-mgcos30°=0

The example on page 135 explains which sums mg sin 30° and mg cos 30° go in.

a, = 0 because the box doesn’t accelerate perpendicular to the incline.
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¢ Solve for normal force in the y-sum. Normal force equals N = %ﬁ.

e Use the equation f = uN. Plug in the expression for normal force.
e Friction forceis f = 31"—09.
¢ Plug the expression for friction into the equation from the x-sum.
mg 3mg
2 10
e Mass cancels out. Plugin numbers and solve for acceleration.
e Theanswerisa, = 2.0 m/s?.

=ma,

95. Check your FBD's. You need two FBD's: one for each object.

o Each object has weight (m, g and m,g) pulling straight down.
e Normal force (—ﬁ) pushes perpendicular to the surface.
e There is a pair of tension (T) forces in the connecting cord.
o Label +x in the direction that the each object accelerates: up the incline for the box
and straight down for the monkey. Label +y perpendicular to x: along the normal.
e Write out the sums: ¥ F,, = mya,, ¥ Fy, = myay, and ¥ F, = mya,.
T—mygsin30°=myay , N—-mygcos30°=0 , mpg—T =ma,
¢ The example on page 135 explains which sums m,; g sin 30° and m, g cos 30° go in.
e Add the x-equations together in order to cancel the tension forces.
mzg — myg sin30° = mya, + meax
¢ Plugin numbers and solve for acceleration.
e Theanswerisa, =~ 4.0 m/s?. (Ifyou don’t round gravity, a, = 3.9 m/s°.)

96. Check your FBD'’s. You need two FBD's: one for each object.

N, N,
y 5 4
f P
x
myg ﬁl %
mg
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e We call the top box object 1 (right figure) and the bottom box object 2 (left figure).

o Each object has weight (m, g and m,g) pulling straight down.

o The monkey’s pull (P) acts on the top box.

¢ Tension (_'f) in the cord pulls the bottom box to the left.

e Friction force (f) pulls to the left on the top box (resisting the 200-N pull).

¢ There is an equal and opposite friction force (f) pulling the bottom box to the right
due to Newton’s third law. This friction force creates tension in the cord.

* Two different normal forces (ﬁl and ﬁ'z) support the boxes.

e There is also an equal and opposite normal force ﬁl pushing downward on the
bottom box. This follows from Newton's third law. Since the bottom box pushes
upward on the top box with a force ﬁl, the top box must push downward on the
bottom box with an equal and opposite force.

e Write outthe sums: ¥ Fy, = myay,, ¥ Fiy, = myay, ¥ oy = myagy, and 3 Fy, = mya,,.

P—-f=ma, , Ny-mg=0, f=T=0 , Ny—Ny—myg=0

¢ Solve for N, in the }; F;,, sum. Plug in numbers.

e The normal force is N; = 400 N. (It's 392 N if you don’t round gravity.)

¢ Use the equation f = uN. Plug in numbers.

e The friction force is f = 100 N. (It's 98 N if you don’t round gravity.)

* Now you can solve for acceleration in the ¥, F;, sum. Plug in numbers.

e Theanswerisa,, = s m/s2. (If you don’t round gravity, a,, = 2.6 m/s2.)

e Solve for tension in the }; F,, sum. Plugin numbers. Note that a,, = 0.

e Thetensionis T = 100 N. (It's 98 N if you don’t round gravity.)

Chapter 15: Hooke’s Law

97. Check your FBD. You just need one for this problem.

mg
o Weight (mg) pulls straight down.
o Normal force (N) pushes perpendicular to the surface.

o The spring exerts a restoring force (kAX) towards equilibrium (to the left).
e Friction force (f) pulls to the right (opposite to the velocity).
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¢ Write out the sums for Newton's second law: ¥, F, = ma, and ¥ F;, = ma,,.
—kAx+f=ma, , N—-mg=0

e Solve for normal force in the y-sum.

e Normal force equals N = 30 N. (It's 29 N if you don't round gravity.)

e Use the equation f = puN. Plug in numbers.

e Friction forceis f = 12_5 N. (It's 7.4 N if you don’t round gravity.)

* Now you can solve for acceleration in the x-sum.

¢ Theansweris a,  —5.0 m/s? (or —=5.1 m/s® if you don’t round gravity). The minus

sign means that the box is accelerating to the left (since we chose +x to be right).

98. Check your FBD. You just need one for this problem.

o Weight (mg) pulls straight down.

* Normal force (ﬁ) pushes perpendicular to the surface.

¢ The spring exerts a restoring force (kAX) towards its original equilibrium position

(up the incline).
e Label +x along the incline. Label +y along the normal (perpendicular to x).
¢ Write out the sums for Newton's second law: }, F, = ma, and }, F, = ma,.

kAx —mgsin30°=0 , N-mgcos30°=0

e The example on page 135 explains which sums mg sin 30° and mg cos 30° go in.
e The acceleration is zero (the box isn't moving at all).
e Solve for the spring constant in the x-sum. Plugin numbers.
e Theansweris k = 45 N/m. (If you don’tround gravity, k = 44 N/m.)

Chapter 16: Uniform Circular Motion

99. Check your knowns. Which symbols are given in the problem?
e TheknownsareD =12m,w = % rad/s, and t = 4.0 min.
¢ Before you do anything else, find the radius and convert the time to seconds.
e Theradiusis R = 6.0 mand the timeist = 240 s.
(A) Use the equation v = Rw.
e Thespeedisv =3.0m/s.
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(B) Use the equation a, = ';Tz.
e Theaccelerationisa, = g m/s?.
(C) Use the equation s = vt.
o The time must be in seconds (don’t use minutes).
¢ The total distance traveled is s = 720 m.
(D) Use the equation w = ZT—"
¢ Solve for the period. Multiply both sides by T. Divide both sides by w.
e The periodis T = 4m s. If you use a calculator, it is approximately T = 13 s.
(E) Use the equation s = R#@.
¢ Solve for 6. Convert from radians to revolutions: 2w rad = 1 rev.

0 :
¢ The monkey completes 6§ = 6; revolutions.

100. Check your knowns. Which symbols are given in the problem?
e Theknownsarev=4.0m/s,T =8rs,and @ = % rev.
* Before you do anything else, convert 8 from revolutions to radians.
e Theangleis 6 = 40 rad.
(A) Use the equation w = 27"
e Theangularspeedisw = % rad/s.
(B) Use the equation v = Rw.

¢ Solve for the radius.
e TheradiusisR =16 m.

2
(C) Use the equation a, = v?

e The acceleration is a, = 1.0 m/s>.
(D) Use the equation s = R6.
¢ The angle # must be in radians (don't use revolutions).
e The monkey travels s = 640 m.
(E) Use the equation f = %
e The frequencyis f = 81—" Hz.
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Chapter 17: Uniform Circular Motion with Newton’s Second Law

101. Check your FBD. You just need one for this problem.

z

=

v
'
'
'
'
'
'

mg
side view
o Weight (mg) pulls straight down.
e There is tension (?) along the chain.
e Label in toward the center of the horizontal circle: to the right. Label +z perpen-
dicular to the plane of the circle: straight up.
* Write out the sums for Newton's second law: ¥ F;,, = ma.and } F, = 0.
Tsin30°=ma, , Tcos30°—mg=0
o The inward component of T is opposite to 30°, so the inward component of T has a
sine. The z-component of Tis adjacent to 30°, so it has a cosine.
¢ Solve for tension in the z-sum equation.
¢ The mass equals the mass of the monkey plus the seat: m = 25 kg + 5 kg = 30 kg.
 ThetensionisT =~ 200V3 N. (It's 340 N if you don’t round gravity.)
¢ Solve for acceleration in the inward sum.
¢ The radius of the circle equals the radius of the disc plus the inward component of

the chain. See the diagram below.

o
205 4 25 40V3m.

e Theradiusis R = Ry + Lsin30° = % + l;' =

Lsin30° Raise

R
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10V3
3

e The accelerationis a, = m/s2. (It's 5.67 m/s? if you don't round gravity.)

e Use the equationa, = %. Solve for speed. Multiply both sides by R. Divide by a,.
e Thespeedisv =20m/s.

102. Check your FBD. You just need one for this problem.

side view
« Note that this is a vertical circle, unlike the horizontal circle in the previous problem.
e Draw the FBD for the mouse when it is at the bottom of its arc because part (D)
specifically asks about the bottom of the arc.
o Weight (mg) pulls straight down.
e There is tension (?) in the tail (straight up when the mouse is at the bottom).
¢ Label in toward the center of the vertical circle: straight up.
e Write out the sum for Newton's second law: } F;,, = ma,.
T —mg = ma,
« Tension points inward, so it is positive. Weight points outward, so it is negative.
e Convert the radius from centimeters (cm) to meters (m): 100 cm = 1m.
e Theradiusis R = 2.00 m.

e Usethe equationa, = vf. Express R in meters (not centimeters).
e Theacceleration is a. = 8.0 m/s?.

e Convert the mass from grams (g) to kilograms (kg).

e Themassism = % kg (which is the same as 0.500 kg).

e Plug the acceleration into the equation for tension (above).

e ThetensionisT = 9.0 N. (It's 8.9 N if you don’t round gravity.)

103. Check your FBD (on the next page). You just need one for this problem.
o Weight (mg) pulls straight down.
* Normal force (ﬁ) is perpendicular to the wall: it is horizontal (to the right).
e Friction (fs) is along the surface: itis up. Friction prevents the monkey from falling.
e Label in toward the center of the circle: to the right. Label z perpendicular to the
plane of the circle: straight up.
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-

)

mg
side view
Write out the sums for Newton's second law: Y, F;,, = ma.and L F, = 0.
N=ma, , fi—-mg=0

Normal force points inward, so it goes in the ¥, F;,, sum.
Solve for the friction force in the z-sum.
The friction force equals f; = 500 N. (It's 491 N if you don’t round gravity.)
Recall that the force (f;) of static friction is less than or equal to the coefficient (u)
of static friction times normal force (N): f; < ugN.
Substitute the expression for normal force from the inward sum into the friction
inequality: f; < usma,.
Plug in numbers to solve for the minimum acceleration.
The acceleration is a, = 40 m/s?. (It's 39 m/s? if you don’t round gravity.)

L

Use the equation a, = :. Solve for speed. Multiply both sides by R. Divide by a,.

The speed is v = 20 m/s. Therefore, the minimum speed needed is 20 m/s.

104. Check your FBD (on the next page). You just need one for this problem.

Weight (mg) pulls straight down.

Normal force (N) is perpendicular to the incline.

Label in toward the center of the circle: to the right. Label z perpendicular to the

plane of the circle: straight up. See the diagram on the next page.

Note the difference in coordinates for this incline problem compared to previous

incline problems (Chapter 14). In Chapter 14, when the object was sliding down the

incline, we chose +x to be along the incline. In this problem, the racecar isn’t sliding

up or down the incline. The racecar is traveling in a horizontal circle. In circular

motion problems, the acceleration is inward, so we label in toward the center of the

circle. Therefore, in is horizontal (to the right for the position shown).

Write out the sums for Newton's second law: } F;;, = ma.and } F, = 0.
Nsin30°=ma, , Ncos30°—mg=0

The inward component of Nis opposite to 30°, so the inward component of Nhas a

sine. The z-component of Nis adjacent to 30°, so it has a cosine.
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side view

In the z-sum, bring mg to the right side of the equation.
After bringing mg to the right, divide the two equations.
You should get tan 30° = %.

Solve for the acceleration. Plug in numbers.
Divide the given diameter by two in order to find the radius.
The radius is R = 903 m.

The accelerationis a, = 103—"6 m/s?. (It's 5.77 m/s? if you don’t round gravity.)
Use the equation a, = ';fz. Solve for speed. Multiply both sides by R. Divide by a,.
The speed is v = 30 m/s.

Chapter 18: Newton’s Law of Gravity

105. Make a list of the knowns and the desired unknown.

The given knowns are R = 6.0 x 10’ mand g = 20 m/s°.

You should also know G = 6.67 x 107!* ng— ~ 2 x 10710 Nu

kg?
In part (A), you are solving for m,.

Use the equation g = G %
Solve for m,,. Multiply both sides by R?. Divide both sides by G.

gRr?
You should getm,, ==~

Plug in numbers. Note that (6.0 X 107)2 = 36 x 10'*. Note that — T 1074,
The mass of the planet is m,, = 1.08 x 10>’ kg. (It's the same as 1080 x 10** kg.)

In part (B), you are solving for F,
m;mz

Use the equation F, = G
The force is F; = 9.0 X 10“’ N. (It's the same as 0.090 x 10%* N.)

Plug in numbers.
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106. Study the ratio example at the bottom of page 168. These are ratio problems.
(A) Express the given numbers as ratios.

* Write the equation for the surface gravity (g,) of the planet using a subscript p for
everything except G, and write a similar equation for the surface gravity (g.) of
earth using a subscript e for everything except G.

* Divide the two equations.

B
9 _ R
ge Gme
RZ
* Divide the fractions. This means to multiply by the reciprocal.
9 _ MR
ge MeR}

e Solve for the ratio —£.
me

My g (R’
me ge RE
e Plugin the ratios for :—:E and iz‘ (Find these numbers above).

¢ Theanswerism, = 75m,. The planet's mass is 75X greater than earth's.
(B) Express the given numbers as ratios.

* Write an equation for the surface gravity of each planet and divide the equations
(multiplying by the reciprocal when dividing fractions), just like we did in part (A).
Gm,
9 _ RE myRZ

ge_%_meR%

e

R, R}
* Solve for the ratio ;2. Firstisolate the ratio E‘,’- and then squareroot both sides.
e 3

Rp_ P28
Rz Mme Gp
e Plugin the ratios for :—2 and g&_ (Find these numbers above).
e e

o Since 2 = 96, it follows that 2 = L. Plugin - for 2=,
Qe 9p 9% 9% gp

¢ TheanswerisR, = %. The planet’s radius is ix of earth’s radius.
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107. Study the example on page 169. The algebra of this problem is identical to that example.

Set g,, = k-
Write the equation for the surface gravity (g,,) of Mon using a subscript m for
everything except G, and write a similar equation for the surface gravity (g;) of Key
using a subscript k for everything except G.
Substitute these equations into g,, = g, and simplify.

my,  my

R% ~ R:
Cross multiply and take the squareroot of both sides. Recall that VxZ = +x. For
example, (—3)2 and 32 both equal 9, s0 /9 could equal —3 or +3.
VM R = +/myc Ry
The + indicates that we should consider both possible signs.
Relate R, and Ry, (which are the distances from the center of the planet to the point
where the net gravitational field is zero - they are not the radii of the planet and
moon) to the distance between Mon and Key.
Rp+Re=d
The distance d was given in the problem as d = 9.0 x 10° m.
Isolate R; in the previous equation and substitute it into the equation with the
squareroots. Distribute \[m_,,,
Mo d = iy Ry = £y Ry
Bring Jm_m R, to the right-hand side and factor R,,, out. Solve for R,,.
o A
" £y
Plug in numbers. Only the positive sign provides an answer between Mon and Key.
The answer is R,,, = 8.0 X 10® m from Planet Mon.
(If you solve for Ry, the answer is R, = 1.0 X 10® m from Key.)

108. What are the R's for the equations for surface gravity in this problem?

Apply the equationg = G %to both Coco and Nut.

Note that each R is one-half the distance between Coco and Nut.
The value of R is R = 2.0 x 108 m.

Plug in numbers. Remember to square R in the formula.

Note that (2.0 x 10%)? = 4.0 x 10'¢.

. M . 1 1
The two gravitational accelerations are g, = ;- m/s?and g, = P m/s?.

Midway between the two planets, the gravitational fields will point in opposite
directions. Subtract the two gravitational accelerations to find the net gravitational

field at the midpoint. The answer is gne = 2Tlo m/s? = 0.0050 m/s?.
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Chapter 19: Satellite Motion

109. Make a list of the knowns and the desired unknown.

The given knowns are R = 2.0 X 10’ mand m,, = 1.2 X 102* kg.

You should also know G = 6.67 x 107! x 10t

le on
kg? kg?”

In part (A), you are solving for v.

Use the equation v = #G ?.

Plug in numbers. Note that }% S uxTws =4 x 10° = Vav10°.

The orbital speed is v = 2.0 km/s. (It's the same as 2000 m/s or 2.0 X 10% m/s.)
In part (B), you are solving for T.

Use the equationv = ?. Solve for T. Multiply both sides by T and divide by v.
Youshould getT = #. Plug in numbers.

The orbital period is T = 2w x 10* 5. (It's the same as 6.3 X 10* s.)

110. Make a list of the knowns and the desired unknown.

The value given numerically is m,, = 6.0 x 10%* kg

You should also know G = 6.67 x 107! Nk: =x 10710 ng—"f
The word “geosynchronous” should give you another known. What is it?
A geosynchronous satellite has the same period as earth’s rotation.
What is the period of the earth’s rotation about its axis?

The period is 24 hours. Convert this to seconds.

In SI units, the period is 86,400 s. (Note that 1 hr = 60 min. = 3600 s.)

The unknown that you are solving for is R.

3
Use the equation T = 2m £
Gmy

Solve for R. Square both sides. Multiply both sides by Gm,,.

You should getR = mpT? ““E— where 3/ means to take the cube root.

Plug in numbers. You should get ’7464% x 1018,

Note: If your calculator doesn’t have a cube root function, raise the number to the

2,1/3
power of one-third: (G—Tﬁr—) . Be sure to enclose the % in parentheses: *(1/3).

The orbital radiusis R = 72 x i[nzz X 10°morR = 4.23 x 10" m.
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Chapter 20: The Scalar Product

111. Identify the components of the given vectors.
e Thecomponentsare: A, =6,4,=1,4,=3,B,=2,B,=8,andB, = 4.
¢ Use the component form of the scalar product: A-B= AB, + AB, + A;B,.
e The scalar productis A- B = 32.

112. Identify the components of the given vectors.
e Thecomponentsare: A, =2,4, =-1,4, =6,B, = —3,B, =2,and B, = 5.
¢ Use the component form of the scalar product: A-B= AyB, + A B, + A,B,.
e The scalar product is A-B=22

113. Identify the components of the given vectors.
e The componentsare: A, = 0,4, =3,4, =4,B,=9,B,=-3,and B, = —1.
¢ (Observe that A doesn’t have an & That's why 4, = 0.)
e Use the component form of the scalar product: A-B= AyB, + A B, + A,B,.
e The scalar product is A-B=-13.

114. Identify the components of the given vectors.
¢ The components are: A, = 12,4, = 4,4, = —16, B, = 2, B, = —24,and B, = —6.
e Use the component form of the scalar product: A-B = A.B, + AyBy, + A;B,.
e The scalar product is A-B=24

115. Use both forms of the scalar product together.
¢ Identify the components of the given vectors.
e Thecomponentsare: A, =0,4, =3,4, =-3,B,=0,B, = —6,and B, = 6.
* Use the equations A = \[AZ + A% + AZ and B = \/BZ + B} + BZ. Plugin numbers.
¢ The magnitudes of the given vectors are 4 = 3vZand B = 6v2.
¢ Set the two forms of the scalar product equal to each other.
A B, + A,By, + A,B, = AB cos @
¢ Plug numbers into the above equation.
e The left-hand side equals —36.
e The angle equals 180°. Note that cos ~(—1) = 180°.

116. Use both forms of the scalar product together.
¢ Identify the components of the given vectors.
e The components are: Ay = 3,4, = —\/37, A;=2,B, = \/5, By =-1,and B; = 243.
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» Usethe equations A = \fAZ + A% + AZ and B = /B + B} + BZ. Plugin numbers.
e The magnitudes of the given vectorsare A = 4and B = 4.
¢ Set the two forms of the scalar product equal to each other.
AyB, + A,By, + A,B, = AB cos 0
¢ Plug numbers into the above equation.
e The left-hand side equals 8«/5.

e The angle equals 30°. Note that cos™! (g) = 30°.

Chapter 21: Work and Power

117. Which of the work equations should you use to solve this problem?
e Use the equation W, = —mgAh to find the work done “by gravity.”
o Since the box falls, Ah is negative: Ah = —1.5m.
¢ The two minus signs will make the answer positive.
e The work done by gravity is W, = 750 ]. (It's 736 ] if you don’t round gravity.)

118. Which of the work equations should you use to solve this problem?
e Use the equation W, = + % kx? to find the work done “by the spring.”
e The work done “by the spring” is negative because the system travels away from the
equilibrium position.
e The work done by the springis W, = —64].

119. Which of the work equations should you use to solve this problem?
e Use the equation W, = Gm,m (i - RL) for an astronomical change in altitude.
0

e The rocket begins at Ry = 4.0 X 10° m.

e Use the altitude equation from Chapter 19 to find R.
¢ The altitude equationis R = Ry + h.

e The altitude is given: h = 4.0 x 10° m.

e Thefinal Ris R = 8.0 x 10° m.

¢ Plug numbers into the work equation.

» The work done by gravity is W, = —1.25 x 10%°].

120. Which of the work equations should you use to solve this problem?
e Use the equation W,,,, = ma,Ax to find the net work.
» Use the equations of uniform acceleration (Chapter 3) to find a, and Ax.
¢ The three knowns for uniform acceleration are v,y = 0, v, = 60 m/s,and t = 5.0 s.
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¢ Use the equation v, = v, + a,t to find the acceleration.

o The accelerationis a, = 12 m/s?.

e Use the equation Ax = vyt + %a,(t2 to find the net displacement.
e The net displacement is Ax = 150 m.

* Plug numbers into the equation for the net work.
e The networkis W, = 360 kJ. (It's the same as 360,000 ].)

121. Which of the work equations should you use to solve each part of this problem?
(A) Use the equation W, = —mgAh to find the work done “by gravity.”

¢ Since the box travels down the incline, Ah is negative.

* Draw aright triangle to relate s to Ah: sin30° = -_% where s = 8.0m. Ah = —4.0m.

e The two minus signs will make the answer positive.

¢ The work done by gravity is W, ~ 800]. (It's 785 ] if you don’t round gravity.)
(B) Use the equation W,,. = —u N s to find the work done “by friction.”

* The coefficient of friction is u = ?.

« Draw a FBD to find normal force. (Normal force does not equal weight.)

¢ Sum the y-components of the forces to solve for normal force: ¥ F,, = ma,.
N —-mgcos30°=0

¢ Note: a, = 0 because the box doesn’t accelerate perpendicular to the incline.

* Solve for normal force in the above equation.

o Normal force equals N = 100y/3 N. (It's 170 N if you don’t round gravity.)

¢ Plug numbers into the equation for nonconservative work.

* Don't forget to include the displacement: s = 8.0 m.

e The work done by friction is W, = —600 ] (or —589 | if you don't round gravity).
(C) Use the equation W = F s cos 8 to find the work done “by the normal force.”

* Whatis 6 for the work done by normal force?

e 0 = 90° because normal force is perpendicular to the surface.

e Since cos 90° = 0, normal force doesn’t do any work: Wy = 0.
(D) Use the equation W,,., = (¥ F)s to find the net work.

* Sum the x-components of the forces:
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ZP; =mgsin30° - f
e Use the equation f = uN to find the friction force.
e The friction forceis f = 75 N.
e Plugin numbers to find a numerical value for }, F,.
e Thenetforceis} F, = 25N.
e Plug Y F, into the equation W,,,, = (X F)s.
e The net workis 200]. (It's 196 ] if you don't round gravity.)

122. Find the scalar product between the force and the displacement.
o Identify the components of F and §.
e Thecomponentsare: F, =2,F, =6,F, =0,Ax =3,Ay = —8,and Az = 0.
e Use the component form of the scalar product: W = F-s= FAx + KAy + F,Az.
e Theworkdoneis W= —42].

123. Find the scalar product between the force and the displacement.
o Identify the components of F and §.
e Thecomponentsare: F, =7,F, = —9,F, =5,Ax = 6,Ay = 0,and Az = —1.
¢ (Observe that§ doesn’t have a §: That's why Ay = 0.)
¢ Use the component form of the scalar product: W = F - § = F,Ax + FAy + FAz.
o Theworkdoneis W= 37].

124. Which of the work equations should you use to solve this problem?
e Use the equation W = F s cos @ to find the work done “by the monkey’s pull.”
e The force to use is the monkey's pull: F = 300 N.
e Theangle @ = 60° since the pull makes an angle of 60° with the displacement.
* The work done by the monkey’s pull is W = 1.8 k]. (It's the same as 1800 ].)

125. Which of the work equations should you use to solve each part of this problem?
(A) Use the equation W = F s cos @ to find the work done “by the monkey’s pull.”
* The force to use in part (A) is the monkey’s pull: F = 160 N.
e Theangle # = 30° since the pull makes an angle of 30° with the displacement.
¢ The work done by the monkey’s pull is W = 560\@] (or970)).
(B) Use the equation Wy = —u N s to find the work done “by friction.”
* The coefficient of friction is u = ?.

* Draw a FBD to find normal force. (Normal force does not equal weight.)
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¢ Sum the y-components of the forces to solve for normal force: } F, = ma,,.
N + Fsin30°-mg =0

* Note: a,, = 0 because the box doesn’t accelerate up or down.

¢ Solve for normal force in the above equation. Plugin numbers, using F = 160 N.

e Normal force equals N = 120 N. (It's 116 N if you don’t round gravity.)

¢ Plug numbers into the equation for nonconservative work.

* Don't forget to include the displacement: s = 7.0 m.

« The work done by friction is W, = —140v3 ] (or —235 | if you don’t round gravity).

(C) Use the equation W = F s cos @ to find the work done “by the normal force.”
¢ Whatis 6 for the work done by normal force?
e 0 = 90° because normal force is perpendicular to the surface.
e Since cos 90° = 0, normal force doesn’t do any work: Wy = 0.

126. Carry out the work integral: W = f ey P F.dx + fy F, dy.
¢ There is just a y-component of force in this problem W= fy F, dy.
¢ Get the integration limits from the y-coordinates of the initial and final points.
e Perform the integral f;_l 15y* dy.
e The anti-derivative is 3y®. Evaluate the anti-derivative over the limits.
o [3y°)3.-, = 3(2)® — 3(-1)°. Note that (—1)* = —1and —3(-1) =
e TheanswerisW =99].

127. Carry out the work integral: W = f

x=xg

F.dx + jy_y dy.

¢ Get the integration limits from the (x, y)-coordinates of the initial and final points.

e Perform the integrals j xdx + f L yidy.

e The anti-derivatives are - and y— Evaluate the anti-derivatives over the limits.

. [x?] R b (2)z and [ ] (6)3 @.
w2 > 2 3

e TheanswerisW = 69].
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128. Carry out the work integral: W = f:“o F.dx + f;':}’o F, dy.

Get the integration limits from the (x, y)-coordinates of the initial and final points.

" 4 16 o
Perform the integrals [ _ xy dx + ]yzox dy.
Plug y = x? into xy so that the first integrand contains only x's.
Plugx = \/; into x? so that the second integrand contains only y’s.
(Note that if you solve for x in the equation y = x2, you get x = ﬁ‘)
Perform the integrals f:=o x*dx + fyl:oy dy. (This is what you get after you make
the substitutions y = x> and x = \/;.)

4 2

The anti-derivatives are XT and y? Evaluate the anti-derivatives over the limits.

a4 4 4 2916 2 2
[£] = -ana[ 2] —t2_F
4lx=0 4 4 2ly=0 2 2

The answeris W = 192 ].

129. (A) What is the formula for instantaneous power?

. Rl : : aw
Instantaneous power is the derivative of work with respect to time: P = e

First apply the rule vt = t1/2,

The derivative is P = 36t1/2 = 37‘;

Plug in the specified time.

The instantaneous power at the specified timeis P = 12 W.

(B) Which formula for average power should you use?

Use the equation P = %

Plug the final time into the given function (W = 72v/t) to solve for the final work.
(The initial work is zero when t = 0.)

Divide the work by the time.

The average power over the specified interval is P = 24 W.

130. Find the scalar product between the force and the average velocity.

Identify the components of Fand 7.
The components are: F, =8,F, =-2,F, =0,v, =6,v, = —1,and v, = 0.

Use the component form of the scalar product: W = F-7= Ev, + K v, + Ev,.
The average power delivered by the monkey is P = 50 W.
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131. Which of the work and power equations should you use to solve this problem?
* Firstuse the equation W,,,, = ma,Ax to find the net work.
¢ Use the equations of uniform acceleration (Chapter 3) to find a, and Ax.
e The three knowns for uniform acceleration are vy = 0, vy = 60 m/s,and t = 5.0 s.
¢ Use the equation v, = v, + a,t to find the acceleration.
e Theacceleration is a, = 12 m/s.
¢ Use the equation Ax = vyt + %al,,l.t2 to find the net displacement.
e The net displacementis Ax = 150 m.
e Plug numbers into the equation for the net work.
e The net work is W,,,, = 360,000 .
o Now use the equation for average power: P = %

e The average poweris P = 72 kW. (This is the same as 72,000 W.)

Chapter 22: Conservation of Energy

132. Put i just after the throw and f just before impact. Put RH on the ground.
* PE,, = mgh, since i is not at the same height as RH.
e PEg = 0since ati there isn't a spring compressed or stretched from equilibrium.
e PEy = PEg + PEsy = mgh,.
e KE,= %mug since the textbook is moving at i.
e W, = 0since there are no frictional forces.
* PE, = 0since f is at the same height as RH.
e PE; = 0since at f there isn't a spring compressed or stretched from equilibrium.
e PE=PE,+PE =0.
o KE= %mv2 since the textbook is moving at f.
* Write out conservation of energy: PE, + KE, + W;,. = PE + KE.
* Substitute the previous expressions into the conservation of energy equation.
mgh, + %mvg = %mv2

e Mass cancels. Solve for the final speed.

v=_|v}+2gh,

e The final speed just before impact is v = 50 m/s.
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133. Puti at the bottom and f when it reaches its highest point. Put RH at the bottom.
* PE,, = Osince i is at the same height as RH.
e PEg = 0since ati there isn't a spring compressed or stretched from equilibrium.
e PE,=PEy +PEy, =0.
o KE,= %mvg since the box is moving at i.
e W, = 0since there are no frictional forces.
e PE, = mghsince f is not at the same heightas RH.
e PE; = 0since at f there isn't a spring compressed or stretched from equilibrium.
e PE = PE; + PE; = mgh.
e KE = 0since the box runs out of speed at f (otherwise it would rise higher).
¢ Write out conservation of energy: PE, + KE, + W, = PE + KE.
* Substitute the previous expressions into the conservation of energy equation.

1
Emv& =mgh

e Mass cancels. Solve for the final height.
_u
T2
e The maximum heightis h = 80 m. (It's 82 mif you don't round gravity.)

134. Put i at the top left, f, at the bottom, and f5 at point B. Put RH at the bottom.
e PE,, = mgh, since i is not at the same height as RH.
e PEy = 0since ati there isn’t a spring compressed or stretched from equilibrium.
® PEy, = PEg + PEy, = mgh,.
e KE, = 0since the banana is atrestat i.
e W, = 0since there are no frictional forces.
(A) In part (A), the final position (f4) is at point A (at the bottom of the arc).
e PE, = Osince fy is at the same height as RH.
e PE; = 0since at f, there isn't a spring compressed or stretched from equilibrium.
e PE=PE,+PE;,=0.
e KE= %mv} since the banana is moving at f4. (That's where it moves fastest.)
¢ Write out conservation of energy: PE, + KE, + W;,. = PE4 + KE,.
* Substitute the previous expressions into the conservation of energy equation.

1 2
mghy = -Z-mu,,
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* Mass cancels. Solve for the speed at point A.
vy =+/2gho
o Study the example on pages 213-214. This problem is similar to that example.
e The above formula involves h, (the initial height), but we know L (the length of the
pendulum). Draw a right triangle to relate hy to L (like we did on page 214).

¢ Justlike we did on page 214, apply trig and geometry to the figure above.
ho = L — L cos 60°
e The length of the pendulum is given as L = 10 m. Solve for the initial height.
e Theinitial heightis hy = 5.0 m.
e Plug the initial height into the previous equation for v,.
e Thespeed at point Ais v, = 10 m/s. (It's 9.9 m/s if you don’t round gravity.)
(B) In part (B), the final position (fg) is at point B. (All of the initial values are the same.)
* PE, = mghg since f is not at the same height as RH.
e PE, = 0since at f; there isn’t a spring compressed or stretched from equilibrium.
e PE = PEy + PE; = mghg.
e KE= imvg since the banana is moving at fz. (Note: Bisn'tas high asi.)
¢ Write out conservation of energy: PE, + KE, + W, = PEp + KEg.
* Substitute the previous expressions into the conservation of energy equation.
mghy = mghg + %mvﬁ
e Mass cancels. Solve for the speed at point B.
vg = V2g(ho — hy)
e Inorder to find hg, draw a right triangle similar to the one we drew in part (A).
* Apply trig and geometry similar to what we did in part (A).
hg = L — L cos 30°
o The height at point Bis hy = 10 — 5y/3 m.
¢ Plug the heights into the previous equation for vg.

o ThespeedatBis vy = 10y/v/3 — 1 m/s. In decimals without rounding, it's 8.5 m/s.

135. Puti at the top, f, at point A, and fp at point B. Put RH at the bottom.
(A) In part (A), the final position (fy) is at point A (at the bottom of the hill).
* PE,, = mghg since i is not at the same height as RH.
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PEg, = 0 since at i there isn't a spring compressed or stretched from equilibrium.
PEy = PEg + PEg, = mgh,,.

KE, = 0since the box is at rest at i.

W, = 0 in part (A) since there isn't friction between i and f;.

PE, = 0 since f, is at the same height as RH.

PE; = 0 since at f, there isn't a spring compressed or stretched from equilibrium.
PE = PE; + PEs = 0.

KE = %mv} since the box is moving at f;. (That's where it moves fastest.)

Write out conservation of energy: PE, + KE, + W, = PE, + KE,.

Substitute the previous expressions into the conservation of energy equation.

1
mghy = Emv}
Mass cancels. Solve for the speed at point A.
va =+/2ghg
The speed at point Aisvy = 20 m/s.

(B) In part (B), the final position (fz) is at point B.

PEg, = mghg since i is not at the same height as RH.

PEg, = 0 since at i there isn't a spring compressed or stretched from equilibrium.

PEy = PEg, + PEgy = mgh,.

KE, = 0since the box is atrest at i.

W, = —uNs in part (B) because there is friction between f, and f5.

PE, = 0 since fj is at the same height as RH.

PE; = 0 since at fg there isn’t a spring compressed or stretched from equilibrium.

PE = PE, + PE; = 0.

KE = 0 since the box is at rest at fg.

Write out conservation of energy: PE, + KE, + W,,. = PEg + KEp.

Substitute the previous expressions into the conservation of energy equation.
mghy — uNs =0

Draw a FBD to find normal force.

-y
H

mg

Sum the y-components of the forces to solve for normal force: X F, = ma,,.
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N-mg=0
Note: a, = 0 because the box doesn’t accelerate up or down.
Solve for normal force in the above equation: N = mg.
Plug the expression for normal force into the equation prior to the FBD.
Mass cancels. Solve fors.
ho
u
The distance between points Aand Bis s = 100 m.

136. Put i where the box starts and f just before the bottom. Put RH at the bottom.

PE,o = mgh since i is not at the same heightas RH.

PE¢, = 0 since at i there isn't a spring compressed or stretched from equilibrium.
PEy = PEgy + PEgy = mgh,,.

KE, = 0 since the box is atrest at i.

W,,. = —uNs because there is friction between i and f.

PE, = 0 since f is at the same height as RH.

PE = 0 since at f there isn't a spring compressed or stretched from equilibrium.
PE = PE, + PE; = 0.

KE = %mv2 since the box is moving at f.

Write out conservation of energy: PE, + KEy + W, = PE + KE.

Substitute the previous expressions into the conservation of energy equation.

1
mghy — uNs = s mv?

2
Draw a FBD to find normal force.

-

Sum the y-components of the forces to solve for normal force: ¥ F, = ma,,.
N —mgcos45° =0

Note: a, = 0 because the box doesn’t accelerate perpendicular to the incline.

Solve for normal force in the above equation.

Plug the expression for normal force into the equation prior to the FBD.

Mass cancels. Solve for the final speed.
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gs cos 45°
v= |2ghy ————
2
o The problem gives you the distance traveled: s = 240y2 m.
e Draw a right triangle and apply trig to solve for hy,.

h
sin45° = =2
¢ Solve for the initial height.
e The initial height is hy, = 240 m.
¢ Plug numbers into the above equation for v.
e The final speedis v = 60 m/s. (It's 59 m/s if you don’t round gravity.)

137. (A) Puti where it is moving 50 m/s and f at point A. Put RH at the bottom.
* PEg, = Osince i is at the same height as RH.
e PE, = Osinceati there isn't a spring compressed or stretched from equilibrium.
e PE, = PEy + PEy = 0.
e KE,= %mug since the roller coaster is moving at i.
. e = 0 since there are no frictional forces.
* PE, = mghsince f is not at the same height as RH.
e PE; = Osince at f there isn't a spring compressed or stretched from equilibrium.
e PE=PE, + PE; = mgh.
e KE= %mv2 since the roller coaster is moving at f.
e Write out conservation of energy: PE, + KE, + W, = PE + KE.
¢ Substitute the previous expressions into the conservation of energy equation.

1, 1 .
Fmvy = mgh +§mv

e Mass cancels. Solve for the final speed.

v= ’vg—z‘gh

o Thespeed at point A is v = 30y2 m/s. (It's 43 m/s if you don’t round gravity.)
(B) Study the example on pages 214-216.
o Draw a FBD at the top of the loop to find the normal force at point A.

* Since the roller coaster is traveling in a circle at point A, like we did in Chapter 17,
sum the inward components of the forces to solve for normal force: ¥ F;,, = ma,.
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N +mg = ma,

2
e Use the equation a, = "7. Plug this expression into the previous equation. Solve for

VZ
o)

e Plug numbers into the previous equation.
e The normal force at the top of the loop is N = 19.5 kN (or 19,500 N).

normal force.

138. Put i at the fully compressed (FC) position and f at the top. Put RH ati.
f

® PEg = Osinceiis at the same height as RH.

e PEy= %kxg since at i the spring is compressed from equilibrium.

o PEy=PEy + PEg =3 kx3.

e KE, = 0since the pelletis atrestati.

e W, = 0since there are no frictional forces.

e PE, = mghsince f is not at the same height as RH.

e PE. = Osince at f the pellet is no longer attached to the spring.

e PE=PE;+PE;=0.

e KE = 0since the pelletis at rest at f (otherwise it would rise higher).
* Write out conservation of energy: PE, + KE, + W, = PE + KE.

* Substitute the previous expressions into the conservation of energy equation.

1 2
Ekxn =mgh

* Solve for the spring constant.

2mgh
e m;q
Xo
e The spring constantis k = 288 N/m. (It's 283 N/m if you don’t round gravity.)

139. Put i at the fully compressed (FC) position, f4 at the equilibrium (EQ) position, and fg
between EQ and the fully stretched (FS) position. Put RH on the ground.
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* PE,, = Osince i is at the same height as RH.
e PE,= %kxg since at i the spring is compressed from equilibrium.
1
e PEy=PEy +PEy = ;kxf,.
e KE, = 0since the box is atrestat i.
e W, = 0 since there are no frictional forces.
(A) In part (A), the final position (fy) is at the equilibrium (EQ) position.
e PE, = 0since f, is at the same height as RH.
e PE, = 0since at f, the spring is at equilibrium.
e PE=PE,+PE; =0.
e KE= imu} since the box is moving at f, (that's where it moves fastest).
* Write out conservation of energy: PE, + KE, + W, = PE4 + KE,.
¢ Substitute the previous expressions into the conservation of energy equation.

1 1
Ekxg L Emu}

k
Vy = Xp ;

e The speed at equilibriumis v, = 25 m/s.
(B) In part (B), the final position (f;) is between EQ and the fully stretched (FS) position.
e PE, = O since fg is at the same height as RH.
e PE = %kxg since at f the spring is stretched from equilibrium.
e PE=PE,+PE;,=0.
e KE= %mvﬁ since the box is moving at f (though not as fast as at f).
* Write out conservation of energy: PE, + KE, + W,,. = PEg + KEp.
¢ Substitute the previous expressions into the conservation of energy equation.

* Solve for the final speed.

1 1
Ekxcz, = Ekxtz, + Emvé
¢ Solve for the final speed.

k
vg = |—(x%—x3)
B m 0 B

e The speed at point Bisvg = 15m/s.
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140. Study the example on pages 217-218. This problem is nearly identical to that example.

Put i at the surface of the planetand f at R — oo. Put RH atR — oo,
(The reference height is where potential energy equals zero. PE, approaches zero

as R approaches infinity.)
PEgy = — G—”’:’ﬂ since i is not at the same height as RH.
0

(Use the formula for an astronomical change in altitude. Don’t use mghy.)
PEg, = 0 since at i there isn't a spring compressed or stretched from equilibrium.

PEy = PEgg + PEgy = — 2=,
0

KE, = %mvﬁ since the projectile must be moving at i in order to leave the planet.
W, = 0 since we neglect air resistance unless stated otherwise.

PE, = O since f is at the same height as RH (and since — G—";ﬂ approaches zero as R
approaches infinity).

PEg = 0 since at f there isn’t a spring compressed or stretched from equilibrium.
PE = PE, + PE; = 0.

KE = 0 since escape speed is the minimum speed needed to reach f.

Write out conservation of energy: PE, + KE, + W;,. = PE + KE.

Substitute the previous expressions into the conservation of energy equation.
Gmpm 1
- +-mv =0
Ry 2. 7

The mass of the projectile cancels. Solve for the initial speed.

26m

The escape speed is v = 100 km/s. (It's the same as 10° m/s.)

141. Puti where Ry, = 8.0 X 107 m and f where R = 4.0 X 10”7 m. Put RH at R — co.

G
PEg, = — —’:Lm since i is not at the same height as RH.
o
(Use the formula for an astronomical change in altitude. Don’t use mgh,.)
PEg, = 0 since at i there isn't a spring compressed or stretched from equilibrium.
G
PEy = PEgy + PEg, = ——’;;r;ﬂ.
KEy = %muﬁ since the rocket is moving at i.
W, = 0 since there are no resistive forces.
G
PE, = — —";Fmsince f is not at the same height as RH.

PE; = 0 since at f there isn't a spring compressed or stretched from equilibrium.
PE = PE, + PE; = 0.
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e KE= %mv2 since the rocket is moving at f.

* Write out conservation of energy: PE, + KE, + W, = PE + KE.
* Substitute the previous expressions into the conservation of energy equation.
Gmym 1 Gmym 1
_R_0+Emv°=_ R +Emv
* The mass of the rocket cancels. Solve for the final speed. Plug in numbers.

* If you find yourself taking the squareroot of a negative number, you either made a
mistake in your algebra, a mistake plugging in numbers, or a calculation mistake.
e The final speed is v = 9.0 km/s. (It's the same as 9000 m/s.)

Chapter 23: One-dimensional Collisions

142. You don’t need to convert grams (g) to kilograms. Just be consistent.
o Use the equation for a perfectly inelastic collision:
my Vg + myvyg = (my + my)v
¢ The initial velocity of the banana is zero: ¥, = 0. Plug in numbers.
¢ Solve for v. The final speed of the banana and arrow is v = 15 m/s.

143. Choose north to be the positive direction. Then south will be negative.
* Use the equation for an inverse perfectly inelastic collision:
(my + M)V, = myv, + myv,
e The initial velocity of the system is zero: ¥, = 0.
¢ Since the monkey walks south, ¥, = —3y m/s is negative.

¢ Solve for ¥,. The final velocity of the canoe is ¥, = %j‘l m/s (to the north).

144. Choose east to be the positive direction. Then west will be negative.
e Since one box travels east while the other box travels west, one of the initial
velocities will be negative: ¥,, = 5.0 m/s and ¥,, = —4.0¥ m/s.
(A) Use the equation for a perfectly inelastic collision:
myVio + mava = (my + mz)v
¢ Plugin numbers. Solve for v.
« The final velocity of the boxes is ¥ = —1.0% m/s. The boxes travel to the west.
(B) Use the equations for an elastic collision. (To review what ¥ means, see Chapter 10.)
My Vg + My = My + My,
Vyg + Uy =V + 7,
* Plug the masses and initial velocities into the two equations above. Simplify.
—18% = 6V, + 127,
S+, = -4+ 7,
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* Isolate ¥, in the bottom equation.
VU, =9+,

o Substitute this expression for ¥, into the top equation. Solve for ¥,. (Algebraically,
we're applying the method of substitution reviewed in Chapter 1.)

¢ The final velocity of the box of bananas is ¥, = —7.0¥ m/s.

¢ Plug 9, into the equation above.

o The final velocity of the box of applies is ¥, = 2.0X m/s.

¢ Since we chose east to be positive, the box of bananas travels 7,0 m/s to the west
after the collision while the box of apples travels 2.0 m/s to the east.

145. Use the equations for an elastic collision:
myVyg + Mylyy = MV + myv,
Vo + Uy =V + 7,
* Choose north to be the positive direction. Then south will be negative.
e Since one box travels north while the other box travels south, one of the initial
velocities will be negative: ¥,, = 16.0y m/s and ¥,, = —6.0y m/s.
¢ Plug the masses and initial velocities into the two equations above. Simplify.
-6y = 3v; +9v,
16y + v, = —6Y + v,
¢ Isolate ¥, in the bottom equation.
v, =22y + v,
e Substitute this expression for v, into the top equation. Solve for v;. (Algebraically,
we're applying the method of substitution reviewed in Chapter 1.)
* The final velocity of the box of coconuts is ¥; = —17.0y m/s.
¢ Plug ¥, into the equation above.
o The final velocity of the box of grapefruit is ¥, = 5.0y m/s.
¢ Since we chose north to be positive, the box of coconuts travels 17.0 m/s to the
south after the collision while the box of grapefruit travels 5.0 m/s to the north.
(B) One of the impulse equations involves the average collision force.
J =8P =P -Po=m@-7,) = FAt
e Apply the impulse equations to a single object (just one box).
* Solve for the average collision force exerted on object 1. The average collision force
exerted on object 2 will be equal and opposite according to Newton's third law.
my vy — vyl
Fo= =
¢ (The “magnitude” of a vector is positive. That's why there are absolute values.)
e Plugin numbers. Convert the time to seconds: At = 0.25s = % s.

e The average collision force is F, = 396 N.
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146. Solve this problem in stages. Stage 1: Apply the law of conservation of energy to
solve for the speed of the box of bananas at point A just prior to the collision. Stage 2:
Apply the law of conservation of momentum to the collision.

Stage 1: Conserve energy to find the speed of the box of bananas just prior to the collision.

Put i at the top of the hill and f;,. just before point A. Put RH on the horizontal.
Notation: The subscript “bc” stands for “before collision.”

PEg, = mgh, since i is not at the same heightas RH.

PEg, = 0 since at i there isn't a spring compressed or stretched from equilibrium.
PEy = PEgy + PEgy = mghy.

KE, = 0 since the box is atrest at i.

W, = 0 since there are no frictional forces.

PE, = 0 since fj is at the same height as RH.

PE; = 0 since at f;, there isn’t a spring compressed or stretched from equilibrium.
PE = PEy + PE; = 0.

KE = %mvgc since the box is moving at f},.

Write out conservation of energy: PE, + KE, + W, = PE + KE.

Substitute the previous expressions into the conservation of energy equation.

1.5
mghy = Emv,,c
Mass cancels. Solve for the speed of the box just before the collision.
Vpe = +/2gho

The initial height equals the radius of the circle: hy = R = 5.0 m.
The speed of the box just before the collision is v, = 10 m/s (it's really 9.9 m/s).

Stage 2: Conserve momentum for the collision.

Use the equation for a perfectly inelastic collision:
My Vpe + MyVyg = (M, + my)V
Recall that the subscript “bc” stands for “before collision.”
The initial velocity of the 30-kg box of pineapples is zero: v,y = 0.
The final speed of the boxes is v = 4.0 m/s.

Chapter 24: Two-dimensional Collisions

147. We choose +x to point east and +y to point north.

The given values are: v, = 20 m/s, v, = 40 m/s, 8;, = 90°, and 05, = 0°.
010 = 90° since vy is north (along +y). 629 = 0° since v is east (along +x).
Find the x- and y-components of the initial velocities.

Vigr = V10 COSO1g ,  Vzpx = Vz0COS Oy

Vygy = VqoSinbyy ,  Vagy = VySinbyg
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¢ The initial components are vyo, = 0, v1g, = 20 m/s, v30, = 40 m/s,, and v, = 0.
e Use the equations for a two-dimensional perfectly inelastic collision.
My V105 + MaVa0x = (Mg + M)V,
myVygy + MaVyy = (My +my)vy,
¢ Solve for the components of the final velocity: v, = 12m/s, v, = 16 m/s.
e Apply the Pythagorean theorem to find the final speed.

v= fv}+v}

¢ The final speed of the bananamobiles is 20 m/s.

148. In this problem, we know the final velocity and we're looking for one of the initial
velocities. This will make the solution a little different than the previous problem.
¢ We choose +x to point east and +y to point north.
o The given values are: v, = 20 m/s,v = 10v2 m/s, 0, = 270°, and 8 = 225°.
e 6, = 270° since ¥, is south (along —y). @ = 225° since ¥ is southwest.
¢ In this problem, we're looking for v,, and 65,.
¢ Find the x- and y-components of the initial velocity of object 1.
Vigx = V10€0S0yg , Vyoy = VySinbyg
* The components of object 1's initial velocity are vy, = 0 and vy, = =20 m/s.
¢ Find the x- and y-components of the final velocity.
v, =vcosf , vy, = vsinf
¢ The components of the final velocity are v, = —10 m/s and v, = =10 m/s.
o Use the equations for a two-dimensional perfectly inelastic collision.
My V10 + MaVz0x = (M + M)V
myVygy + MaVay = (My +m3)vy
¢ Solve for the components of object 2's initial velocity: vyo, = =20 m/s, vy, = 0.

e Apply the Pythagorean theorem to find the initial speed of object 2.

g 2
V2o = (Vzox T Vaoy

e The initial speed of object 2 is 20 m/s.
e Apply trig to determine the direction of the initial velocity of object 2.
-1 [V20y
0,0 = tan™! ( )
2 V20x
e The direction of the initial velocity of object 2 is 180° (which means to the west).

149. Begin by making a list of the given symbols.
¢ Orient +x along the path of the billiard ball that is moving initially.
o What's given? vy = 6y/3m/s, 8y, = 0° v, = 0, v; = 3v3 m/s, and 8, = 60°.
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* Find the x- and y-components of the initial velocities.
Viox = V10€0Sb1g ,  Vzox = V30 COSHy
Vigy = VyoSinfyy ,  Vagy = Vo Sinby
e The initial components are vy, = 6V3 m/s, vygy = 0,30, = 0,and vy, = 0.
* Find the x- and y-components of the final velocity of object 1.
Vixy = V€050, vy, =vysing
* The components of the final velocity of object 1 are vy, = ¥ m/sand viy = 3 m/s.
o Use the equations for a two-dimensional elastic collision with equal masses.
Viox + Vaox = Vix + Vo
Vyoy + Vaoy = U1y + Vay
Blref + BZref =90°
* Find the components of the final velocity of object 2: v,, = ?-‘2/—5 m/s, vy, = —Z m/s.

* Apply the Pythagorean theorem to find the final speed of object 2.

=2 fz 2
vy = (Vax + U2y

e The final speed of object 2 is 9.0 m/s.
* Apply trig to determine the direction of the final velocity of object 2.
V.
0, =tan™! (ﬁ)
Vax
e The direction of the final velocity of object 2 is 330°.
¢ (Since vy, > 0 and vy, < 0, the answer lies in Quadrant 1V.)

Chapter 25: Rocket Propulsion

150. Begin by making a list of the given symbols along with their numerical values.

m, = 2000 kg, 1, = 25% = %, vy = 200 m/s, u = 1500 m/s, v, = 600 m/s, R, = 50 kg/s
(A) Your goal is to find my, the final mass of fuel remaining in the rocket.

¢ Use the equationr, = %ﬂ to determine the initial mass of the rocket including fuel.
0

* Youshould find that m, = 8000 kg.

o Use the zero-gravity equation v, = vy, + uln (’—:T") to determine m, the mass of the
rocket plus the unburned fuel.

o This intermediate answer is m = 8000 e ~*/*5 = 6127 kg.

* Now we need to find the initial and final mass of the fuel.

¢ Use the equation my = m,, + mg, to solve for my,, the initial mass of the fuel.

¢ Youshould find that mso = 6000 kg.
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¢ Use the equation m = m,, + my to solve for my, the final mass of the fuel.
¢ Youshould find that m; = 4127 kg.
* The percentage of fuel spent is given by:
Mmeg — My
—100%
Mg
e The final answer is that 31% of the fuel is spent.
(B) Use the equation that relates the burn time to the burn rate.
e Use the equation m — my = —Rpt;,.
e Theburntimeist, = 37s.

151. Begin by making a list of the given symbols along with their numerical values.
my, = 3000 kg, mg, = 6000 kg, v,,p = 100 m/s,u = 2000 m/s
v, =500m/s, t, = 125, g = 9.81 m/s? = 10 m/s?
(A) Your goal is to find my, the final mass of fuel remaining in the rocket.
e Use the equation my = m,, + mg, to find the initial mass of the rocket including fuel.
¢ You should find that m, = 9000 kg.
¢ Use the uniform gravity equation v, = vy, — gt, +uln (%) to find m, the mass of
the rocket plus the unburned fuel.
o This intermediate answer is m = 9000 e~ **/5° (or m = 6947 kg using 9.81 m/s?).
¢ Use the equation m = m,, + my to solve for my, the final mass of the fuel.
¢ Youshould find that m; = 3947 kg.
e The percentage of fuel spent is given by:
mgy — my
——100%
Mg
e The answer is that 34% of the fuel is spent.
(B) Use the equation that relates the burn time to the burn rate.
e Use the equation m — mgy = —Rptp.
e Theburnrateis R, = 171 kg/s.
(C) Use the equation for thrust.

e Use the equation F, = —u ‘;—’:‘, where 'Z—T = —R).
. ':—':l is negative because the rocket’s mass is a decreasing function of time. (Therefore
the thrust is positive: Two minus signs make a plus sign.)
e The thrustis F, = 342 kN. (It's the same as 342,000 N.)
(D) Apply the equation Fipryse — Mmog = mo@y,.
* Use the initial mass to find the initial acceleration: Fyppyse — Mmog = mgay,.
o The initial acceleration is a,, = 28 m/s?.
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(E) Apply the equation Fypyye — Mg = ma,,.
¢ Use the final mass to find the final acceleration: Fyy, e —mg = ma,,.
¢ The final acceleration is a, = 39 m/s?.

Chapter 26: Techniques of Integration and Coordinate Systems

152. Make the substitutionu = E -1

e Take an implicit derivative of both sides to get du = d?x.

e Solve for dx to get dx = 5du.

¢ Plug the limits of x into the equationu = E -1

e Thenew limits are fromu = —1tou = 2.

« After making these substitutions, the integral becomes j::-: Su* du.
e The anti-derivative is u®.

* Evaluate the anti-derivative over the limits.

o [uS)2._; = (2)5 — (=1)5. Note that (—1)° = =1 and —(—=1) = +1.
e The final answer is 33.

153. Make the substitutionu = ;— E.
e Take an implicit derivative of both sides to get du = — %.
e Solve for dx to get dx = —6du.
e Plug the limits of x into the equationu = E - ’é.
e The new limits are from u = Tz—lto u= E,

/6

« After making these substitutions, the integral becomes ju="/2(—6 cosu) du.

e The anti-derivative is —6 sinu.
* Evaluate the anti-derivative over the limits.

e [—6sin u]ﬁf_,,/z = —6sin (%) + 6sin G) Note that the angles are in radians.

The final answer is 3.

154. Make the substitution x = tanu.
o Take an implicit derivative of both sides to get dx = sec? u du.
o Plug the limits of x into the equation u = tan™" x.
e The new limits are from u = 0° to u = 60°.

sectu

. . . . 60°
e After making these substitutions, the integral becomes [ _ . Neyeroan du

o Apply the trig identity 1 + tan? u = sec? u. Simplify.
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¢ Youshould get f::;,sec udu.

¢ Find the anti-derivative of secant at the end of Chapter 9.

e The anti-derivative is In|secu + tan u/.

* Evaluate the anti-derivative over the limits.

o [In|secu + tanu|]5%,. = In|sec 60° + tan 60°| — In|sec 0° + tan 0°|.
e The last term vanishes because In|1| = 0.

e The final answer is ln|2 + \f§|

155. Make the substitution x = 2 sinu.
¢ Take an implicit derivative of both sides to get dx = 2 cosu du.
o Plug the limits of x into the equation u = sin™* G)
e The new limits are from u = 0° to u = 90°.
« After making these substitutions, the integral becomes f:g;, V& —4sinZu 2 cosudu.
o Apply the trig identity 1 — sin® u = cos® u. Simplify.
¢ Youshould get 4 J'::;e cos® u du.
o Apply the trig identity cos? u = %
« After this substitution, separate the integral into two integrals, one for each term.
e Youshould get 4]'::;,%:111 +4 f::o mszzu du=2 f::o du+2 f::; cos 2u du.

e The anti-derivatives are 2u and sin 2u (where the coefficients have been included).

o Convert from degrees to radians. The new limits are fromu = 0tou = ’2-'

* Evaluate the anti-derivatives over the limits.
e The final answer is 7.

156. First integrate over y (since the upper limit of y is x*).
IZ

e Factor the x out of the y-integration: _fxz:o x (fy=oy dy) dx.
2 2
¢ The anti-derivative for the y-integration is yT Evaluate YT over the limits.
6
¢ The answer to the definite integral over y is %

¢ Now you should have fxz:o J;—7dx.

8 8
¢ The anti-derivative for the x-integration is :_e' Evaluate :—6 over the limits.
¢ The final answer to the double integral is 16.

157. You can do these integrals in any order. We will integrate over y first.
e Factor the x* out of the y-integration: f;ox3 (_f;=oy" dy) dx.
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5 5
The anti-derivative for the y-integration is y? Evaluate y? over the limits.

5
The answer to the definite integral over y is 4—

Now you should have _fs idx The: part is just a constant coefficient.
4
The anti-derivative for the x-integration is ?XT = T' Evaluate it over the limits.

The final answer to the double integral is 32,000. It's the same as 534*.

158. You can do these integrals in any order. We will integrate over y first.

Apply the rule \/xy = x'/2y1/2,
. i 4 9
Factor the x*/? out of the y-integration: [ _ x'/? (fy=oy1/2 dy) dx.
. i X i ) . 2y 2y3/2 g
The anti-derivative for the y-integration is Ty Evaluate =5 —over the limits.
3
The answer to the definite integral over y is 18. Note that 9%/ = (\/‘3) =27.

Now you should have f:=0 18x'/2 dx.
The anti-derivative for the x-integration is 12x3/2. Evaluate 12x3/2 over the limits.

The final answer to the double integral is 96. Note that 4*/2 = (\/_) =8.

159. Firstintegrate over y (since the upper limit of y is x).

Split the double integral into two separate integrals using 6(x y) = 6x — 6y.

f f6(x y) dxdy = ] f6xdxdy— f j6ydxdy

x=0 y—O x=0y=0
Factor the x out of the y-integration: j' 20 6% (fy i dy) dx — fx-o 6 (f oY dy) dx.
The anti-derivatives for the y-integration are y and £ T’ Evaluate over the limits.
2
The answers to the definite integrals over y are x and x?
Now you should have f:=0 6x% dx — _f;:n 3x? dx.

The anti-derivatives for the x-integration are 2x* and x*. Evaluate over the limits.
The final answer to the double integral is 27.

160. First integrate overz: [ 27(_[ 22 dz) dy dx.

x-

3 3
The anti-derivative for the z-integration is z? Evaluate z? over the limits.
3
The answer to the definite integral over z is y?

Now you should have f::(] (f;:o 9y? dy) dx. Integrate over y.
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p . : g OpY 9y* s
The anti-derivative for the y-integration is %. Evaluate % over the limits.
N . 9xB
The answer to the definite mtegral over y is L
Now you should have f - dx Integrate over x.

9
The anti-derivative for the x-integration is = 7. Evaluate XT over the limits.

The final answer to the triple integral is 128.

161. First integrate over y: f o-f—o 14x(fy oyzdy)dxalz

3
The anti-derivative for the y-integration is ?. Evaluate y? over the limits.

3/2
The answer to the definite integral over y is 5—

1425/

Now you should have f::a (f:

Next integrate over x.

dx) dz. Note that xx3/2 = x5/2,

2712
The answer to the definite integral over x is T‘

Now you should have f:=0 2

3 e : .. 82%2 8z°%/2 s 2
The anti-derivative for the z-integration is =—. Evaluate =— over the limits.

Note that 9%2 = (v9)” = 3% = 19,683.
The final answer to the triple integral is 5832.

162. Integrate over area: A = [ dA. Study the example on page 275.

Express the differential area element using Cartesian coordinates: dA = dxdy.
Find the equation of the line for the hypotenuse.

The line for the hypotenuse has a slope of — % and y-intercept of 3.

The equation for the line is therefore y = — 2 + 3.

Let x vary from 0 to 6. Then y will vary from 0 to — § +3.

The double integral is:

First integrate over y (since the upper limit of y is —§ +3).
The anti-derivative for the y-integration is y. Evaluate y over the limits.
The answer to the definite integral over y is — ’2—( +3.
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¢ Now you should have f::a (— § + 3) dx. Find the anti-derivative of each term.

2
¢ The anti-derivative for the x-integration is — XT + 3x. Evaluate this over the limits.

e The final answer to the double integralis 4 = 9.

163. Integrate over area: A = [ dA. Study the example on page 276.
* Express the differential area element using 2D polar coordinates: dA = rdrd#.
e The double integral is:
Rz 2m
A= j f rdrd@

r=R, =0
¢ You can do these integrals in any order. We will integrate over @ first.
» Factor the r out of the f-integation: J'rR:R‘ r (foz:o de) dr.
e The anti-derivative for the §-integration is 6. Evaluate @ over the limits.
¢ The answer to the definite integral over 6 is 2m.
¢ Now you should have er:Rl 2mrdr.
o The anti-derivative for the r-integration is mr?. Evaluate nr? over the limits.
e The final answer to the double integral is A = m(R? — R}).

Chapter 27: Center of Mass

164. We put the origin on the 150-g banana with +x pointing toward the bunch of bananas.
e The knowns are m; = 150 g, x; = 0, m, = 350 g, and x, = 250 cm.

¢ Use the equation for center of mass with N = 2 (for two objects).
_myxy + myx;

Fom my +m,

¢ The x-coordinate of the center of mass is x,, = 175 cm.

¢ This means that the center of mass lies 175 cm from the 150-g banana.

165. Make a list of the given symbols.
e The masses are m; = 200 g, m, = 500 g, and m; = 800 g.
e The x-coordinates are x; = 7.0 m, x; = 6.0 m, and x3 = 2.0 m.
e The y-coordinatesare y; = 1.0m,y, = 3.0m,and y; = —4.0 m.
¢ Use the equations for center of mass with N = 3 (for 3 objects).
_ myxy + myX; + maxg

b =
o my +my +my
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_ My +mpy, +mays
my +m; +my
¢ The coordinates of the center of mass are x,,, = 4.0 mand y,, = =1.0 m.

Yem

166. We put the origin at the left end with +x pointing to the right.
* Divide the T-shaped object into two pieces.
e One piece is the 20.0-cm long handle. The other piece is the 4.0-cm wide end.
e The given masses are m; = 6.0 kg and m, = 18.0 kg.
e Where is the center of each piece?
e The x-coordinates of their centers are x; = 10.0 cm and x, = 22.0 cm.
e (Notes: x; = 10.0 cm because the handle’s center is half its length from the left end:

27 2
cm past the end of the handle: x, = L + % =20+ % =20+2=220cm.)

e Use the equation for center of mass with N = 2 (for two objects).

_myxy + mpx,

T omy+m,

e The x-coordinate of the center of mass is x.,, = 19.0 cm.

e This means that the center of mass lies 1.0 cm to the left of the point where the
handle meets the ends (since 20 — 19 = 1).

Xem

167. Divide the object into 5 squares. Make a list of the given symbols.
* All of the masses are identical: Call each mass m,.
e The x-coordinates are x; = 10 m, x, = 30 m, x3 = 30 m, x, = 30 m,and x5 = 10 m.
e The y-coordinatesare y; = 10m,y, = 10m, y; =30m,y, = 50 m,and ys = 50 m.
e Use the equations for center of mass with N = 5 (for 5 squares).

_mx + mex; + mex3 + Mmexy + MeXg

- mg +mg +mg +mg +mg

s mgyy + mgy, + meys + mgy, + msys

B mg +mg + mg + mg +m;

e Notes: The denominators both equal 5m,. The m; will cancel out.

¢ The coordinates of the center of mass are x.,,, = 22 mand y,,, = 30 m.

Xem

cm

168. Study the example on pages 281-282. This problem is very similar to that example.
* Visualize the complete circle as the sum of the missing piece plus the shape with the
hole cut out of it. See the diagram on the following page.
¢ Write an equation for the center of mass of the large circle.
_myy; +myy,
- my +m;
*  Yen = 0 because the large circle is centered about the origin.

cm
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Multiply both sides by m; + m,. Note that 0(m; + m;) = 0.
0 =myy; + myy,

y; = 6.0 m because the center of the small circle lies 2.0 m from the edge of the large
circle: y; = R, — Rg =8 —2 = 6.0 m. (Notation: L is “large,” S is “small.”)
The mass of each object is proportional to its area:

m, = onR?

m, = onR}

my =my,—m

The masses are m; = 4om, m;, = 640m, and m, = 60om.
Plug all of these values into the equation above involving y; and y,.
o and  will cancel out.

The y-coordinate of the center of mass of the given shape is y, = —é m.

169. Perform the center of mass integral.

Integrate y,,, = ify dm. Note that x,,,, = 0 since the entire rod lies on the y-axis.
For a rod, write dm = Ads. Don’t pull A out of the integral. Substitute 1 = gy /2.
Note that \[}7 =y and yy'/? = y3/2

For a line, work with Cartesian coordinates. The differential arc length is ds = dy.
The limits of integration are fromy = 0toy = 5m.

After these substitutions, you should have:

5
B
Yem =10 | ¥¥2dx
y=0
s N s 2t 5
The anti-derivative is - Evaluate this over the limits.

3/2 5/2
2577 Note that *— = 53/2,
m 5

Integrate m = [ dm using the same substitutions as before, starting with dm = Ads.
2 gy,

Check your intermediate answer: yen =

You should getm = f;uy
3/2
The anti-derivative is ZYT Evaluate this over the limits.
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2p53/2

e Check your intermediate answer: m = 3

e Solve for f. You should get § = 2(5)3/2

* Substitute this expression for f# into the previous expression for y.,,.
e The final answer is y,, = 3.0 m. (This is 3 meters, not m for mass.)

170. Perform the center of mass integrals: x.,, = #f xdmand y., = ’l"fydm.
* For a triangle, write dm = 6dA and work with Cartesian coordinates. Write the
differential area element as dA = dxdy.
* Since the triangle is uniform, ¢ is a constant and may come out of the integral.
* Find the equation of the line for the hypotenuse.
e The line for the hypotenuse has a slope of — % and y-intercept of 3.
* The equation for the line is therefore y = — f +3.
e Letxvary from 0 to 6. Then y will vary from 0 to — J;‘ +3.

* After these substitutions, you should have:
X

+3 -

6 6
a a
Xem = — J- xdydx , Yem e f

* Firstintegrate over y (since the upper limit of y is — ; + 3).

+3

IR

ydydx

Il“

* Factor x out of the y-integration (but not out of the x-integration).

x
& [~ 543

g

6
a
xm—; X J- dy jdx , —;j J’ ydy jdx

x=0 y=0
e The anti-derivatives for the y-integration are y and y? Evaluate over the limits.

. Notethat[ ]-+3—@=%(’:—2—3x+9).

2
¢ The answers to the definite integrals over y are — E + 3 and %(XT —-3x+ 9).
x x2
. Notethatx(—;-{- 3) =-S+3x

. Youshouldgeth,":i $ (—x—z+3x)dxandym= - f:o(——3x+9)dx

2z
* The anti-derivatives for the x-integration are —=— + & nd E - T + 9x. Evaluate
these expressions over the limits.
90

. . 180
e Check your intermediate answers: x.,, = e and y.,, = =

o Integrate m = [ dm using the same substitutions as before, starting with dm = gdA.
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